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The decomposition and ignition of peroxides. 

I. Diethylperoxide 

# 

By E. J. Harris and A. C. Egerton, F.R.S. 

{Received 24 June 1938 ) 

Introduction 

Organic peroxides are formed during the combustion of hydrocarbons 
(Callendar 1927; Egerton 1927; Mondain Monval and Quanquin 1929), and 
they have been shown to be very powerful “proknock ” substances (Egerton, 
Smith and Ubbelohde 1935). The work of Townend (1933-8) has shown that 
the lower ignition region of the hydrocarbons is that which characterizes 
their “knock” behaviour. In this region there appear to be substances 
formed which are only stable within a certain range of temperature and it is 
those substances which seem to determine the ignition and knock behaviour 
(Egerton 1928; Neumann and Aivazov 1935). 

It is quite likely that the substances are peroxides, but as it is not easy to 
decide from estimation of the products of combustion what peroxides are 
formed (Pease 1934, 1935; Harris and Egerton 1937) and which are im- 
portant in the processes which eventually lead to ignition or give rise to 
knock, it is necessary to obtain information from several directions in order 
to find out what exactly is happening. Experiments are therefore being 
undertaken to find out the behaviour of various organic peroxides when 
heated and when oxidized, and the present communication deals with 
diethylperoxide. It is hardly likely that this plays a prominent part in the 
combustion of a hydrocarbon and it would be easy to detect if it was formed 
in any quantity, but being a strong proknock, and being stable and fairly 
easily prepared in a pure state, it forms a convenient peroxide to study first. 

Some information already exists regarding the products into which 
peroxides of various kinds decompose (Rieche 1931), but little is known as 
to the kinetics of their decomposition, though Medvedeff andPodjapolskaya 
(193s) have studied the decomposition of methylhydfogen-peroxide by a 
flow method and their interpretation of the results of their experiments 
indicates that a unimolecular decomposition to formaldehyde and water 
occurs alongside a bimolecular decomposition to alcohol and oxygen. 
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Diethylperoxide only decomposes very slowly below 120° C., but in the 
region 130-190° 0 the rate of decomposition is measurable. 

In what follows the decomposition is shown to be mainly homogeneous 
and unimolecular, but like azomethane, above a certain critical pressure 
the decomposition becomes explosive and luminous. Neumann and 
Toutakin (1937) have already drawn attention to these limiting explosion 
pressures of diethylperoxide and have stated that butane oxygen mixtures 
containing diethylperoxide ignite and give rise to cool flames at the same 
limiting partial pressure of peroxide as would lead to explosion of the latter 
alone, but we do not find this behaviour in the case of mixtures with propane. 


Expebimental 
(a) Preparation 

Diethylperoxide was prepared from diethylsulphate and hydrogen per- 
oxide (Baeyer and Villiger 1900). 120 c.c. 15 % HgOg solution and 100 c.c. 
of solution of caustic potash (containing 50 g. KOH) are dropped separately 
into 200 g. diethylsulphate over a period of 2 hr. while cooled and stiixed. 
The mixture is stirred and cooled overnight. By adopting this procedure 
hydrolysis of ethylhydrogen peroxide, which is formed intermediately, is 
di mim shed. The liquid which is separated contains ether, diethylperoxide 
and excess of ethylsulphate. After several successive distillations under 
reduced pressure nearly pure diethylperoxide is obtained. Boiling point, 
58-59° C (at 62-5 cm. pressure); refractivity (Na^^), 1-3758 at 9-5° C and 
1-3715 at 16-5° 0; analysis, C 52-8%, H 11*5 % (theory, 53-3 and IM). 

(6) Thermal decomposition 

The thermal decomposition was investigated in two vessels, one a 22-4 c.c. 
Pyrex tube measuring 1-4 cm. diameter x 15 cm. long, the other a 100 c.c. 
cylindrical quartz vessel with plane ends (4-5 cm. diameter x 6*5 cm. long). 
Eig. 1 shows diagrammatically the experimental arrangement with the wider 
tube. The vessels were surrounded with a double- jacketed welded iron 
vessel containing vapours of boiling liquids such as xylene (140° C), bromo- 
benzene (156° C), cyclohexanol acetate (175° C), decalin (192° C), mercury 
(357 C). The pressures were adjusted when intermediate temperatures were 
required, using a constant-pressure device. The temperature in the case 
of the large vessel was measured by insertion of a calibrated Anschutz 
thermometer inside the reaction vessel as shown, as well as in the vapour 
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in the jacket. The bulb A is made of such a volume that the initial pressure 
required in the vessel B is obtained conveniently; the measurement of the 
initial pressure is made in the vessel B by means of the gauge D ; this is 
possible when more than a second’s lag occurs before decomposition starts ; 
if the lag is shorter the initial pressure has to be calculated from the measure- 
ments on the gauge G, knowing the volume of the bulb A. 




In some of the later experiments on the slow decomposition, the pressure 
has been measured by means of a Pyrex spoon gauge (see fig. 2), the pointer 
of which carries a zinc plate in proximity to a fixed plate, the change of 
capacity due to movement of the former being measured, through a valve 
circuit, direct on the scale of a mUliammeter. (Details of this gauge will be 
published elsewhere.) 
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Experimental eestjlts 
The unimolecular decomposition 

It is unnecessary to record all the experiments in detail. The straight line 
(fig. 3) drawn through the points representing thirteen different runs at 
156-5° 0 indicates the nature of the agreement: log-^^^aKa — x) is plotted 
against time, a being the initial pressure. Similar graphs are given in fig. 4 



Fig. 3. Slow decomposition of diethyl peroxide at 156-5° C (13 experiments). 

X SiOj ; @ apparatus 1 ; • apparatus 3 ; A apparatus 4. 

for other temperatures, but only selected points are shown, the number of 
experiments carried out at the various temperatures is given in brackets; 
the points plotted are generally the observations for the highest and lowest 
initial pressures. The initial pressures varied from about 30 to 2 cm. at 
various temperatures. From twenty separate experiments at temperatures 
from 143 to 182° C taken to the conclusion of pressure change, the firial 
pressure is found to be (2-17 + 0-03) a and x calculated accordingly from the 
observed pressure change. The graphs show that the reaction behaves 
unimolecularly. 
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In Table I are set out the initial pressures, and the apparatus used in the 
several experiments. Apparatus 1 refers to the small Pyrex tube, apparatus 
3 to the quartz vessel, and 4 to the quartz tube and spoon manometer 
(4* indicates a specially sensitive spoon manometer). The amount of dUuent 
is given and also whether the surface was increased by the addition of 
quartz (SiOg) or altered by washing with salt (NaOl). 



Fig. 4. Slow decomposition of diethyl peroxide. • Helium; A hydrogen; 

Iffi] carbon dioxide. 

Plotting logio^ against IjT, a straight line is obtained (fig. 4); by the 
method of least squares, the line of closest fit to the observed values is found 

to be logio^ = — — + 14-708; the apparent activation energy, 31,500 
cal. (see Table II). 

A small but erratic induction period was noticed before commencement 
of reaction amounting to 7 sec. at 160° C, to not more than 2 sec. at 180° 0. 
This seemed to be related to the purity of the peroxide, for with the earlier, 
less pure, samples the induction was more noticeable (about 30 sec. at 
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Table I 



Initial 




Initial 



Temp, pressure 

Pressure of 


Temp. 

pressure 

Pressure of 



cm. 

diluent 

Apparatus 

°C 

cm. 

diluent 

Apparatus 

140-2 

32*55 

— 

1 

160-0 

3-27 

+ 1-51 Air 

3 

140*2 

24-7 

— 

1 

160-0 

3-28 

— 

3 

140-3 

15-15 

— 

1 

160-0 

2-7 

— 

3 

140-3 

8-95 

— 

1 

160-0 

2-67 

+ 4-2 Air 

3 

140-3 

6-30 

— 

1 

160-5 

6-5 

— 

3 

141-2 

6-91 

— 

4 

160-5 

4-45 

— 

3 

141-2 

6-89 

— 

4 

169-0 

6-35 

— 

3 

141-2 

6-81 

— 

4 . 

169-0 

3-9 

— 

3 

141-2 

4-14 

— 

4 

169-0 

3-43 

— 

3 

144-4 

9-4 

— 

3 

169-0 

1-8 

+ 2-1 He 

3 

147-1 

9-45 

— 

3 

169-0 

2-29 

+ 0-4 NO 

3 

147-1 

4-95 

— 

3 

169-0 

1-75 

+ 0-35 NO 

3 

155 

2-67 

— 

4 (NaCl) 

169-0 

1-8 

+ 0-80 NO 

3 

156 

3-0 

— 

4 (NaCl) 

169-4 

3-85 

— 

3 

156 

2-94 

— 

4 (NaCl) 

169-4 

3-85 

— 

3 

156 

2-80 

— 

4 (NaCl) 

169-4 

2-7 

— 

3 

156-2 

29-55 

— 

1 

169-5 

2-5 

— 

3 

156-2 

26*6 

— 

1 

169-6 

3-65 

— 

3 

156-2 

18-96 

— 

1 

176-4 

3-15 

— 

3 

156-2 

9-46 

— 

1 

176-4 

2-95 

— 

3 

156-2 

4-25 

— 

1 

176-4 

2-0 

— 

3 

156-5 

10-2 

— 

3 (SiOg) 

176-8 

3-2 

— 

3 

156-5 

9-6 

+ 9-6 Air 

3 

176-8 

3-12 

— 

3 

156-6 

8-6 

— 

3 

176-8 

2-8 

— 

3 

156-5 

7-3 

— 

3 

176-8 

2-7 

— 

3 

156-6 

5-5 

— 

3 (SiOg) 

180-5 

2-4 

— 

4 (NaCl) 

156-5 

5-17 

+ 1-2 NO 

3 

I 181-4 

2-25 

— 

3 

156-5 

2-2 

— 

3 

181-5 

0-53 

— 

4* 

156-6 

2-07 

+ 2*8 Air 

3 

182-0 

5-75 

— 

4 

157-0 

6-2 

— 

3 (SiOg) 

182-0 

3-7 

— 

4 

157-0 

2-3 

— 

3 

182-0 

3-55 

— 

4 

160-0 

8-9 

— 

3 

182-0 

3-04 

— 

4 

160-0 

8-9 

— 

3 

182-0 

2-92 

+ 5-4 He 

3 

160-0 

7-15 

— 

3 

182-0 

2-25 

— 

4 

160-0 

7-03 

— 

3 

182-0 

2-08 

— 

4 

160-0 

5-9 

— 

3 

182-0 

2-0 

— 

3 

160-0 

5-3 

— 

3 

182-0 

1-6 

— 

4 

160-0 

4-86 

+ 3*94 COg 

3 

182-0 

1-1 

— 

4 

160-0 

4-84 

+ 2 - 6 CH 3 CHO 

3 

182-0 

1-05 

— 

3 

160-0 

4-66 

+ 1-9 CH 3 CHO 

3 

184-0 

0-32 



4 * 

160-0 

4-21 

+ 2-02 COg 

3 

184-5 

0-336 

— 

4* 

160-0 

4-20 

+ 3-3 He 

3 

184-5 

2*2 

+ 3-8 He 

3 

160-0 

4-13 

— 

3 

184-5 

2-08 

+ 2 - 0 Hg 

3 

160-0 

4-13 

— 

3 

184-5 

1-7 

— 

3 

160-0 

4-04 

— 

3 

184-5 

1-6 



3 

160-0 

3-64 

+ 3-31 COg 

3 

189 

0-55 



4* 

160-0 

3-59 

+ 1-1 Air 

3 

189 

0-195 



4* 

160-0 

3-5 

— 

3 

1 
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Table II 


Temp. ° C 

184-5 

182 

176-5 

169-0 

160-0 


h (min.“i) 

0-430 

0-373 

0-227 

0-150 

0-065 


Temp. ° C 

156-5 

147-8 

144-4 

141-2 

140-2 


k (minr^) 

0-0505 

0-0216 

0-0154 

0-0116 

0-0105 


140° C). The reaction rate in the early stage of the reaction has been 
measured in most cases, because the rate tended to fall off as the peroxide 
was used up ; this was found to be partly due to the mercury gauge method 
of pressure measurement; with the spoon gauge it was not noticed to nearly 
the same extent. (There was a very slight rise of temperature noticed on the 
thermometer inside the vessel after the commencement of the reaction 
indicating slight self heating; this also tends slightly to raise the reaction 
rate soon after the reaction has started.) 

Very little difference was found in the results obtained for the slow reaction 
in the two vessels (see fig. 3), although the surface volume ratio of the one 
is 2-4 times that of the other. When the larger quartz vessel was one-third 
filled with small pieces of quartz, the reaction rate was unchanged. Also 
when the smaller pyrex vessel was coated with KTaCl, the reaction rate 
remained the same as when it was uncoated. It may be concluded therefore 
that the decomposition occurs predominantly in the gas phase. Addition 
of hehum up to 65 % of the total gas had no effect on the rate, neither had 
hydrogen (63 %) nor carbon dioxide (48 %) any effect. These results also 
indicate that the reaction is homogeneous and unimolecular and apparently 
uninfluenced by any chain process. Nevertheless, additions of nitric oxide 
increased the induction period which although short is quite definite, for 
instance at 169° C, 15% NO increased the induction period from about 
6 to 30 sec. and 30 % NO increased it to 2 min. Air appears to slow down the 
decomposition to a greater extent than can be accounted for by decrease in 
the pressure rise due to possible combustion. These effects may be due to 
the combination of radicals with NO or O 2 • The influence of acetaldehyde 
on the reaction was also to slow down the reaction rate shghtly, but its 
influence was erratic. Ethyl hydrogen peroxide on the other hand increased 
it considerably. 

Experiments have been made at initial pressures as low as 2 mm. at 
189° C without any falling off in the rate being observed. Special experi- 
ments therefore will be needed to ascertain the pressure at which the 
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decomposition of the peroxide ceases to behave according to a unimolecular 
law. Estimatmg from 



(E-\-{^n~l)RT\ 
1 RT j 

(in~D 

1 exp 

f 

i 

L ‘ 

l-H 

1 

r-ll7J 

+ 

1 1 

(l-»-l) 

1 ! 


where N is the number of molecules reacting per sec. per c.c., Z is the 
number of collisions per sec. per c.c., E is activation energy, n is the number 
of squared terms for the peroxide, and, taking n = 30, the molecular dia- 
meter about 7 X 10~® cm,, and K at 190° C 0-67, the rate might be expected 
to fan off at about 0-17 mm. initial pressure. There was a slight falling off 
in the rate at 189° C as the partial pressure became less than l-O mm. It is 
noteworthy that azoisopropane showed no falling off in the value of the 
velocity constant even at 0-25 mm. initial pressure (Ramsperger 1928). 

Although the decomposition of diethylperoxide appears to follow a 
Txnimolecular law down to the lowest pressures at which the process has 
been measured, yet like azomethane, above a certain critical pressure the 
reaction suddenly changes over to an explosion. The products are also 
different when the character of the reaction changes in this manner. The 
decomposition which occurs when the diethylperoxide is passed through a 
tube (1-1 cm. diameter) along with carbon dioxide leads to the formation of 
tile products in Table III. 


Table III 


Temp. 

°C 

Et202 

reacted. 

HCHO 

CH3CHO 

C2H5OH 

CO 

Ha 

CH, 

CA 

187 

8*65 

1-9 

3*2 

7*5 

4-7 

Trace 

2*7 

2*3 

201 

17*4 

3*9 

6*9 

14*2 

9*8 

M 

5*9 

3*9 

245 

28-4 

16*8 

7*9 

10*4 

6*5 

0*4 

7*8 

7*4 


The first two experiments agree quite well; in the first only 42 % of the 
peroxide reacted in the time of passage through the tube (11 cm. long), in 
the second experiment at a slightly higher temperature 56 % reacted. In 
the third experiment 100 % of the peroxide reacted and gave products in 
quite different proportions, corresponding with reaction above the critical 
limit. In this experiment the sum of the weight of the liquid products 
obtained from the analysis was 0T178 g., while the total weight of the 
condensate was 0-1185 g. The ratio of the carbon, hydrogen and oxygen of 
the products is in all oases as 2:5:1, corresponding to the ratio in the 
original peroxide. The end gaseous products of the slow decomposition at 
143° C are as foUows: CO^ 4-7 %, CO 55-6 %, CH4 19-4 %, 19-4 %, 
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and not more than a trace of oxygen; so the quantity of COg formed is less 
than one-tenth the amount of CO and even at this low temperature gaseous 
as well as condensable products are formed. Unsaturated compounds were 
not found in any of the above experiments. 

It seems clear from these experiments that below the critical pressure 
the peroxide decomposes mainly as follows: 

C2H5O2C2H5 ^ CH3CHO -F C2H5OH, 

1 

UC0+CH4 

but that above the critical pressure, mainly as 

C2H5O2O2H5 2 HCHO + CaHe. 

The explosive decomposition above the critical limit gives a final pressure 
about 2*8 times the critical pressure, the slow decomposition as already 
mentioned about 2*17 times the initial pressure. 

The only figure in the above experiments which does not appear to be 
approximately accounted for by these reactions is the presence of rather 
more ethane in proportion to formaldehyde at the lower temperatures, 
possibly owing to decomposition of a proportion of the formaldehyde. It 
might be formed however from (CIl 3 CO) 2 ->C 2 H 6 -f 2CO (cf. Barak and 
Style (1935), who state that diacetyl was found in the products of the photo- 
chemical decomposition). Thus: 

(C2H5)202^ 2(C2H50) ^ CH3OHO + C2H5OH 
and C2H5O— + (C2H5)202-^ CH3CO— + 2O2H5OH 

CH3CO— + CH3CO ^ C2He + 2CO. 

The critical explosion limits have been measured over a fairly wide range 
of temperatures and pressures in two quartz vessels. One vessel with flat 
ends was the same as used in the former experiments with vapour bath 
jacket, the other was a long quartz tube (1-4 x 45 cm.) in an electrically 
wound furnace. The flash was observed in the one case through one of the 
flat ends (fig. 1) and in the other through a long slit in the furnace jacket 
(fig. 6). The temperature was measured in the one case on a thermometer 
inside the vessel, in the other outside. By repeated trials, the^ maximum 
pressure at which the flash was not observed and the minimum pressure at 
which the flash was observed was determined, the actual pressure lying 
within the limi ts so obtained (see fig. 5). 

The flash is fight bluish in tint and at the higher pressures (above 2 cm.) 
a cfick is generally audible. Explosion appears to occur throughout the 
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vessel at the same moment. Very little lag was noticed on any occasion 
when the flash was obtained, never more than a second after letting in the 
vapour, and such lag as occurs is no doubt due to the time needed to reach 
the required explosion pressure. There was no explosion, only comparatively 
slow reaction at any pressure less than the critical pressure, however long 
the vapour was left in the vessel. 

It has been possible to measure the slow reaction at temperatures well 
above the minimum temperature at which explosion has been observed, 
provided the initial pressure is less than the critical pressure for explosion. 
The critical pressures have been determined down to 176° C and the slow 
reaction measured up to 189° C. When explosion occurs reaction goes to 
completion, no further slow reaction is observed. 

The results are given in Table IV. 


Table IV 


Vessel 1 (45 x 1*4 cm.) Vessel 2 (6*5 x 4*5 cm.) 


' - ^ 



Min. press. 

Max. press. 


Min. press. 

Max. press. 


for 

for no 


for 

for no 

Temp. 

explosion 

explosion 

Temp. 

explosion 

explosion 

°C 

cm. 

cm. 


cm. 

cm. 

193 

4-10 

4*02 

176*5 

3*65 

3*25 

197 

3-62 

3*50 

181*4 

2*40 

2*18 

204 

3*50 

2*45 

184*5 

2*00 

1*90 

211 

2-02 

1*95 

185*0 

2*04 

1*94 

218 

1-75 

1*70 

189*0 

1*71 

1*63 

225 

1-30 

1*22 

191 

1*75 

1*70 

239 

1-0 

0*97 

193 

1*43 

1*40 

253 

0-62 

0*57 

200 

0*80 

0*75 

267 

0-4 

0*35 

202 

0*83 

0*83 

290 

0-3 

(0-2) 

207 

0*64 

0*60 




208*6 

0*60 

0*59 




210 

0*54 

0*49 




217*5 

0*46 

0*43 




223 

0*32 

0*31 




227 

0*25 

0*24 




234 

0*21 

0*18 




244 

0*14 

0*11 


The experimental points have been plotted (fig. 5); the curves drawn 
through the points are the exponentials which refer to the straight lines: 


logioi? = 

logeiJ = 


5142 

T 

23525 


10-912 


-2513 


Ifor vessel 


2 , 


or 


HT 
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and 

or 


logioP = ^-6.503 
logeP = ^-14-974 


for vessel 1, 


in which p is the pressure in cm, of mercury. The experimental points lie 
close about these curves, agreement being particularly good for the long 
vessel. 



Fig. 5. Critical explosion pressures of diethyl peroxide. A, 1*4 cm. diameter vessel. 
B, 4*5 cm. diameter vessel. C, 50% He. HH hydrogen; x-x helium; (x^ 50% 
He; 0-0 50% COg; (C2H5)202 alone. 


Similar experiments have been made in the vessel of larger diameter on 
mixtures of diethylperoxide diluted with helium and other gases (Table V). 
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Table V 



0 / 

/o 

Pressure (cm.) 



Pressure (cm.) 

Temp. 

diluent 


A 

Temp. 



1 


■ 

/o 



°c 

helium 

Min. 

Max. 

°C 

diluent 

Min. 

Max. 

189 

50 

2*12 

2*06 

185 

21 Ho 

2*27 

2*27 

193 

22 

1*41 

1*37 

185 

44 Ha 

2*42 

2*36 

193 

42 

1*40 

1*38 

185 

53 Ha 

2*66 

2*66 

193 

65 

— 

1*5 

200 

33 Ha 

M8 

1*16 

197 

48 

1*91 

1*82 

200 

48 Ha 

— 

1*26 

207 

66 

0*96 

0*94 

193 

33 CO 2 

1*37 

1*31 

207 

86*5 

1*26 

M5 

193 

39 CO 2 

1*39 

1*29 

208*6 

55 

0*84 

0*82 

244 

84 CO 2 

0*13 

0*11 

210 

57*6 

0*7 

0*7 





210 

70 

0*85 

0*81 





217*5 

50 

0*58 

0*56 





217*5 

58*6 

0*62 

0*58 





217*6 

72*6 

0*75 

0*70 





224 

66 

0*38 

0*37 






The pressures given for critical explosion are those corresponding to the 
partial pressure of the diethylperoxide, the percentage of diluent is the 
percentage volume of diluent in the total gas. 

I The critical pressure is slightly affected when more than about 30 % of 
hehum or of hydrogen are added, but with carbon dioxide no effect is found 
even up to 84 %. The graph (fig. 5) is drawn representing a mean through the 
figures for 60 % hehum mixtures and corresponds to the equation 

= 24-40, 

the slope therefore not being changed appreciably. 

These results are somewhat similar to those obtained for azomethane 
(Allen and Rice 1935 ), the change-over from unimolecular reaction to 
explosion is explained in that case in terms of the Semenov theory of thermal 
explosions. They differ from the present results in that the rate does not 
appear to fall off at lower pressures as in the case of azomethane and no 
correction is needed to give the straight line agreement between the logarithm 
of the critical pressure and the reciprocal of the temperature, the induction 
lag is also shorter; in fact diethylperoxide is a particularly good example of 
the phenomenon where explosion suddenly at a certain pressure succeeds 
unimolecular decomposition. 

The results are similar to those with azomethane as regards the effect of 
diluent gases and the effect of the surface/volume ratio which in both cases 
appears to have a larger influence than might be expected on existing 
theory. For instance, 50 % of hehum which increases the conductivity 
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6 times raises the critical temperature for a particular pressure in both 
cases about 7 or 8°, while for an increase of surface/volume ratio 2*3 times 
the increase is up to 40° (for azomethane surface/volume ratio =1*6 and rise 
in temperature about 20°). If the heat gained per sec. from the reaction per 
unit volume is where ATib the rise in temperature above 

T the temperature of the walls, E is the activation energy, Q the heat of 
dissociation per mol, and n the number of molecules per unit volume, and if 
the heat lost per sec. per unit volume is {ajv) bA T, where ajv is the surface 
volume ratio and b a constant, and if the critical explosion pressure depends 
on the balance of these quantities, then the above observations about the 
effect of tube diameter are not accounted. Nevertheless the effect of the 
diluents, the homogeneous nature of the slow reaction, and the exothermic 
character of the decomposition make it probable that the explosion can be ex- 
plained thermally without the introduction of any radical chain mechanism. 

The thermal theory outlined is unsatisfactory because it does not take 
into account (1) that the outer layer of gas can exchange heat more readily 
with the walls than inner layers, (2) that the gas has to be heated through the 
agency of collision with the walls, (3) that the reactant may not be able to 
lose activation energy to the products or diluents, (4) that there may be 
alternative modes of decomposition requiring a different activation energy, 

(5) that the conductivity may be influenced by movements in the gas and 

(6) that part of the energy may be removed by radiation. 

With a view to ascertaining more precise knowledge of the conditions 
affecting this type of explosion, it is proposed to make more careful experi- 
ments on the effect of the diameter of the explosion vessel on the critical 
pressure. The effect of increase of the percentage of diluents is also being 
further investigated, for the experiments indicate that even at great 
dilutions provided a critical partial pressure is attained the slow will give 
place to the explosive reaction. The formula would indicate that concentra- 
tions of the order 10”® might decompose explosively below 400° C. 

Ignition of diethylperoxide 

Experiments have already been recorded (Table I) in which the effect of 
air on the slow decomposition of diethylperoxide was tested: the decom- 
position became slower apparently, as the following figures show for an 
experiment at 157° C: 

With air Without air 

a a 

Time log log 

a—x a—x 

0*008 0*028 

0*049 0*11 


34 sec. 
2 min. 13 sec. 
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In air at higher temperatures, diethylperoxide ignites and flame is pro- 
pagated. Ignitions were carried out in a quartz tube (45 x 1*4 cm.) (fig. 6), 
heated in an electrically wound heating jacket furnished with a longitudinal 
slit. The peroxide-air mixture at a measured pressure is let into the evacuated 
tube. Ignition starts at the far end away from the inlet tap (where the tube 
was slightly hotter) and a bluish flame travels back through the gas mixture. 
The ignition phenomenon appears quite different from the flash throughout 
the gas which is associated with the critical pressure decomposition pheno- 
menon. The following figures apply to mixtures of diethylperoxide in about 
10 cm. total pressure of air: 


Table VI 



Ignition 

‘ peroxide 

temp. ® C 

11 

200 

3-5 

230 

1*6 

260 

0*9 

280 


In the last experiment the peroxide is igniting at a partial pressure less than 
1 mm. 


to bulb and 
pressure gauge*- 
(see FiG.l) 


Fig. 6 


Similar experiments have been made using a 1 : 1 propane oxygen 
mixture instead of air in which to burn the peroxide: 


Table VII. Pressure of propane oxygen mixture 10 om. approx. 


Pressure of 

Ignition 

peroxide (cm.) 

temp. ° C 

2-07-2-25 

190 

l-35-l*45 

200 

0*9 -1-02 

211 

0-5 -0*6 

232 

(0-35-0-4) 

(260) 

0- 10-0-2 

290 

0-0 -0-05 

325 


The temperature of ignition of the peroxide is raised as a result of the 
addition of propane instead of nitrogen, nevertheless ignition continues to 
very low partial pressures of peroxide. 
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At the lowest pressures a blue glow is visible at the entry to the tube, a 
flash occurs but no further flame combustion. Under these conditions the 
propane itself does not ignite and even at the higher temperatures the 
propane does not show any sign of oxidation until several minutes after the 
ignition of the peroxide. The peroxide flame in fact does not ignite the pro- 
pane at these temperatures. 



Fig. 7. Ignition of diethyl peroxide. A, In air. B, In propane oxygen 1:1. C, Critical 
explosion (alone), o, Neumaim and Toutakin. 

The results of the above experiments are plotted in fig. 7, also the graph 
for the explosive decomposition of diethylperoxide in the same size of tube 
is reproduced (see also fig. 5). The graphs drawn correspond to the following 
equations connecting log^ and 1/T: 
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la) For diethylperoxide alone: 

, 15140 

logeP = ^ 


14-97. 


(6) For the diethylperoxide in presence of 1 : 1 propane oxygen: 


, 14850 

10gei> = ^^- 


15-4. 


(c) For the diethylperoxide in presence of air: 


, 16300 

iogeP - 


17-3. 


Clearly the critical pressure phenomenon is controlling the ignition, as 
the slopes are all very similar. In air ignition occurs at about one half the 
pressure of diethylperoxide as is required to obtain explosive decomposition, 
the energy of combustion being available to favour thermal ignition; in 
the propane mixture, however, the ignition does not occur quite so readily 
as in air. The flame is very similar in appearance. Neumann and Toutakin’s 
(1937) results for the critical explosion pressure of diethylperoxide are given 

by the relation the slope of the graph is very different 

from those obtained in this investigation, possibly owing to a different 
shape of vessel (the diameter was stated to be 3*5 cm.). 

They found that ignition and cool flame was engendered by diethyl- 
peroxide in a 1 : 1 butane oxygen mixture at 30 cm. pressure and the 
pressures of diethylperoxide then corresponded to the pressure for critical 
explosion. Although it would no doubt be possible to ignite propane mix- 
tures through the decomposition of diethylperoxide at lower temperatures 
than for a similar propane mixture alone, as is indicated by the effect of 
diethylperoxide on the induction period, yet, as here shown, it is possible 
to obtain explosive decomposition of the diethylperoxide without ignition 
of the propane. 

These observations provide the basis of an explanation of the many 
apparently complicated and curious phenomena associated with the pro- 
duction and propagation of cool flames. If products are formed in a com- 
bustible mixture by partial oxidation which behave similarly to diethyl- 
peroxide, they could propagate flame in the mixtures provided their partial 
pressures were above certain values though the actual partial pressures 
might be quite small. Flames might follow each other as more of the sub- 
stance was formed or if sufficiently intense they would ignite the rest of the 
gas and give rise to the ignition of the mixture. 
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The peroxide greatly diminishes the induction period of the propane 
oxygen (1:1 mixture) slow combustion which occurs at higher tem- 
peratures: 


Table VIH. Temp. 350° 0. Quartz vessel 


Pressure of 

Pressure 


Induction 

propane and 

of peroxide 


time 

oxygen (cm.) 

cm. 

Percentage 

sec. 

39-1 

Nil 

— 

220 

39-5 

Nil 

— 

240 

38-5 

Nil 

— 

285 

38-8 

0*06 

0*15 

30 

38*2 

0*11 

0*29 

<10 

39-0 

0*11 

0*28 

8 

40*8 

0*10 

0*27 

<10 


The peroxide or its combustion products therefore increase the number 
of reaction centres for the propane oxidation: 0-25 % of diethylperoxide 
diminishes the induction period to l/30th its previous value. 

Further experiments are being made to extend these investigations and 
follow up some of the indications here mentioned. The behaviour of other 
peroxides such as ethylhydrogen peroxide and peracetic acid is also being 
investigated. 


Summary 

1. The decomposition of diethylperoxide, which measured in the tem- 
perature range 130-190° C, behaves unimolecularly, appears to be 
unaffected by surface or diluents. The apparent activation energy is 31,500 

cal. and logipZ = — h 14*708. 

2. The decomposition becomes explosive at a certain critical pressure, 
the dependence on temperature of which is given by 

logioiJcm. = 10-912 

in one of the quartz vessels used. The critical explosion pressure is only 
shghtly raised by conducting diluents such as hydrogen or hehum but 
is affected greatly by the diameter of the vessel. 

3. Diethylperoxide ignites in air and gives rise to flame at temperatures 
somewhat lower than correspond to the critical explosion pressures in a 
neutral atmosphere in the same vessel. 
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4. Ignition occurs in propane oxygen mixtures at temperatures below 
those at which the propane itself will ignite, without igniting the propane. 

5. Diethylperoxide greatly diminishes the induction period of the slow 
combustion of propane. 
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Formation of negative ions at metal surfaces 

By E. a. Smith, Ph.D. 

Carnegie Teaching Fellow, St Andrews University 
{Communicated by N. F, Mott, F.B.S, — Received 10 March 1938) 

In a previous paper (Massey and Smith 1936) a theoretical treatment of 
various processes of formation of negative ions in gases has been given. The 
recent experimental work of Arnot (1936, 1937) has, however, shown the 
importance of formation taking place at the surface of metal electrodes. 
The purpose of this paper is to give a theoretical treatment of the formation 
of negative ions at metal surfaces and to indicate where further experi- 
mental research is necessary in order to understand more fuUy the processes 
taking place. 

When a neutral atom captures an electron to form a negative ion, excess 
energy equal to the sum of the initial kinetic energy of the electron and the 
electron afl&nity of the atom must be disposed of. The method of disposal 
largely determines the probability with which a process will take place. 
These processes may be divided into two classes, radiative and non-radiative. 
In the former the excess energy is given off as radiation. The effective cross- 
section for radiative attachment to atoms is of the order of 10“^^ cm.^ for 
electrons having energies of a few electron volts (Massey and Smith 1936). 
When negative ions are formed in a monatomic vapour such as mercury, 
the only other means of disposal of the excess energy (excluding surface 
effects) is through a three-body collision involving another atom or electron. 
This has been shown to have a very small chance of taking place under the 
conditions usually met with in electrical discharges (Smith 1936). In poly- 
atomic gases, however, non-radiative j)rocesses may result from a single 
collision. We should expect these to take place with considerably greater 
probability than those involving radiation. The most common is that of 
formation of atomic negative ions by molecular dissociation in reactions 
of the type 

i" ^ ^ "1“ 

The excess energy in this process goes into the kinetic energy of the products 
of dissociation. A qualitative treatment of such reactions has been given 
by Massey and Smith (1936). They account for most of the experimental 
results on the formation of atomic negative ions by direct electron impact 

[ 19 ] 
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in polyatomic gases. When molecular negative ions are formed in these 
gases by attachment of free electrons, without dissociation, the process 
must be either that of radiative capture or that suggested by Bloch and 
Bradbury (1935), whereby the excess energy is taken up in exciting the 
molecule to higher vibrational states and is then lost by collision with other 
molecules. 

Arnot and Milligan (1936) have shown that the above processes cannot 
account for the negative ions formed in mercury under the conditions of 
their experiments, and that a process which takes place with considerably 
higher probability is required. This process was shown to be the capture of 
two electrons by positive ions, when they strike the surface of a metal elec- 
trode. Arnot has observed this for several polyatomic gases as well as for 
mercury (1937). We shall see that this is a resonance process, there being 
no excess energy to dispose of. Accordingly it will take place with a com- 
paratively large probability under suitable conditions. Arnot found that 
the chance of a positive ion being converted into a negative ion varies 
between about 10”® and 10”^ for different gases. 

In recent papers (see, for example, Emeleus and Sayers 1938) it has been 
shown that negative ions play a large part in determining the form of certain 
types of electrical discharges. Clearly the processes taking place at the 
electrodes are of great importance as, according to Arnot’s experiments, 
they account for a considerable number of the negative ions in the discharge. 

1. The processes oe eormatioh and neutralization 
OF negative ions at metal surfaces 

When a positive ion strikes a metal surface, in general it is neutralized 
by capturing an electron from the metal (Massey 1930). The reverse process 
also may take place. When a caesium atom strikes a hot tungsten surface, 
it loses an electron and is given off as a positive ion. The conditions for the 
occurrence of these processes are respectively > $5 and 1^ < where is 
the ionization potential of the neutral atom or molecule which is formed, and 
(j) the work function of the metal. It is known that when an ion such as He+ 
is neutralized by the above process the electron may be captured into an 
excited state, and on falling into the ground level may eject an electron 
from the metal. This process has been examined experimentally by Ohphant 
(1929, 1930), and a quantum-theoretical treatment has been given by 
Massey (1930, 1931). Instead of being ejected from the metal, under certain 
conditions, the second electron may be captured to form a negative ion, the 
energy of excitation being used to extract the electron from the metal as 
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before. The process will clearly take place with appreciable probability 
only when there is an occupied level in the metal from which an electron 
may be captured so that it has just the right energy to form a negative ion. 
This is undoubtedly the process taking place in Arnot and Milligan’s experi- 
ments on the formation of mercury negative ions. We shall now proceed to 
discuss other possible processes of negative-ion formation at metal surfaces 
and to specify the conditions under which they may take place.* 

(1) Formation from neutral unexcited atoms. If there is an occupied level 
in the metal from which an electron may be captured by resonance to form 
a negative ion, this process will have a large chance of taking place when 
the atom comes near to the surface of the metal. This is exactly analogous 
to the neutralization of a positive ion. The condition which must be satisfied is 

+ {a) 

ji being the maximum kinetic energy of a “free” electron in the metal 
(upper limit of Fermi distribution) and $5 the work function as before. is 
the electron affinity of the atom (see fig. 1). This process wiU not be of much 
importance in practice. The only case in which (a) is likely to be satisfied 



Fig. 1. Illustrating neutralization of a positive ion and 
a negative ion near the surface of a metal. 

* [Note added in proof. These processes are supposed to take place at a clean 
metal surface. When a good deal of adsorbed gas is present more complicated 
processes take place involving transfer of energy from the incident positive ions to 
the adsorbed gas atoms, some of winch may be ejected as negative ions. (Amot and 
Beckett 1938 , Nature^ 141, 1011 .)] 
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will be that of halogen atoms incident on a clean alkali metal surface. This, 
however, would not remain long uncontaminated in the presence of halogen 
atoms. 

(2) Formation from excited atoms. When the incident atom is excited, 
the energy of excitation is available to extract the electron from the metal, 
and the condition to be satisfied is 

/i + <f»V, + W,>f>, ( 6 ) 

where is the excitation potential of the state involved. Clearly the con- 
dition (b) wiU be much more frequently satisfied than (a). This process 
undoubtedly takes place in discharges, although there is little experimental 
information about it. Metastable states will of course be most effective. 
There is a considerable probability, as we shall see, of slow negative ions 
being neutrahzed near a metal surface. Only excited atoms which have 
considerable kinetic energy will therefore be effective. This may account for 
the fact that the process has not been observed with certainty in discharges. 

(3) Formation from positive ions which first form excited neutral atoms. 
This process has been discussed above. 

The condition for the formation of an excited atom from a positive ion is 

(c) 

The condition for the subsequent formation of the negative ion is given by 
(b). Together these give 

2/i + 2^>Vi + W,>2^. (d) 

We must notice, however, that (d) may be satisfied when (c) is not. This is 
so for atomic hydrogen and nickel. For the first excited state = 3*37 eV, 
Vi = 13*5 eV, Wq = 0-7 eV and for Ni^ = 5-03 eV (Fox and Bowie 1933). We 
see that (6) and (d) are satisfied but that (c) is not. For mercury both (c) 
and {d) are satisfied for the 2 metastable state, the values of and 
being 4*66 and 10-38 eV respectively. 

(4) Formation from positive ions by simultaneous capture of two electrons. 
It is possible for a positive ion to capture two electrons from the metal in a 
single transition without going through the intermediate stage of forming an 
excited atom. The condition for this is simply given by (d). This process is 
therefore sometimes energetically possible when (3) is not. We shall give 
reasons, however, for expecting its probability of occurrence to be small. 

(5) Formation from molecular ions. When the ions striking the metal 
surface are polyatomic, the processes taking place are more complicated as 
dissociation may take place. Arnot found that both 0~ and Og ions were 
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formed from OJ^and 0”, Og? CO”and C""from COf . When the negative ions 
are formed without dissociation, the conditions {a)-{d) simply apply to the 
incident molecules or ions, but if these break up they must be applied to the 
products of dissociation. 

(6) Neutralization of negative ions. After a negative ion has been formed 
near a metal surface it may be neutralized by a process which is the converse 
of (1), i.e. the extra electron of the negative ion may pass into an unoccupied 
level of the same energy in the metal. This wdll be possible whenever (1) 
cannot take place, the condition being 

W^<<j> (e) 

(see fig. 1). This process is the analogue of the ionization of caesium on 
tungsten. A negative ion striking an ordinary metal surface will thus in 
general be neutralized. Moreover, a considerable number of the negative 
ions formed by processes (2), (3) and (4) wiU be lost before they escape from 
the surface. 


2. FORMATIOlSr OF MERCURY NEGATIVE IONS AT A NICKEL SURFACE* 

We choose the formation of mercury negative ions at a nickel surface for 
detailed calculation, since this is the only monatomic vapour for which 
accurate experimental information is available. Clearly process (1) cannot 
take place as the electron aflftnity as calculated by Glocker (1934) is 1-9 eV, 
and this value is probably too high. Arnot and Milligan have shown that if 
process (2) takes place it is not appreciable compared with (3) or (4) under 
the conditions of their experiments. The latter are not experimentally 
distinguishable in mercury, as (6), (c), [d) are all satisfied. We shall first 
consider process (3). 

The method of calculation we shall adopt is an extension of that used 
by Massey (1930, 1931) in his treatment of ejection of electrons from metals 
by metastable atoms. For the metal we shall use the Sommerfeld model 
(see fig. 1). Since the incident positive ions are moving slowly compared 
with the electrons involved in the various transitions for which we shall 
require to calculate the probability per unit time, we shall first evaluate 
these assuming the ion or excited atom to be at rest at distance a from the 
surface of the metal. 

* [Note added in proof. The results for tungsten are almost identical. Tungsten 
is more suitable for experiment as it may be made clean more readily than nickel. 
(See footnote p. 21.)] 
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First we shall calculate the probability of a transition of a “ free ’ ’ electron 
in the metal to an excited state in the field of the incident positive ion. Let 
r represent the co-ordinates of the metallic electron and the co-ordinates 
of the electrons of the positive ion referred to its centre of mass as origin. 
Let ^o(r, Tg) be the wave function describing the “free” electron in the 
metal and the electronic state of the positive ion. Let tg) be the wave 
function for the excited neutral atom formed by the transition. Massey 
has shown (1930) that the required transition probability per xinit time 
|)(a) is given by the expression 


f{a) = 


Bn^NvE^ 


ln/l^ 


( 1 ) 


where Vq^ is the matrix element of the interaction energy V under which the 
transition takes place, i.e. 


yoi =^fQVffdTdTg. 


( 2 ) 


N is the number of “free” electrons per unit volume, v the average velocity, 
and II the maximum kinetic energy of electrons in the metal. E is the kinetic 
energy of the electron involved in the transition and is given by the equation 

li + <l>-E = V,-Vg. (3) 

The expresion (1) takes no account of electron exchange. This may be done 
by replacing V^f by 

(4®) 


when two electrons whose co-ordinates are and Tg are considered. Fi,is 
obtained from by interchanging and tg in ijr^. For transitions involving 
three electrons (one free and two bound) is replaced by 


lFo,-Fi,p. (46) 

(Oppenheimer 1928). 

Next we shall require the transition probability m{a) for the formation 
of a negative ion through the excited atom falling into its ground state and 
capturing another electron from the metal. This will be given by an expres- 
sion exactly similar to (1), but now refers to the free electron (r) 

and the excited atom (Fg), and Fg) to the negative ion. E will now be 
given by the equation 

+ = + (5) 

Lastly we must calculate the transition probability corresponding to neu- 
tralization of the negative ion by process (6). This again will have the form 
(1) with E given by the equation 


/i + (^ — E = 


(6) 
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The reason for this is that (1) was obtained on the assumption that all 
possible states in the metal with energy near E are occupied, and in the 
reverse process all the corresponding states are available since < (p. i/tq now 
refers to the negative ion and to a ''free” electron in the metal and a 
normal atom. 


We shall now consider the motion of the positive ion. For our purpose it 
will not be sufficient to integrate the transition probabilities over all 
distances a from the surface as in Massey’s calculation on the neutralization 
of positive ions. We must set down the differential equations satisfied by 
the probabilities of the incident ion being in each of the states we consider, 
at distance a from the surface. We shall treat only the case of normal in- 
cidence. We shall do this in two parts: (a) when the incident ion is moving 
towards the surface, (b) when it (or one of its products) is moving away 
from the surface after impact. Let P{a) be the probability that an incident 
positive ion remains unneutralized at distance a from the surface, M{a) that 
of its being an excited atom, and N{a) that of its being a negative ion. Then 
we have 



= ^>(a) P, 

= m{a) M —p[a) P, ^ 
= n{a) N —m{a) M, 


(7) 


where Vq is the velocity of the ion towards the surface. In forming these 
equations we have neglected the chance that the positive ion will be neutral- 
ized by capturing an electron to form a normal atom. Massey has shown, 
however, that the most likely state is the highest permitted by the energy 
condition (c). We have also neglected the chance that the excited atom will 
eject an electron from the metal on falling into its ground state. As the 
available energy is only 0-69 eV for the 2®Po metastable state we should 
expect the chance of this happening to be small. There is some experi- 
mental evidence that this is so (Compton and Langmuir 1930). 

When a positive ion or one of its products reaches the surface it normally 
loses most of its kinetic energy. The experiments of Arnot show, however, 
that some are reflected with a considerable amount of their initial energy. 
The collision processes taking place will be very complicated, and we must 
make some simplifying assumptions. We shall assume that a particle moves 
up to the surface with constant velocity Vq and that it can be reflected vith 
velocity between 0 and Vq. We must assume some distribution function to 
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give the chance of reflexion with velocity between v and v + dv. This model is 
admittedly crude as the surface cannot be regarded as plane when a is of 
the order of 10“® cm. Also the velocity of the incident particles will undergo 
rapid changes in magnitude and direction as they collide with the surface 
atoms. However, we may expect it to give a fair representation of the 
average effect for a large number of incident ions. 

With these assumptions we now form equations for the outgoing par- 
ticles similar to (7). As we shall see, most of the positive ions are neutralized 
before reaching the surface, so we can now neglect P{a). Let Af'(a), N\a) 
be the probabilities of the incident positive ion being an excited atom and 
negative ion at distance a from the surface, after reflexion with velocity v. 
For M' {a), N{a) we have the equations 

dM' 

tJN' 

v^ = -n(a)N+m(a)M'. 



The appropriate solutions of the equations (7) are as follows 


Let Pq, Mq, Nq, be the solutions when a = 0. These give the chance of an 
incident ion reaching the surface as a positive ion, excited atom, and 
negative ion respectively. Then the appropriate solutions of (8) are 


M'{a) — Mq exp | ~ “ J w(a) da 
N'{a) = Nq exp | ~ J 


+ exp|— ij n{a)da 


J m(a) If'(a) exp ? 2 .(a:) da:J da. (13) 
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These solutions depend on the assumption that the state of a. given 
particle is not changed by the actual collision with the surface. The prob- 
ability of such electronic transitions during the impact of two heavy 
particles is known to be small when their kinetic energy of relative motion 
is of the order of 100 eV (Massey and Smith 1933), and we should expect 
the same to hold in the case of impact with the surface of the metal. 

The values of M' (a), N'{a), when a is large, give the probabilities that the 
incident positive ion will leave the surface with velocity v as an excited atom 
and negative ion respectively. For a given value ofvQ these will be functions 
of V. It is more convenient to express them in terms of W, the kinetic energy 
of the reflected ions. Let N{V,W) be the chance that a positive ion whose 
kinetic energy was V before collision with the surface and W after, leaves 
the surface as a negative ion. Let 0{V, W)dW be the probabihty that a 
particle, incident with energy F, will come off with energy between W and 
W-\-dW. The energy distribution of negative ions, that is, the number 
escaping from the surface with energy between W and Tf -f cZlf, when a 
large number of positive ions with energy V strike the surface, is given by 
G{V, W) N (Vi W)dW. To obtain the average probability of formation iV’(F) 
we shall have to integrate over all values of W between 0 and F. We shall 
then have 

N{V) = W) N{V, W)dW. (14) 

^(F) and G(F, W) iV(F, IF) are tlie quantities given by Amot and 
Milligan’s experiinents. The function G{V, W) is not given directly and we 
shall have to assume some form for it. For mercury we shall see that good 
agreement with experiment is obtained with the simple form 

Q{V, W) = (15) 

where is a function of F and is the mean energy of the reflected particles, 

and C is such that 

f G{V,W)dW = 1. 

Calculation ofp{a), mia), n{a),for mercury 

(1) p{a). The wave functions which we take to describe the initial and 
final states are as follows: 

where x(^%) = r > a sec (9, 6 < Itt 

= 0, otherwise, 


( 16 ) 
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and 




(17) 


k - 27rmulh, u being the velocity of the “free” electron andn a unit vector 
along the direction of its initial motion, u is obtained by putting E = 
in equation ( 3 ), 




{ 


COS — cos 
sin “ sin 


( 18 ) 


The wave function xi'^2) represents the ""free electron in the metal and 
the mercury positive ion. Tg) represent the 2 ^Pq state of mercury. 

It wiU be noticed that only the two electrons on the outer shell have been 
included. Those in deeper levels will not be much affected by the transition. 
The constants 5, t, z, z\ are obtained by means of Slater’s rules (Slater 1930). 
The use of wave functions of this type for calculations on negative ions has 
been discussed by Massey and Smith (1936). To perform the calculation 
with the accurate form ( 16 ) for ;\;(r2) would be extremely laborious, and 
following Massey (1930) we shall treat the case of an ion at rest at the centre 
of a spherical cavity in the metal, replacing the conditions for the vanishing 
of ^(ra) by 

;\;(r2) = 0 , r2>a. ( 19 ) 

Por the interaction energy we take 

2^2 p2 

F(r,,r2) = f-f, (20) 

making the approximation that the screening factor for electrons in the 
inner shells is unity. Por the three degenerate states represented by 
we must replace | Tq/ 1^ 1^7 

\nA^+\v§,\^+m% ( 21 ) 

where are formed with the functions respectively. We choose 
the direction of motion of the “free ” electron as the axis 6 ^ = 0. It can then 
be shown that V^f = 0. For we have the expression 


Fa __ 




X (cos ^1 — cos ^2) <^^1. 


( 22 ) 


To evaluate this integral we expand F(rjL, Tj) in the series 


S S rn(^i>^2)-Pn(cos(9i) P^(cos02)cosm(5ii-^2)(l-m)!/(Z+m)!, 

u=0 m-0 


(23) 
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where 

o 

II 


rl 

Tn ~ ~n+l> 

'2 

rj^<r2,n>0 


2 

1 

r? 

rj^>r2,n>0. 




- y«+i» 


Integrating with respect to 6^ and we have 


4:7lH^NnN-, f J r“ 0-I-# . 1 a /I \ 

Jr 

X exp cos ^2 — + j j ~ ^sj 


Using the expansion 

5^(2^i+l)tV„+#r)P„(cos^), 


we obtain 


xexp{-(? + |)r,-?r,}dr,. 


(24) 


(25) 


(26) 


The final integration is best carried out numerically. 

The integrals in the calculation of V^f are exactly similar to those we have 
evaluated. We may then proceed to calculate _p(a) using the expression (4ft). 

(2) m[a). Here 

fo = A:(r3)i^(ri,r2), (27) 


where ^(r^, r 2 ) is the function (18) and ;^(r) the function (16) with u obtained 
from the value of E given by equation (5). The wave function which we take 
for the Hg”" ion is 


Tj, tg) = i\r 2 rf-^rf-irg-^ exp 


L 



t Cl 

-u — ~ro 
p p j 


(COS^S, 


For the interaction energy we take the form 


(28) 


V(r r r 

^3 ^13 ^23 


(29) 


It is easy to see that Tq/ = ^ owing to the opposite symmetry of and ijrf. 
The contribution then comes only from the exchange integrals which give 
the following expression for the matrix element Vop 
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where 


k 

k 


-f r®+®exp|- 


(30) 

Jo 1 

S'/ 1 


rJV«>e3ip{-(5+?)r)*. 

(31) 


11 

f drJ 

L+p-2g,|-l/ 


}rz<a J 

' \ 

II 

f ^^rsl 



I ra<a J 

V 


'■!> 


(32) 


X exp jiferg cos ^3 ~ ^ j 

To evaluate Jg, Jg, we use the expansion (23). In this case 

yo = 0, ri<r3, 

1 1 

= --r. ^l>^3. 

and is as before, for values of n > 1. Proceeding as before and using the 
fact that 

cos® d = ^[1 + 2 P 2 (cos 6)], 
the integrals may be reduced to the forms 


(34) 

^ 3W { " 6'" f ) C”3 ~ r~) 

(35) 

These integrals may be evaluated numerically and the calcizlation of m(a) 
completed. 

(3) n{a). Here t/tq represents the negative ion and is given by (28). For 
^iTf we have 

ft = XC^a) 95o(ri, rg), (36) 

$^o(ri, Tg) = r|-i rf-i exp ^ (rj + rg) J , 


where 


(37) 
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and represents the ground state of the mercury atom. We hare for V the 
expression (29). Proceeding as before may be reduced to the form 


X exp 1 — 1 

[t+I)’'*-?’'*)**’ 

(38) 

where = 47r J exp | ■ 


(39) 

The exchange integral is given by 




167rW AT e2 /•« /•« „ , , , s r ,i . 

^ 3(2;4)* ^]a Vo ^3 (^^s) 

(40) 

•These may be evaluated numerically, and n{a) may then be calculated 
from the expression (46). 

The values of the integrals which we obtain my making the problem 
spherically symmetrical will be higher, and will decrease less rapidly with 
a than those we should obtain by using the correct form (16) for ;\;(r). This 
may be seen in the following way. The values of the integrals depend on 
the extent of the overlap of the regions where the wave functions 
are appreciable. will be small outside a sphere — R, say. In the spherical 

case t/tq will only be appreciable outside a sphere = a. For a plane surface, 
however, i/tq vill only be large over part of this region. When we average 
over all angles for the direction of motion of the free ” electron, the correct 
form should give values smaller by a factor which will be given approxi- 
mately by the ratio of the extents of the effective regions in the two cases. 
We shall estimate this and use it as a correction. 

It might be possible to carry out the calculation for an ion at the centre 
of a hemispherical cavity in a plane surface, for which under certain con- 
ditions an exact form for ;\;(r) is obtainable (cf. Lennard-Jones and Goodwin 
1937). The considerable increase in length of an already complicated 
calculation, which this would involve, does not seem worth while at the 
moment, as the values obtained by the simplified model are as good as we 
can expect when we consider the other approximations we have made. 

The values obtained for the transition probabilities p(a), m(a), n{a), are 
shown in fig. 2. Using these values we may calculate the function N{V, W). 
This function is shown in fig. 3 for F = 200 eV. 
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Probability of formation of Hg“ ions at a Ni surface 

Before proceeding further we must obtain some information as to the 
value to take for the mean energy 1^( F) in the distribution function G{V,W), 
From Arnot and Milligan’s experimental curves giving the energy distribu- 
tion of the negative ions formed from Hg+ ions we may obtain the function 
G{V, W) N{V, TF). The most accurate measurements are those giving the 
energy distribution of negative ions retaining a considerable part of the 
kinetic energy of the positive ions from which they were formed. We shall 
choose the, value of for V = 200 eV so that our calculated curve for 
(?(F, W) N{V, W) fits the experimental curve as closely as possible. In fig* 4 



W 

m 

Fig. 4. Energj^ distribution of negative ions, calculated with Wq = 2*75 eV for 
V = 200 eV. The circles are Amot and Milligan’s experimental points, fitted to the 
curve at TF = 10 eV. 

the calculated curve for V — 200 eV, taking the value 2*75 eV for Wq, is shown 
along with Arnot and Milligan’s experimental points. It wiU be seen that 
a good fit is possible, so we shall use this value of Wq to calculate the average 
probability of formation iV(F) by means of the expression (14). The value 
we obtain is 1*4 x 10”^ for V = 200 eV. This agrees as well as can be expected 
with the experimental value 0*64 x 10”®. 

Arnot and Milligan have given a curve for the distribution of the high- 
energy negative ions only for F = 200 eV. It is not therefore possible to 
find Wq for different values of F by the method used for F = 200 eV, and so 
determine theoretically the variation of iV’(F) with F. Using the value of 
for F = 200 eV we may, however, estimate Wq for other values of F by 
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using the experimental curve for the variation of iV‘(F) with V, These values 
of Wq may then be used to calculate energy distributions of the negative ions 
for various values of V, which may then be compared with the experimental 
curves for the ions retaining a small part of their original kinetic energy 
which, although they have a distinctive shape, are not sufficiently accurate 
to determine Wq owing to the low resolving power of the apparatus for slow 
ions. In Table I we give some values of Wq obtained in this way and the 
corresponding values of iV'(F) calculated relative to the theoretical value 
for F = 200 eV. It wiU be seen that Wq decreases with F but less rapidly 
than if it were proportional to F. This we should expect as a result of the 
increase of the effective cross-section for scattering by surface atoms as F 
decreases. 


Energy of incident 

Table I 

Mean energy 

Calculated probability 

positive ions 

after reflexion 

of formation of Hg“ ions 

V in e V 

Wo(V) in eV 

N{V) X 10-8 

200 

2-75 

1-4 

100 

2-3 

•86 

50 

1-65 

•36 

20 

1-2 

•09 


Using the above values of Wq we have calculated the energy distribution 
for negative ions which leave the surface with small kinetic energy, for 
F = 50 and V = 200 eV. These are shown in fig. 5 along with the corresponding 
experimental curves of Arnot and Milligan. When we compare the theoretical 
and experimental curves, we see that, although they have the same general 
shape the maxima do not occur at the same values of W. From the experi- 
mental curves it would appear that many of the observed negative ions have 
very little excess energy over that acquired in the electric field which 
accelerates them away from the surface at which they are formed. This is 
only so for mercury. The curves for several other gases for which energy 
distributions of the negative ions have been measured resemble those we 
have obtained theoretically for mercury, the maxima being shifted out to 
small positive values of W, The discrepancy between the theoretical and 
experimental curves for mercury almost certainly arises from our neglect 
■of the effect of the ‘ ' image ’ ’ force on the motion of the ions. In the calculation 
we are concerned with the normal velocity of the ions close to the surface, 
whereas in the experiments the velocity is observed at a large distance from 
the surface. Since the range of the “image” force is large compared with the 
distance from the surface within which transitions are probable, a negative 
ion moving siwa^j from the surface after formation will be retarded and will 
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lose a certain amount of its kinetic energy. The quantity W used in the 
calculations refers to the kinetic energy of the ions close to the surface and 
so will not be the same as the observed kinetic energy of the negative ions. 
The difference may amount to several electron volts. The effect of this will 
be that the maxima in the experimental curves will appear displaced to the 
left relative to the corresponding maxima in the theoretical curves. This will 
be more marked in mercury than in the lighter gases where the reflected 
ions retain more of their original kinetic energy. 



IF -4 -2 0 2 4 6 8 10 12 14 eV 


Kinetic energy of negative ions (excess over acclerating potential in experimental 
cur^’-es) 

Fig. 5. Energy distribution of slow negative ions. 

Calculated curves. 

Arnot and IVIilligan’s curves (fitted to have same maximum height). 

It is clear that negative ions having small velocities when formed would 
almost certainly be neutralized before moving far from the surface, so that 
those observed with zero excess energy must have been subsequently 
retarded. The effect of the “image” force seems to offer the most simple 
explanation of this retardation. When we take into account the low 
resolving power of the apparatus for slow ions this effect seems adequate to 
explain the difference between the theoretical and experimental curves for 
the energy distribution of the slow negative ions. We may therefore say that 
the main features of the experiments on the formation of Hg“ ions from 
Hg+ ions are explained by assuming the negative ions to be formed by 
process (3). 


3-2 
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Formation of negative ions from metastable atoms 

By a slight modification of the calculation we have given, we may obtain 
the chance that a metastable atom formed in the vapour will become a 
negative ion on colliding with a metal surface. This can be seen to be of the 
same order of magnitude as for a positive ion of the same energy, since the 
latter has a fairly large chance of capturing an electron and becoming a 
metastable atom before reaching the surface. Experiments on the number 
of Hg“ ions formed with different pressures of mercury vapour indicate 
that not many of the observed Hg~ ions are formed from metastable atoms. 
This simply means that most of the metastable atoms striking the metal 
surface are too slow to be effective. 


Formation of negative ions by simultaneous 
capture of two electrons from a metal 

We shall now consider process (4). We shall show that the chance of this 
process taking place is small compared with (3). Let and represent the 
co-ordinates of the two electrons involved in the transition and ^ 2 (^ 2 ) 

the wave functions for their ^‘free” motion in the metal. Let represent 
the co-ordinates of the electron in the outer shell of the mercury positive 
ion, and let ^^(rg) be the wave function for the normal state of the ion. To 
the same approximation as we used before the wave function for the initial 
state of the system will be 

V^o = ^{rs). (41 ) 

If we express the wave function for the negative ion as a product of three 
“single-particle” wave functions as before it will be of the form 


ft = ^^ 1 (^ 1 ) faCta) (42) 

Neglecting the interaction of the “free” electrons we have for the inter- 
action energy under which the transition takes place 


F = 


Vl ^2 ^13 



The matrix element for the transition is then 


(43) 


^of = ®'JJjA:i(ri) X^ir^) ■ V . dr^dr^dr^, (44) 
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which may be expressed in the form 

^0/ = ffr^) cZriJJxaCra) ^ j f3,{T^) dr^dr^ 

+ e^Jx2(r2) ^^^ 2 (^ 2 ) «^r2jjA:i(ri) <Pirz) (^-^) 

( 45 ) 

This would be zero if the “continuous’’ wave functions %i(ri), x^i^z) 
accurately orthogonal to the corresponding functions ^2(^2)* 

transition probability will therefore be small and would require a second 
order calculation using more accurate wave functions than the simple 
products we have used.* 

3. Eormation of hydrogen negative ions 

The H“ ions which were observed by Arnot were shown to be mainly 
produced by impact of on a tungsten surface. The number of H+ ions 
available was, however, small, and no information was obtainable on the 
formation of H” ions from H+. The latter process is particularly interesting 
as condition (c) for the formation of the intermediate excited atom is not 
satisfied. It is clearly desirable that further experiments on the formation 
of H"" ions should be made with separated beams of protons arid ions. 
If the H" ions are formed, as Arnot has suggested, from H+ ions produced 
by the dissociation of H the main difficulty is to see how excited hydrogen 
atoms rise so as to enable process ( 3 ) to take place. They cannot be formed 
by neutralization of the H+ ions as we have seen that the condition (c) for 
this is not satisfied. Let us consider various possibilities. 

An ion may be neutralized before reaching the surface by capturing 
an electron from the metal. From the potential energy curves for the 
molecule and ion it can be seen that condition (c) is satisfied only for the 
1 1 states of the molecule. If an electron is captured in to the 1 

state the molecule will dissociate into two normal hydrogen atoms. It is 
clear that no excited atoms will be formed in this way. If they are formed 
from the normal ion or its products, excitation must take place on impact 

with the surface. This does not appear likely as hydrogen may only be 
excited with difficulty by impact with heavy atoms even at considerably 
higher voltages than those with which we are concerned (Massey and Smith 
1933). Another possibility is that some of the ions reaching the surface 

* I am indebted to Dr H. S. W. Massey for pointing this out, and for other valuable 
suggestions. 
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may be in excited states. Such states are known (0. W. Richardson 1934) 
and their energies are such that an electron may be captured from the metal 
to form an excited state of the H2 molecule which on dissociation would give 
an excited H atom. 

The only alternative to process (3) is that of simultaneous capture of 
two electrons. It is just possible that this process is sufficiently probable in 
the case of hydrogen to explain the observed probability of formation which 
is only 0-016 of that for mercury ions of the same energy. Further experi- 
ments are necessary to decide between these possibilities. We shall calculate, 
however, the probability of formation of an H“ ion from an excited H atom, 
as the knowledge of this will be useful in deciding between the above alter- 
natives. 

We shall require the transition probabilities m{a), n{a), for formation and 
loss of the negative ion. We shall also calculate the transition probability 
p{a) for the formation of an excited H atom for a surface for which (c) is 
satisfied. We shall use this to estimate the probability of formation of an 
ion by impact of a proton on such a surface. 

(1) m(a), n{a). The wave functions which we require are simply those for 
the ground state and the degenerate first excited states of the hydrogen atom, 
and that for the H" ion. For the latter we take the form 

(40) 

where ji = O^lSja^. The calculation may be carried out in exactly the same 
way as for mercury. The values of m{a), n{a) for = 3 eV will not differ very 
much from those calculated for M with ^ = 5-03 eV. 

(2) p{a). For ^ = 5-03 eV, p{a) will be zero as the condition (c) is not 
satisfied. We shall calculate p(a) for a surface for which $4 = 3 eV. The in- 
tegrals we require have been given by Massey (1930), and p{a) may be 
evaluated on inserting appropriate values for the various constants. 

The values we obtain for m(a), n{a) with ^ - 5-03 eV and for p{a) with 
^ = 3 eV are shown in fig. 6. These are considerably larger than the corre- 
sponding values for mercury. The effective quantities in determining the 
probability of formation are, however, p{a) -7- v, etc., and these will be a good 
deal smaller for corresponding energies. 

The probability that an excited hydrogen atom, which leaves the surface 
with energy Tf , will become a negative ion would be obtained by putting 
14 = 1 in (13), if we were to neglect the chance of the excited atom ejecting 
an electron from the metal on falling into its ground state. With hydrogen 
however, there will be a considerable chance of this taking place, as the 
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available energy is 5-1 eV. Let e{a) be the transition probability for this 
taking place. We may then take it into account by replacing equations (8) by 


“ —rfi{a)M'—e{a)M', 



Fig. 6. Transition probabilities p(a), m{a), n(a) for atomic hydrogen. 

A, p(a) for ^ = 3*0 eV. B, m(a) x 5 for <j> = 5-03 eV. C, n(a) for (j> = 5*03 eV. 

e{a) may be obtained from Massey’s calculation (1930) for fairly large values 
of a, and is found to be about ten times as great as m{a). Using this value, 
and solving the equations (59) as before we may calculate the probabihty 
NJ^ W) for the formation of a negative ion from an excited atom which leaves 
the surface vdth energy W, This is shown in fig. 7. 

It will be seen that for corresponding energies A^g(Tf ) is a good deal larger 
than for mercury. This is due mainly to the smaller probability of loss of the 
negative ions formed, as they are moving much faster than the heavy 
mercury ions. 

For hydrogen it is clear that no simple form of the function 6r(F, W) will 
give the observed energy distribution of the negative ions, which has two 
distinct maxima (Arnot 1937). These may be due to formation by two 
different processes or simply to the fact that for the light hydrogen ions there 
is pronounced reflexion with certain energies. In any case we should expect 
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the energy distribution to be more complicated for the light ions as they 
retain a much larger fraction of their original energy on being reflected from 
the surface. 

In order to obtain the probability of formation of an H” ion from an Hg 
ion by the process we have considered, we must multiply i\^( W) by the chance 
that excited H atoms will be formed from the incident H J ions. It can be 
seen from fig. 7 that this must be about 10““^ in order to obtain the observed 
value 1-04 x 10~® for the probability of formation of H"" ions from 200 volt 
ions. This value is probably small enough to be accounted for by assuming 
that the excited atoms are formed by dissociation of excited ions. 



Fig. 7. Ng{W)f probability of formation of a negative ion from an excited 
H atom wliich leaves a Ni surface with kinetic energy W. 

Formation of ioifis from protons 

We should expect the probability of formation of H”" ions from protons to 
be high for a surface for which ^ < 3’37 eV, as then the excited atoms may be 
formed by capture of electrons from the metal. Using the calculated value 
of ^3(a) for 9 S = 3-0 eV we may estimate the probability that an incident 
proton will reach the surface as an excited H atom by solving equations 
similar to (7) but taking intoaccountthe effect of e(a). For 140 V protons the 
value we obtain is 0-2. The probability that such an excited atom wiU form 
a negative ion after reflexion will be approximately the same as we have 
calculated for $5 = 5-03 eV. Using this value we may estimate the probability 
of an incident proton being reflected as a negative ion. This will not vary 
much with the energy of the reflected ions, provided this is not very sma.l1 
(see fig. 7). The value we obtain for the average probability of formation 
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of H““ ions by 140 V protons at a surface for which ^ < 3*37 eV is about 
4 X 10"^. A surface with a sufficiently low work-function would therefore 
provide an effective source of hydrogen negative ions but may be im- 
practicable to use. 

It would be very interesting if a comparison could be made between 
surfaces for which (}> is greater and less than 3*37 eV using a beam of protons. 
When ^ is greater than this value we should expect very few ions as 
they could only be formed by simultaneous capture of two electrons, as- 
suming that hydrogen atoms are not likely to be excited on impact with the 
surface. An experiment of this type would therefore give information on 
the probability of such double transitions taking place. 

Similar calculations may be carried out for the other polyatomic gases in 
which Arnot has studied the formation of negative ions. More experiments 
are needed, as we have seen, in order to clarify the processes taking place 
and until further information is available for hydrogen it does not seem 
worth wffiile extending the calculations to include the other gases. 

It is a pleasure to acknowledge my indebtedness to Dr F. L. Arnot for 
keeping me informed on the results of his experiments, and for many helpful 
discussions. 


Summary 

Various processes of formation of negative ions at metal surfaces, and the 
conditions under which they may take place are discussed. Detailed 
calculations are given for the conversion of Hg+ ions into Hg^ ions at a 
nickel surface. The positive ions are assumed to be neutralized by capturing 
an electron from the metal, and to form excited atoms which subsequently 
capture another electron on falling into their ground state. This process is 
shown to account for the experimental results of Arnot and Milligan (1936). 
The calculated probability of formation by this process is 1*4 x 10“® for 
200 V Hg+ ions striking a nickel surface normally. The process of simul- 
taneous capture of two electrons from the metal is shown to be improbable. 

A negative ion formed near a metal surface for which the w^ork function is 
greater than the electron affim'ty of the corresponding atom or molecule will 
have a considerable chance of being neutralized through one of its electrons 
passing into an unoccupied level in the metal. It follows that slow positive 
ions or metastable atoms will be ineffective as a source of negative ions. 

The formation of atomic negative ions from molecular positive ions is 
discussed. Calculations for the formation of H” ions from ions and from 
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protons are given. The value obtained for the probability of formation of 
H“ ions from 140 V protons striking a surface with work function less than 
3-37 eV is about 4 x 10“^. It is shown that ions will not be formed from 
protons at a surface with work function greater than 3-37 eV unless simul- 
taneous capture of two electrons takes place. For formation of ions from 
the observed probability is only 1*04 x 10“® for 200 V ions striking 
a nickel surface (Arnot 1937). This low value is shown to be due to the small 
probability of formation of the intermediate excited H atoms by dissocia- 
tion of the incident ions . Clearly further experiments, using separated beams 
of protons and ions, are required in order to clarify the processes taking 

place when atomic negative ions are formed from molecular positive ions. 
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Thermal effects on bodies in an air stream 


By W. F. Hiltoh, Ph.D., B.Sc., A.R.C.Sc., B.I.C. 

Of the Aerodynamics Department, N.PD. 

{Communicated by Ernest F, Relf, F,R.S.) 

1. Iotrodtjctiok 

Very little has been published on the mathematical theory of heat transfer 
between an unheated solid body and the fluid streaming past it, and the 
only experimental work seems to be that by H. H. Suplee (1909) giving the 
temperature drop shown by a thermoelectric wire stretching axially along 
a diverging nozzle. 

E. Pohlhausen (1921 ) shows theoretically that the temperature (Tf) taken 
up by a flat plate placed endwise in an air stream of initial temperature (T) 
should be given by 

( 1 ) 

where u is the velocity of the stream outside the boundary layer, Cp the 
specific heat at constant pressure and cr = /iCpjK and K being the vis- 
cosity and thermal conductivity of air, respectively). The function y(?(cr) is 
tabulated by Pohlhausen (1921) and is given by 

fW - [J‘(g)‘e^P (//«)]«■ 

where ^ is the function of ^ tabulated by Blasius (1908), representing the 
laminar boundary layer on a flat plate. 

Equation ( 1 ) given by Pohlhausen is not in a suitable form for examination 
by the present method, and the necessary modifications are made in the 
next section. 

2. AppLiCATioisr OP Pohlhatjsen’s equation to the present work 

For the purposes of the present paper, three points must be borne in 
mind when considering Pohlhausen’s equation, viz. 

(1) It apphes only to a flat plate. 

(2) It is only true in the absence of heat conduction in the fluid or in the 
plate. This condition is violated by the presence of shock waves. 

[43] 
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(3) The temperature {T) of the air stream cannot be measured directly, 
in any type of wind tunnel, including that used for these experiments (the 
1 ft. high-speed wind tunnel at the National Physical Laboratory). In this 
t 3 rpe of tunnel, an annular jet of compressed air causes a drop in pressure in 
the tunnel and thus induces atmospheric air to enter a contracting intake, 
where it is accelerated until it reaches the working section. Since no external 
work has been done on this air, the energy of its motion past the working 
section must have been obtained from its own internal heat energy. Thus 
the air at the working section is cooler than the external air by an amount 
equal to the adiabatic cooling. 

The temperature of the air at the working section of a wind tunnel cannot 
be measured by inserting a thermometer, since the bulb of the thermometer 
will stop the air to some extent, thus causing the air to regain as heat energy 
some of its energy of motion. 

It is, however, a simple matter to calculate the cooling due to an adiabatic 
expansion of the air. If the air temperature be Tq at the intake, and T at 
the working section, then 

( 2 ) 

If the expansion were not adiabatic, there would be a loss of total head, as 
measured by an open-ended pitot tube. On making such a measurement in 
the empty tunnel against external atmospheric pressure, it is found that 
such a loss does indeed occur, but is of negligible proportion, being less than 
0-1 in. of water at a tunnel speed corresponding to 8 in. of mercury, i.e. less 
than 0-1 %. We may thus assume that equation (2) gives for all practical 
purposes the temperature T in the free air stream in the tunnel. 

Eliminating T between equations (1) and (2) we have 

(3) 

Now, dT may be found by inserting one calibrated thermocouple in the 
surface of the body under test, and the other in the air intake to the tunnel, 
and measuring the potential difference produced at any given wind speed. 

3. Tests on flat plates 

Equation (3) gives the temperature difference between the surface of a 
thin plate with a laminar boundary layer, and the air at the tunnel intake 
before acceleration past the model. In order to verify this equation experi- 
mentally, certain precautions were taken. 
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First, in order to minimize the transference of heat from one part of the 
flat plate to another, the models were made of Tufnol^ which is at the same 
time strong, and a good insulator, both electrical and thermal. Difficulty 
was experienced with testing very thin flat plates, due to deformation, and 
in more extreme cases, destruction of the model by the aerodynamic forces. 



Fig. 1. 
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Extrapolation of flat plate results to zero thickness. 

Fig. 1. Thermocouple nearer leading edge. 

Fig. 2. Thermocouple nearer trailing edge. 

On this account, a series of four different thicknesses was used, ranging 
from 1/8 in. to 5/16 in., and the results were extrapolated to zero thickness. 
The chord in every case was 2 in. and the span the full diameter of the wind 
tunnel (12 in.). Both leading and trailing edges were semi-elhptical, the 
major axis being three times the thickness (the minor axis) in each case. 

The thermocouple was set flush in the surface, one-third of the chord 
from the leading edge. By reversing the model the conditions at two-thirds 
of the chord could be explored. The thermocouple was shghtly offset from 
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the centre of the span, since the thermal conditions at the centre of the 
timnel might be unsteady, due to the mixing of air of slightly different 
temperatures from the six sides of the hexagoUial intake. 

On plottiQg temperature difference against F® (where V is the tunnel 
speed), a linear law was found to exist, as is suggested by the theory. It 
will be noticed from fig. 3, however, that the curves do not always pass 



° V* in Ccm/a«:)* '0‘ S’' 

Fig. 3. Typical set of readings for determining slopes plotted in figs. 1 and 2. Flat 
plate in. thick with thermocouple near leading edge. 

through the origin as one would expect, but often show a temiierature 
difference of as much as 1“ C. at zero speed. It is thought that this was due 
to the intake thermocouple being in an air stream of slightly different initial 
temperature from the thermocouple on the flat plate. The steadiest readings 
were obtained early in the morning, with all major sources of heat in the 
building turned off. 

The slope of the straight line through each set of readings was 
measured, and plotted against the thickness of the flat plate, and the 
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collected results are shown in figs. 1 and 2. The curve through these points 
has been extrapolated to zero thickaess to give the mean slope a (expressed 
in ° C for a speed V = 10^ cm./sec.) for a mathematically thin flat plate. 

The mean slopes thus found are a = 0*636 with the thermocouple one- 
third of the chord from the leading edge, and a = 0*504 for the thermocouple 
two-thirds of the chord from the leading edge. Substitution of the following 
numerical values (supplied by the Physics Department of the National 
Physical Laboratory) in equation (3) gives a theoretical value for a, 

F = air speed over flat plate = = tunnel speed. 

0 ^ = 0*2396 cal./g./° 0. 

/jb = 18*2 X 10”® g./cm./sec. 

K == 5*73 X 10”® cal./g./° C/sec. 

or = = 0*761. 

(l-~/?(cr)/4) = 0*127 from Pohlhausen’s paper, and hence 

10 ^ 

a = ^^—^x 0*127 = 0*633. 

2c^J 

It will be seen from this that the experimental value is in close agreement 
with the theory near the leading edge, but is lower by some 26 % near the 
trailing edge. This is probably due to the flow over the front half of the flat 
plate being laminar, w^here Pohlhausen’s theory is apphcable and to a 
transition to turbulent flow occurring between the alternative thermo- 
couple positions. Consideration of the local Reynolds number at these 
positions, which ranges from 0*8 x 10® to 1*8 x 10® near the leading edge and 
double this near the trailing edge, lends weight to this explanation, as does 
the lack of turbulence in the wind tunnel stream. In addition we have the 
fact that a is less for the turbulent flow, corresponding to an increased heating 
effect (since cooling is considered positive throughout this paper), which is 
to be expected from the extra dissipation of energy in turbulent flow. 

Thus it would seem that equations (1) and (3) for a flat plate in laminar 
flow are substantiated within the limits of experimental accuracy. 

It will be seen on reference to figs. 1 and 2 that the effect of thickness is 
small up to J in. thick, and that in fig. 1 the experimental points he fairly 
evenly on both sides of the theoretical value for zero thickness. The mean 
experimental value (a = 0*636) is only 0*003 above the theoretical value 
(a = 0*633), whilst the average experimental error would seem to be much 
larger than this, say 0*05. 
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The difference between the curves for leading and trailing edges is very 
marked, however, and much too great to be ascribed to experimental error. 
The theoretical value may itself be slightly in error, since it is difficult to 
measure accurately the thermal conductivity of air, and an error of 1 % 
in K gives an error of 5 % in the theoretical value of the temperature. 


4. Tests on a steeamline bar at non-compeessibility speeds 

Whilst equation (3) is only strictly true for thin flat plates, it is of interest 
to examine the possibility of its application to laminar boundary layers on 
other shaped bodies, and in particular to the front part of an aerofoil. We 
may assume that the boundary layer will be but little affected by gentle 
curvature in the direction of the wind, and we now consider u to be the 
velocity just outside the boundary layer, and not the tunnel velocity (F). 
(The two were equal in the case of a flat plate.) Hence by making the sub- 
stitution u = nV in equation (3), where the factor {n) expresses the increase 
in wind speed due to the aerofoil, we have 



It should be remarked that n varies continuously round the aerofoil 
section under test. Equation (4) is in a form directly suitable for experi- 
mental checking in the high speed tunnel. A thermocouple was soldered 
flush with the surface of the streamline section under test, as shown in fig. 5, 
and the difference of e.m.f. between this thermocouple, and another placed 
in the slow moving air at the intake, was measured. 

On plotting temperature difference against the square of the wind speed 
(as is done in figs. 4-7) it was found that a linear law again holds, up to 
compressibility speeds. 

This is in qualitative agreement with equation (4), and experimental 
values of 71 have been found from the slopes of these straight lines, but the 
results are not given here, since the model was of steel, a good conductor 
of heat, and hence the values found for n were more in the nature of averages 
for the whole section, rather than values appropriate to the point at which 
the thermocoupk was situated. It is hoped to make a model from heat 
insulating material at a later date, and to continue these experiments under 
more appropriate conditions. 
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5. Tests on a streamline bar at compressibility speeds 

The linear relation existing between the temperature difference and the 
square of the speed breaks down at high speeds, where a small speed range 
is usually found in which the temperature difference 8T decreases with 
increases of speed. On examination of the readings as plotted, it might be 
thought that a smooth curve could be drawn through the points, ignoring 
the small part with negative slope. This is not in accordance with experi- 
ment, since the effect can be observed by leaving the potentiometer switched 
on and raising or lowering the wind speed continuously. At a critical speed, 
the galvanometer spot is seen to stop moving regularly across the screen, 
retrogress for some distance, and then resume its original motion. 

Thus the small region of negative slope appears to have a real existence, 
although it might easily be overlooked if the readings were taken at fairly 
wide intervals. At even higher speeds a further linear law is fotmd to hold 
good, the curve having roughly the same slope as at low speeds, but this 
part of the curve is often broken by further inflexions. 

In the derivation of Pohlhausen’s equation for a flat plate, the effects of 
heat conduction in the fluid are assumed to be negligible, so that the in- 
flexions found in the curves as Vja approaches unity may be taken to 
indicate that the effect of compressibility is no longer small, and that a shock 
wave has been formed, with its associated conduction of heat. The presence 
of a shock wave may be detected experimentally, a very sensitive method 
being to use a pitot tube to measure the total head of the air stream. At 
low speeds in the empty tunnel, the pitot reads atmospheric pressure (see 
§ 2). At low speeds in the wake of an aerofoil, there is the well-known loss of 
total head, corresponding to the ''drag” forces on the aerofoil. This friction 
wake is very narrow, being usually less than the thickness of the aerofoil. 
Accordingly, if a pitot tube is placed just outside the friction wake and the 
speed increased, no appreciable reading will be obtained until a shock wave 
is formed. Since there is a loss of total head in passing through a shock 
wave, there will be a sudden rise in the curve of loss of total head against 
wind speed at the precise speed at which a shock wave is first formed. 
This constitutes a very delicate test for the existence of shock waves, and 
in figs. 4-7 are shown a series of such curves, plotted for convenience of 
reference on the same speed scale as the thermocouple readings. 

It will be seen from these curves that an inflexion in the temperature 
curve coincides with the inception of a shock wave. It should be remem- 
bered that throughout this paper positive 8T represents cooling, so that a 
portion of curve with negative slope represents a sudden heating, corre- 
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spending to the heating in the shock wave due to the loss of kinetic energy. 
Actually, a body is always warmer than the air flowing steadily past it, even 



Fig, 8. Temperature variation of circular cylinder with speed. 

Position of thermocouple: A at front (Gq = 34460 cm./sec.); x at side 
(ao = 34390 cm./sec.),* @ at back (^o == 34180 cm./sec.). 
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at low speeds, but this warming is always masked in the high speed tunnel 
by the previous adiabatic cooling of the air. For a body moving through still 
air this warming would increase linearly with the square of the speed and 
at the ‘‘shock stall” the temperature would rise even more rapidly. The 
initial adiabatic cooling of the air is represented on the diagrams by a straight 
line joining the origin and the point (F^ = 10^ ST = 4-97° C). The heating 
of the body is found from the vertical difference between this line and the 
curve measured in the tunnel. 



Fig. 9. General Electrical Company thermocouple, extending halfway across tunnel. 


The existence of shock waves can also be detected by the fairly sudden 
increase in the drag of the aerofoil at the shock stall. Some drag readings 
were taken on the section actually used, and are shown in figs. 4-7. These 
will be seen to be in agreement with the results obtained by other methods, 
but the measurement of drag is not such an accurate method of determining 
the shock stall speed as either of those already discussed. 

Thus it would seem that the present thermocouple method is a quick and 
convenient test* for the presence of a local shock-wave at any particular 
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spot on a solid boundary, and the method may prove valuable when air- 
craft speeds are limited by the formation of shock waves, since it provides 
a method for determining which part of the machine is giving rise to the 
increased drag associated with shock waves. 



Fig. 10. General Electrical Company thermocouple, extending right across tunnel . 


6. The circular CYLmnER and other shares 

A circular cylinder made of Tufnol placed across stream was also tested. 
From the results plotted in fig. 8 it will be seen that the front of a cylinder 
registers very nearly the adiabatic compression temperature of the air 
stream. Had it done so exactly, the temperature difference would have been 
zero. The thermocouple placed at the back, however, registers within 10 % 
the true temperature of the moving air stream in which it is placed. Thus 
on a circular cylinder are to be found almost the extreme ranges of tem- 
perature possible on a body in a moving air stream. The circular cylinder is 
therefore a most unsatisfactory shape for the thermometry of moving fluids, 
since the temperature taken up by the element will be a function of the 
conductivity of the thermometric element, and of the temperature dis- 
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tribution round the cylinder. If the cylindrical shape is unavoidable, the 
axis should be placed along the wind. Trouble is also to be expected from the 
critical speeds of cylinders. In the ease of the 1/4 in. diameter cylinder 
employed in these experiments, the critical speed comes in the middle of 
the speed range, at about F/a = 0*4. 

In figs. 9 and 10 some results are given for two forms of thermocouple 
which were tested at the request of the General Electric Company, These 
results also emphasize the importance of the form of a thermometric 
element to be used at high speeds. 

The best thermometric form would seem to be a short flat plate, for which 
the calibration is known in advance, since the flow would in general be 
laminar. 


Summary 

Pohlhausen’s equation for the temperature at the surface of a flat plate 
with a laminar boundary layer has been verified to within the limits of 
experimental accuracy. The theoretical temperature slope (a = 0-633) is in 
excellent agreement with the experimental value found near to the leading 
edge {a = 0-636) where the flow is probably laminar. The result near to the 
trailing edge (a == 0-504) is consistent with the flow being turbulent in this 
region. The hnear relation between ST and F^ breaks down at high speeds, 
due to the formation of shock waves, and an inflexion occurs in the curve. 
By measurements of total head in the wake, and by force measurements on 
the balance, it has been verified that this inflexion is caused by a shock 
wave. Thus thermocouples may be used to detect the presence of shock 
waves, and it is suggested that by placing thermocouples on models of 
aeroplanes, or even on actual aeoplanes in flight, the parts giving rise to 
shock waves could easily be found, and modified to obtain a higher top 
speed. 

Tests were also made on a steel streamline bar at various incidences and 
Pohlhausen’s equation has been extended to apply to this case, but a rigid 
verification could not be effected, due to the unknown effect of heat con- 
duction along the metal streamline bar. It is hoped to carry out further 
tests on aerofoil sections made of heat insulating material, and to compare 
the values of n found by the present method with those found by direct 
experiment. Agreement is to be expected over the nose of the aerofoil where 
the flow wall be laminar, but a difference should be found behind the point 
of transition to turbulent flow. 
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A circular cylinder placed across stream was found to be a most unsatis- 
factory shape for a thermometric element, since its temperature varies from 
nearly the adiabatic compression temperature at the front, to nearly the free 
stream temperature at the rear. The ideal method of measuring the tem- 
perature of a moving fluid would be to move a thermometric element of any 
shape with the same velocity as the fluid, but since this would usually be 
impracticable, the best method is to use a stationary flat plate, with the 
sensitive area in the region of laminar boundary layer flow. 
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Statistical theory of superlattices with 
long-range interaction 

I. General theory 

By J. S. Wang 

{Communicated by B. H. Fowler, F.R. 8 . — Received 30 May 1938 ) 

1. Inteodtjction 

For alloys in which the numbers of two kinds of atoms A and B are equal 
the statistical theory of superlattices was first developed by Bethe (1935), 
assuming interaction only between atoms which are nearest neighbours to 
one another. The theory was then extended by Peierls (1936) to the case of 
unequal concentrations of components still retaining the assumption of 
interaction between nearest neighbours, and by Chang (1937) to include the 
interaction between next nearest pairs of atoms in the case of equal con- 
centrations of components. It is desirable to have a more general theory 
which includes long-range interactions of a general type and is applicable 
both to equal and unequal concentrations of components, but the inter- 
action energy must fall off sufficiently rapidly with increasing distance to 
make the contribution of very distant atoms negligible so that the shape and 
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the dimensions of the crystal block do not influence the state of the super- 
lattice. For example, if the interaction energy is of the form V{r) = 
then n should be greater than 3 in order that the integral 

j”vir)r^dr 

may be finite. 

A general theory of this kind has already been developed for a similar 
problem in adsorption (Wang 1938). The problem of adsorption is simpler 
than that of superlattices for two reasons. First, the former is a t'wo- 
dimensional problem while the latter is a three-dimensional one. Second, 
there is only one kind of atom in the adsorption case and therefore every 
lattice site is equivalent to every other, whereas in the superlattice case 
there are two kinds of atoms and hence two different kinds of lattice sites, 
usually called oc sites and j3 sites respectively. This second difference between 
the problem of adsorption and that of superlattices is the one which makes 
the direct application of the adsorption theory impossible, because the 
device of replacing the contribution of distant adsorbed atoms by . that of a 
continuous uniform distribution no longer works for the superlattice, since 
it would lead to a sort of amalgamation of the two kinds of lattice sites. This 
difficulty is overcome in the present theory as is explained in § 2. 

The general theory developed here is applicable to any interaction energy 

of the form V (r) subject to the condition that f V (r) r^ dr is finite, and to any 

Jo 

crystal lattice in which the total number of sites at any given distance from 
a given oc site is the same as that from a p site. The important case of an 
interaction energy following the law of inverse power of distance is worked 
out for the three lattices of the cubic system — ^the simple cubic, body- 
centred and face-centred — all of which satisfy the above requirement for 
the lattice structure. It should be mentioned that the theory is restricted 
to the case where the number of A atoms is equal to that of cc sites and the 
number of B atoms to that of /? sites. The effect of a slight variation in the 
composition of the alloy consisting of two kinds of atoms A and B is not 
investigated here.f 

2. The coheigijratiohal partition ftjhction- 

The problem of superlattices is solved completely if the partition function 
of the alloy crystal is known. To construct the partition function we shall 
confine ourselves to that part which is contributed purely by the geo- 
t Such a problem has been studied by C. E. Easthope (1937). 
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metrical arrangements of the atoms and is called the configurational par- 
tition function. It is assumed that the configurational energy is independent 
of the lattice vibrations. 

Let a-^ be the distance between nearest neighbours in the lattice, that 
between the next nearest, etc. Denote by the interaction 

energies between pairs AA, BB, AB at a distance apart, and by 

the numbers of such pairs. The configurational energy is then 

(1) 

V 

According to the general theory of statistical mechanics the configurational 
partition function is 

P = 

M 

where is the number of arrangements of the atoms for a given set of 
values Mf^ (i/= 1, 2, ...), and the summation is taken over all 

such possible sets. 

Suppose that the total number of lattice sites is N, the number of a sites 
is rN and that of sites is (1 - r) iV. We assume that the number of A atoms 
is rN, that of B atoms is (1 — r) iV, and the total number of atoms is N. We 
assume also that the number of sites situated at a distance from an a 
site is the same as that from a ^ site and denote it by Let be the sum 
of for all the N sites of the crystal,! that contributed by oc sites being rZ^ 
and that by y? sites (1 —r) Zj,. Now Z^jN multiplied by the number rN of A 
atoms is equal to the total number of pairs of atoms at a distance apart 
involving A atoms, each A A pair among them being counted twice. Therefore 

Similarly [l-r)Z„ = H- 

Substituting in (1) we obtain 

= S + const., (2) 

V 

where Vy = - 2F^^^. (3) 

The additive constant in (2) is independent of the atomic arrangements and 
will be put equal to zero, since the zero of energy can be chosen arbitrarily. 

t a site near the boundary the number of sites situated at a distance ay from 
it is less than Zy and therefore Zy < NZy, But when N is large the percentage error 
involved in taking Zy = Nzy is small. 
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. With the expression (2) for the energy the partition function can be 
constructed by specifying the numbers of pairs A A only, viz. the numbers 
We can therefore ignore the presence of B atoms altogether, and 
concentrate our attention solely on the A atoms. Henceforth will, for 
the sake of simplicity, be called the interaction energy between two A atoms 
at a distance apart, and it is important to bear this convention in mind. 

We evaluate the partition function approximately by treating in detail 
the distribution of A atoms among a central site and its z nearest neighbours 
(which form the first shell), and replacing the infiuence of A atoms in the 
outer sites on the first shell by the introduction of a suitable parameter for 
each A atom in the first shell and the influence on the central site by that of 
an average distribution of A atoms among the outer sites compatible with the 
particular state of the superlattice in question. Since we now do not fix the 
number of A atoms in the group of 2 + 1 sites we must, following the usual 
procedure of statistical mechanics, introduce a selector variablef ^ for each 
A atom and determine it by the condition that the average probability of 
occupation of the central site by an A atom calculated by using the approxi- 
mate partition function is equal to the actual average corresponding to a 
total number rN of A atoms. The approximate partition function thus con- 
structed depends, in general, on whether the central site is an a or a site. 
Accordingly we distinguish two cases: 

(i) Central a site 

Let Uq be the number of A atoms in the central site, so that is either 1 
or 0 according as the central site is occupied by an A atom or not. Let 
= be the number of A atoms in the z first shell sites, being the 

number of A atoms in the a sites of the first shell and n'[ that in the ^ sites. 
Let be the number of A A pairs among the 4- % A atoms at a distance 

Uy apart. Denote the energy of interaction of an A atom situated at the 
central a site with an average distribution of A atoms outside the first shell 
by The exact meaning of the average distribution will be made clear in 

§ 6 when we come to the actual evaluation of If w-e introduce for the 
infiuence of the outside A atoms on the first shell a factor for each of the 
A atoms in the a sites and a factor for each of the n'[ A atoms in the 
sites (the selector variable g for A atoms in the first shell is absorbed in the 
parameters and ef), we obtain the following expression for the approxi- 
mate partition function 


t Peierls (1936) calls this an a priori probability. 
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where y is the number of arrangements for a given set of values Wq, 
and 9/^ is given by 

(^=1,2,.,.). (4) 


The quantity can be split into two terms 

mi = 

where m'l is the number of A A pairs among the n^ A atoms in the first shell at 
a distance a^ apart (i.e. nearest neighbours). Then becomes 

Qa = F{7iie^, 9/1 e^), (5) 

where F{x, y) = fl (^) 

v'^2 

The average values of 9^Q, 91^, n'l are given by the usual formulae 


0 0 0 

Introducing the notations 

F = F{e^, e^), yiS^), 

0 

^6 = ?5(e„,e^) = e„g^logjF’, . 

0 

t = tK> e^) = ®/f -gj-log ’/i®/?)’ 

we obtain 

n,l[\^n^)^ie-WF^IF, | 


(7) 


(8) 


(ii) Central ^ site 

Let all the 9^’s and m’s denote the same things as before. Denote the energy 
of interaction of an A atom situated at the central J3 site with an average 
distribution of A atoms outside the first shell by C^. If we introduce for the 
influence of the outside A atoms on the first shell a factor for each of the 
n'l A atoms in the tx sites of the first shell and a factor for each of the A 
atoms in the ^ sites, we obtain the following expression for the approximate 
partition function 

Qfi = n v> 

V 

G{x, y) = n V?"- 

v^2 


where 


(9) 

(10) 
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The expression (10) for 0 is of exactly the same form as the expression (6) 
for F . Actually they are different, owing to the different possible sets of 
values for the n’s and m’s. As all the subsequent formulae involve F and G 
explicitly, no confusion is possible. 

Introducing the notations 

^ = = ( 11 ) 

and also Xv analogous to F^, we obtain 

— — — — r 

= + + ( 1 - ^o) A!- J 

The determination of e^, e^, in terms of the superlattice order is 
given in the next section. 

3. The sitperlattige order 

Let be the average probability of an a site being occupied by an A 
atom and = 1 — of if® being occupied by a J? atom. Let be the 

average probability of a /? site being occupied by a jB atom and w^= 1 
that of its being occupied by an A atom. The total number of A atoms is then 

{rr„+(l-r)M)^}iV. 

Equating this to rN we obtain 

or rw^ = {l—r)Wf. (13) 

This condition also gives the right number for the B atoms, for we have 
TO„ + (l-r)r^ = (l-r)to^+(l-r)r^ = 1-r. 

The degree of superlattice order s is defined by the equation 

s = (r,-r)/(l-r). (14) 

This definition makes s = 1 for perfect order and s = 0 for perfect disorder. 
In the state of perfect order every a site is occupied by an A atom and every 
P site by a jB atom. In the state of perfect disorder every site has, o% the 
average, a probability of occupation t for A atoms and 1 — r for B atoms. 
From (13) and (14) we obtain 

= »' + (l-^)«> «’« = (1-^)(1“®)> 

rB = l-r + r8, Wg = r{\-s). 
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In applying the partition function of the foregoing section to calculate 
the various probabilities r^, etc., we again divide the investigation into 
two parts: 

(i) Central a site 

Here we want to determine e„, in terms of s. For this purpose we 
impose the following conditions 

= = = (16) 

where is the number of a sites and that of P sites in the first shell. The 
physical meaning of (16) is quite simple. The first equation expresses that 
the average probability of occupation of the central a site is equal to the 
average for all the a sites and it determines the selector variable ^ in terms 
of s through r^. The second and third equations express that the average 
probabiKties of occupation of a first shell a site and a first shell p site are the 
same as the respective values determined by s, and are the equations for 
fixing the parameters and in terms of s. 

Substituting (16) in (8) we obtain 

and + f + (18) 


(ii) Central site 

Here we determine in terms of s by imposing the following 

conditions 

= = (19) 


where is the number of a sites and z^^ that of yd sites in the first shell. 
Substituting (19) in (12) we obtain 


and 


G^jO 


( 20 ) 

( 21 ) 


The equation which determines the degree of superlattice order s as a 
function of the temperature is obtained by eliminating | between (17) and 
(20), namely. 


r„r/. 


w„w 






' FO. 


( 22 ) 


Eqns. (15), (18), (21), (22) are the fundamental equations in the present 
theory. They are of the type of equations which are usually solved by the 
method of successive approximations. The actual numerical calculations 
will be given in a subsequent paper. 
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It should be observed that the quantities etc., in (18) and (21) are 
connected by two relations and can therefore be expressed in terms of two 
parameters. The first relation comes from the assumption of equal z^ for a 
and y? sites in the case of 1, i.e. 

+ = % = S. (23) 

The second relation is one between z^^ and obtained by equating the 
numbers of neighbouring pairs of ay? sites calculated in two different ways, 
viz. rNZf^^ = {\--t)Nz^^, This gives 

= r{l-r)z\ say. 

From (23) and (24) we obtain 

^acc ^ r)^ j = (1 f ) 2/ , I 

z^„ = j-z', Zp^ = z-rz'. J 

4. The confighiiational eheegy 

Applying the theory of the foregoing sections we find that the average 
energy of an A atom situated at an a site is 

+ (^1)720=1 K = + (9^2; + 9 ^ 55 /) ^ 

and that of an A atom situated at a yff site is 

^+(%)no=l^ ~ + 

The total configurational energy of the whole alloy is obtained as usual by 
taking half the sum of the above expressions for aU A atoms, the factor one- 
half being introduced so that each A atom shall be counted once only. Hence 

E = \rNr,{U^ + (^S, + f^) FJ + 4(1 ~ r) Nw^{U^ + {6^ + X;) 
or 

E/NV^ = irr^{^^ + f^) + ^(l~r)w/d^+X.^) + Urr^U^ + (l-r)w^U^}jJ{ (26) 
For the perfectly ordered state 5 = 1 we have, from (15), 

= = 0 , 

and from (18) and (21), 

= = 0 ; 0 = X = (>- 

Equation (26) theff becomes 

= ir{z„^ + {U^),^JVi}. 


(24) 

(25) 


(27) 
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5. Appeoximatiok POR 5 = 0 

For temperature at which the superlattice order does not exist w^e have 
perfect disorder and 5 = 0. It follows from (15) that 

= = rf = w^ = l-r. (28) 

In this case there is no longer a distinction between a and y? sites. We must 
now have, introducing starred symbols, 

= Ca = Ca = e*> say, 1 

^^f = d+x = <i>*, <l>n + f^ = ^ri + X^ = ^*] 
and = U*. 

Eqn. (22) becomes an identity and (18) and (21) become 

zr = r^* + (l— r)$i*. 

The energy expression (26) becomes 

When 00 all the ^’s approach unity and 

F^-¥F-^{l + e*Y, ^*-><p^ze*l{l + e*), 
where e* is the value of e* &tT = co. But from (3 1 ) we have so that 

e% = rl{l-r). (33) 

The configurational energy approaches the limit 

E„ = Mzr+U*IV,)NV^. (34) 


(29) 

(30) 

(31) 

(32) 


6. Calctjlation of and Ufi 

Let be the interaction energy of an A atom situated at an a site with 
an other a sites, each of them being supposed to be occupied by an A atom, 
and let be the interaction energy of an A atom situated at an a site with 
ah the ^ sites, each of them being supposed to be occupied by an .4 atom. By 
definition Uj, is the interaction energy of an A atom situated at a central a 
site with an average distribution of A atoms outside the first shell. The 
meaning of the average distribution is that each a site has A atoms and 
each yS site A atoms. It follows that 


(35) 
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Similarly + (36) 

where is the interaction energy of an A atom at a site with all a sites, 
each of which being supposed to be occupied by an A atom, and is the 
interaction energy of an A atom at a yff site with all other sites, each of 
which being supposed to be occupied by an A atom. 

The four quantities etc., hke z^^, etc., are connected by two relations. 
The first is 

Uacc + = C7, say, (37) 

which follows immediately from the assumption of equal Zy for a and sites. 
The second relation is obtained by equating the interaction energies of a 
sites with sites calculated in two different ways, viz. rNU^^ = (1 — r) NU^^. 
This gives 

= (1 = r{l-r) U\ say. 

From (37) and (38) we obtain 

t4a=f^-(l-f)C7', ?7,^ = (l-r)t7',| 

U^, = rU', U^^=U-rU'. \ 

These equations are similar to (25) for the z's. 

In terms of the new symbols U and U' (35) and (36) become 

C/> = w^{U-zV^) + r{r,-w^) {V -z%). J 

From (40) we obtain 

U,-U^^a{U-U'-{z-z')V^} 

and r{7a + (1 -r) = r{U-z\\) = U*. 

It can easily be verified by substituting (28) in (40) that U* in (42) is the 
same quantity as given in (30) and is independent of the superlattice order. 
The explicit expressions for and when TJ in (3) is of the form 

= Vi(aija^)”', {n > 3),t 

in the case of the three lattices of the cubic system are given below: 
f n here must not be confused .with the n’s used earlier for numbers of atoms. 


(38) 

(39) 

(40) 

(41) 

(42) 


Vol. CLXVIII. A. 
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(a) The simple cubic lattice 
Here we have, by definition, 

=eveii 

u.fi = Uf. = Vi s (i!+zi+zi)-i» = ^;K, « (43) 

Z1+Z2+Z3 

=odd 

U = = (K+O U' = 

where Z^, Zg, Zg are positive or negative integers or zero and A!^ and A'^ are 
the respective sums for Z^ + Zg + Zg odd or even. Substituting in (40) and 
noticing that r = ^,z = 6,z'=l2,V7e obtain 

UJV^ = 

U^IV^ = w^{A,, ^ 6) + (r, - 2^;^) (^; - 6). 

By (15) with r = I these equations reduce to 

C4/Fx = K1+«)(^«-6 )-s(4;-6),'| 

Z7^/K = Kl-s)(^«-6) + s(^;-6).j’ 

Then (41) and (42) become ‘ 

C4-i7^ = s(6+J[;-4;)Fx (46) 

and i7* = |(JL„-6)Fi. (46) 


(6) The body-centred cubic lattice 
Here we have, by definition, 

^ca = ?7^;? = KS(W3)™{^! + Z| + Z|)-*”= (-W3)“^,.Fx, ] 

alU 

= K S (-W3)” [(^1 + + ih + i-)" + ih + = (W3)" B'Jv ■ 

allZ 

U = (iV3)« (^„ + 5;) Fx - £„Fx, U' = 2(-iV3)» b;Fx. 

(47) 

Substituting in (40) to (42) and noticing that r = |, z = 8, z' = 16, we obtain 
UM = K 1 + s) (£„ - 8) - s[(iV3)’^ 5; - 8], 1 
Wi = i(l-5)(£„-8)+s[(iV3r5;-8],j 
U,-U^== s[8 + (iV3)- (^„- 5;)] Fi, 

C^*==i(-B„-8)Fx. 


(49) 

(50) 
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(c) The face-centred cubic lattice 
Here we have, by definition, 


au; aUZ 
even odd 

==TiS [2(mf+mi+m|)]-i™ = 2-i’»^^Fi, f 

allm 

= 0,V,-U^=iG^-2-^A„)V„ 

where 0, = S mik + h)^ + ih + k? + ik + mr*^- (51') 

aUZ 

* 

Then it follows from (37) and (38) that 

U = C^V^, U' = Fi- (51") 

Now r= J, z= 12, 3' = 16, so that (40) to (42) become 

UJV, = i(l + 3s) {Gn- l2)-s{G^-2-^-A^-l2),\ 

W = l(l-s) {G^-U) + |s(C'„-2-i»^,- 12),/ 

Ua-Ufi = is(12 + 4 X 2-4M^ - GJ Pi, (53) 

(7* = m-12)Fi. (54) 


The quantities Aj^, J.", have been evaluated by Lennard- 

Jones and Ingham (1925), and their numerical values will be used in a 
subsequent paper. 

In conclusion I wish to thank Dr J. K, Roberts for his kind help. 


SUMIVIARY 

Bethe’s theory of order-disorder in superlattices is extended to cover the 
case of long-range interactions. The theory is applicable to any interaction 

energy of the form V (r) subject to the condition | V (r) dr = finite, and to 

a general class of lattice structures wliich include the three lattices of the 
cubic system. 
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Statistical theory of superlattices with 
long-range interaction 

II. The simple cubic lattice and the body-centred 

cubic lattice 


By J. S. Wang 


{Co7nmunicated by R. H. Fowler, F.R,S, — Received 30 May 1938) 


1. Geneeal eoemxjlae 


The purpose of this paper is to apply the general theory developed in the 
preceding paper (quoted as I) to the simple cubic lattice and the body- 
centred cubic lattice. For these two lattices the nearest neighbours of an 
a site are all y? sites and those ofay? site are all a sites. The number of A atoms 
is now equal to that of B atoms and the number of a sites is equal to that of 
y? sites. The structure of these two lattices is such thatf 

= = z' = 2s, (1) 

where 2 = 6 for the simple cubic lattice and 2 : = 8 for the body-centred cubic 
lattice (cf. I, eqn. (25)). Since r == I, eqn. (15) in I becomes 


»‘a = »'^ = i(l+S). W„ = Wp = \{l-s). (2) 


Ifow when the central site is an a site all the first shell sites are ^ sites, and 
when the central site is a y? site all the first shell sites are a sites. Hence we 
have only one parameter e and one parameter namely and To sim- 
plify the notation we shall write e and ^ instead of and and define 


d 

f ^ f{e) = e-^\ogF{e), = ijr{7j^e), 


( 3 ) 


Then eqns. (18), (21), (22) in I become 


1+s _ z—ijr _ 9^ 
1-s ijr^ ~ z—6’ 



FG, 


■Vf 


,2^S 


2qs = {U^-U^)IV,. 


■j' The meaixiiigs of the various s5?xnbols are the same as in I. 
[ 68 ] 


( 4 ) 


■where 


( 5 ) 
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When the interaction energy follows an inverse power law we have, from 
(45) in I for the simple cubic lattice, 

? = (6a) 

and from (49) in I for the body-centred cubic lattice 

? = K8 + (W3r(^»-B;)]. (66) 

The quantity q depends only on the law of force and the structure of the 
lattice and is independent of the degree of the superlattice order. 

Since for the two lattices in question the oc sites and sites are on equal 
footings, the possible sets of values of the n’s and m's (cf. I, § 2) are the 
same for a central a site as for a central site and the functions F and O 
become identical. Hence 

OiO^FiO, (7) 

It can be verified from the explicit forms of the function F given in the next 
section that it satisfies the following relation 

F{x) = (8) 

where, in the case of an inverse power law for the interaction energy, 

— i[l 4- 4 X + 2“-^] (9 a) 

for the simple cubic lattice and 

/i = - i-[l + 3 X (I 4- 3 X (f + 2-^] (96) 

for the body-centred cubic lattice. From (8) we deduce by differentiation 

’ijr{x) = 2 : — (10) 

Using (7) and (10) we obtain 

z-d-z- 8(0 z - fiO ^(9/f^+l ^l) ’ 

so that the first set of equations in (4) becomes 

1-l-s _ z-f{e) ^ z--^{7jle^-i) 
l-s~ firixe) ~ ■ 

A possible solution of this equation is 

= riY- 


( 11 ) 
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It can be shown by direct (Merentiation that dflde is always positive, and 
therefore {z- ^(e)}/^(? 7 ie) is a decreasing function of e. It then follows that 
(11) is the only solution. Substituting (11) in (4) and using ( 8 ), we obtain 


and 


1 +s _ z—ijr 


1+s 


F 

-Vi 


( 12 ) 


the second equation being obtained after the extraction of the square root. 
These two equations determine e and s as functions of the temperature and 
constitute the fundamental equations in the present theory. 


2. Explicit pobmitlae foe the pttnction F 

In this section the explicit forms of the function F for the two lattices 
in question are given. 

(a) The simple evhic lattice 

Here with a central a site we have = 0 , = 0 , m^ = 0 , and = 0 

for v > 4. The values of the weight function y for various values of n\, 


m 2 , are given 

below: 

0 1 

2 

2 

3 

3 

4 

4 

5 

6 

m 2 

0 0 

1 

0 

3 

2 

5 

4 

8 

12 


0 0 

0 

1 

0 

1 

1 

2 

2 

3 

7 

1 6 

12 

3 

8 

12 

12 

3 

6 

1 

Then the function F{x) becomes 









F{x) = l + 6 a; + (1272 + 3 i/ 4 )aj^ + ( 8 i 7 |+ 12 ?;| 5 ; 4 )a;® 

+ + + ( 13 ) 

When the interaction energy follows an inverse power law, since 
a2 = V2ai, a4 = 2ai, 

we have the following expressions for and 

Vz = V4. = (14) 

With the expression (13) for F the relation ( 8 ) can be readily verified. 
In general /i is determined by the equation 

(15) 

but it reduces to (9 a) when the expressions ofi /2 and 5/4 given in (14) are used. 
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(6) The body-centred cubic lattice 

Here with a central a site, we have = 0, = 0, = 0, and == 0, 

for v>5. The values of the weight function y for various values of 
mg, mg, mg are given below: 


K 

0 

1 

2 

2 

2 

3 

3 

3 

4 

4 

4 

4 

4 

4 

5 

5 

5* 6 

6 

6 

7 

8 

9922 

0 

0 

1 

0 

0 

2 

1 

0 

4 

3 

3 

2 

2 

0 

5 

4 

3 7 

6 

6 

9 12 

mg 

0 

0 

0 

1 

0 

1 

1 

3 

2 

3 

2 

3 

2 

6 

4 

4 

6 6 

7 

6 

9 12 

mg 

0 

0 

0 

0 

1 

0 

1 

0 

0 

0 

1 

1 

2 

0 

1 

2 

1 2 

2 

3 

3 

4 

7 

1 

8 12 12 

4 24 24 

8 

6 

8 24 24 

6 

2 24 24 

8 12 12 

4 

8 

1 


Then the function F{x) becomes 

= 1 + 8a: + ( 1 29/2 + 1 29/3 + + ^Vz) 

4 - ( 69/1 + 89 / 19/3 + 249 /| 9/5 + ^ + 69 /| 9 /| + 2 ^|) 7]lx^ 

+ (249/|9/3 + 249/29/39/5 + 89/1) 9/19/19/50:^+ (129/2+ 129/3 + 47^^ VlVzVs ^^ 

+ ^vlvlvl^'^ + v¥vz^vt^^- ( 1 ^) 


When the interaction energy follows an inverse power law, since 
_ 2 

we have the following expressions for 9 / 2 , 9 / 3 , and 9 / 5 : 


2 V2 


Ur = 2a, 


5/5 =^r- (17) 

One can verify the relation ( 8 ) with the expression (16) for F in the same 
way as before and finds that ju, is determined by the equation 

= 7/|9/i?/5, (18) 

which yields (96) when the expressions for 9 / 2 , 9/3 and 9/5 given in ( 1 7 ) are used. 


3. The critical temperature and the superlattice order 
If we put € = 9/^* in (12) and apply (8) and (10) we find 


l±£ 

1—5 


= 1 and 


1+5 

1-5 


~ VI 3 


which gives 5 = 0 independent of the temperature. Hence 5 = 0 is a solution 
of (12) at all temperatures. 
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When e increases from 0 to s determined from the first equation of (12) 
decreases steadily from 1 to 0. This follows from the fact that ^(e) is an 
increasing function of e. To study the value of s determined from the second 
equation of (12) we shall use the following equation instead 


yj-qs 




Fz-f’ 


(19) 


which is obtained by eliminating the factor (l+5)/(l— <s) from the two 
equations of (12). When e increases from 0 to 9 ;^, s determined from (19) 
increases at first from — 00 to a maximum value (positive) and then decreases 
steadily to zero. 

When e increases from to 00 , s determined from the first equation of ( 1 2) 
decreases steadily from 0 to — 1, and s determined from (19) decreases at 
first from 0 to a minimum value (negative) and then increases steadily to 
infinity. It is easily proved by using (8) and (10) that if s corresponds to a 
value of e lying between 0 and then —s corresponds to a value of e lying 
between 9/f and 00 . The state — s is evidently obtained from the state $ by 
interchanging A and B atoms and therefore does not give anything new. 
We can therefore confine ourselves to the positive values of s and to the 
values of e lying between 0 and 9 /^. 

Let e — Then the first equation of (12) and eq. (19) are reduced by 
means of (8) and (10) to 

1—5 




( 21 ) 


Tor a given value of x the above two equations give, in general, two different 
values of s, which will be denoted by Si{x) and S2{x) respectively, being 
given by (20) and ^2 by (21). The general shapes of the curves and are 
shown in fig. 1. The curves are drawn only for 0 ^ a; < 1, as the values of x 
in this region correspond to the values of e in the region 0 ^ e ^ 9 /^. 

When the temperature is below a certain critical temperature 2^, the two 
curves 5 ^ and intersect at two points, one a>tx = 1,5 = 0 and the other at a 
point w^here s is different from zero. When the temperature is above the 
critical temperature the two curves have only the single intersection point 
at a; = 1, 5 = 0. It is obvious that the condition for the existence of a second 
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point of intersection is that the absolute value of the slope of Sg at a; = 1 should 
be greater than that of that is, since both slopes are negative, 



Fig. 1. Curves of Si(x) and SqIx), arbitrary scale. 

The critical temperature is then determined as the solution of the equation 

Wa;/x=i [dx/x^i’ 
which is, from (20) and (21), 

z - 255(5/^ +1) = {^(5?f+i) - f (7?^+^)} gVfl-T, (23) 

J 

where = a;^log{jP(rr)^i"(a;)}, (24) 

When the interaction energy follows an inverse power law the quantities 
A'l, etc., have been evaluated by Lennard-Jones and Ingham (1925). 
With their values the critical temperatures for = 4, 6, 10, 20 and 00 in the 
case of the simj)le cubic lattice are calculated from (23) and given below: 

n 4 6 10 20 00 

&T,/Fi 0-5778 0-8711 1-1342 1-2300 1-2331 

In the case of the body-centred cubic lattice is 0-944 for = 6 and 

1-738 for n = 00. The case n = 00 corresponds to Bethe’s first approximation. 
At temperatures below the two curves and intersect at a second 
point vith a non-vanishing s. The superlattice order s determined by this 
intersection point is calculated from the eqns. (20) and (21) and is shown as 
a function of TjT^ in fig. 2 for the simple cubic lattice and in fig. 3 for the 
body-centred cubic lattice. For the simj)le cubic lattice we have chosen the 
extreme values ?^ = 4 and 00. Curves for intermediate n he between these 
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two curves. For the body-centred cubic lattice, the values = 6 and oo are 
chosen, because n = 6 gives the van der Waals attraction between neutral 
atoms and represents the interaction energy which falls off most slowly 



Fig. 2, The superlattice order s as a function of temperature for the simple 
cubic lattice, n is the index in the inverse power law assumed for F. 



TIT, 

Fig. 3. The superlattice order 5 as a function of temperature for the body -centred 
cubic lattice, n is the index in the inverse power law assumed for V. 
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with distance when electrostatic forces are absent.f We shall discuss the 
law of interaction at the end of the next section. 

It is seen from figs. 2 and 3 that the change of the superlattice order below 
the critical temperature is more sudden for small n than for large n. Since it 
has been found in the case of interaction only between nearest neighbours 
(Bethe 1935) that the change of the superlattice order just below cal- 
culated by including the second shell is greater than that calculated by the 
first approximation, one would expect to increase this change still further 
by going into the second approximation on the present theory. In this way 
it might be possible to make the calculated configurational energy agree 
with experiment (cf. the next section), but the second approximation is too 
comphcated for such a calculation to be practicable. 

4. The coneigtjbatiohal eheegy 

With the help of (7), (10), (11) and the first equation of (12), the expression 
(26) in I for the configurational energy is reduced to 

EINV^ = l{{l+s)ir^^qs^+U*IV^}, (25) 

where is defined by (3), q by (5), and C7* by (42) in I. In particular, when 
the interaction energy follows an inverse power law, q is given by (6 a) and 
(66), and by (46) and (50) in I for the simple cubic and the body-centred 
cubic lattice. 

The variation of the configurational energy is very small above the 
critical temperature and the total change occurs practically within a very 
short interval just below the critical temperature. We therefore plot the 
expression {E{T^) - E{T))jmT, against TjT, for values of T from 0 to % and 
omit the insignificant part at T greater than The curves for the simple 
cubic lattice are shown in fig. 4 and those for the body-centred cubic lattice 
in fig. 5. The experimental curvesj of Sykes (1935) for ^ brass (CuZn), which 
is a body-centred cubic crystal, are shown in fig. 5 for comparison. It can 
be seen that the change of the energy below the critical temperature is more 
sudden for small n than for large n. But the change is still not large enough 
when = 6 to account for the experimental data in the case of the body- 
centred cubic lattice. 

Actually F cannot follow a simple inverse power law. It is known that 
atomic interactions can be adequately represented by two terms 

t See, for example, R. H. Fowler (1936). 

t The curves for the energy are deduced from Sykes’ data (Sykes 1935) on the 
specific heat by Bragg and Williams (1935, p. 559). 
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Fig. 4. The configurational energy as a function of temperature for the simple 
cubic lattice, n is the index in the inverse power law assumed for F. 



Fig, 5. The configurational energy as a fimction of temperature for the body-centred 
cubic lattice, n is the index in the inverse power law assumed for F. The two experi- 
mental curves are based on the two extreme assumptions as to the normal specific 
heat. The normal specific heat for the upper curve (II) is the mean for Cu and Zn, and 
the lower curve (I) is drawn by assuming Bethe’s estimate of the abnormality in 
specific heat. See Bragg and Williams (1935, pp. 558-9). 
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where m is about 9 and n is 6. The first term arises from repulsion and the 
second term from the van der Waals attraction. Assuming this form of 
energy for each of we have 

yAA _ ^AA^-m ^ j^AA^-71^ etC., 

and therefore F = Ar-'‘^-\-Br^'^, 

where A = + A-®^ - 2A^-®, B = 

For the superlattice to be possible V must be positive, at least for r = %. 
This probably but not necessarily means that B is positive. But, if B were 
negative, A must be positive and V would fall oflF even more rapidly with 
distance than Ar~^ and would soon become negative. Such a V would 
evidently make the agreement between theory and experiment worse than 
a simple inverse 9th power law (since m= 9) and therefore much worse than 
the inverse 6th power law calculated above. 

Now suppose B is positive. If A is also positive the result will be inter- 
mediate between the results obtained with each of the two terms separately 
and the agreement between theory and experiment wiU be worse than with 
a simple inverse 6th power law. If, on the other hand, A is negative, then as 
r increases V decreases more slowly than the inverse 6th power law given 
by the B term alone and the agreement with experiment will be improved. 

Finally, I wish to thank Dr J. K. Roberts for his kind help. 

SUMIVIARY 

The general statistical theory of superlattices with long-range inter- 
action given in the preceding paper is applied to the simple cubic lattice and 
the body-centred cubic lattice. It is shown that the assumption of an 
inverse powder law for the interaction energy alters the calculated con- 
figurational energy in the direction required to make the agreement with 
experiment better than the assumption of interaction between nearest 
neighbours only, but the shift is not great enough to remove the discrepancy 
between theory and experiment completely. 
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The nuclear spin of iodine 

III. Further measurements upon the fine structures 
in the first spark spectrum 

By S. Tolansky, Ph.D., and G. 0. Poeestee, B.Sc. 

Manchester University 

(Communicated by P. M. S, Blackett, F.Ii.S. — Received 8 June 1938) 

[Plate 1] 

Introduction 

In an earKer paper by Tolansky (1935 a) measurements were given for the 
fine structures of forty -tw^o lines in the visible region of the first spark 
spectrum of iodine. Of these eleven had then been classified by Murakawa 
( 1933 ). It was proved that the nuclear spin of iodine is f. After these 
measurements had been communicated, Lacroute ( 1934 ) published an 
extensive analysis of the gross structure multiplets in the 1 + spectrum, the 
Zeeman effect being used as a guide. Lacroute established the positions of 
groups of terms going to the ^S, and series limits, the electron con- 
figurations involved being 5s^ 5s^ 5p^ 6p, 5s^ 5p^ 6s, 5s^ 5p^ 5d, 5s^ 5p^ 7s, 

5s^ 5p^ 6d, 5s^ 5p^ 7s, The eleven classified lines, whose fine structures had been 
analysed, were found to arise from transitions between terms going to the 
series limit only. Fourteen of the remaining lines were classified by Lacroute 
who showed that they belong to the system. A fine-structure analysis for 
these additional lines was then made by Tolansky ( 1935 &). No intercom- 
bination lines between the two systems were available and the analysis 
proved to be difficult, with resulting ambiguity, in a number of the interval 
factors calculated. This we now know to be due to the existence of un- 
expectedly large interval factors in the 6p and 6d configurations (in what 
follows the 5s^ 5p^ of electrons is omitted from the electron designa- 

tions for the sake of brevity). A further complication exists due to the 
occurrence of perturbation. 

Since the question of perturbations is of particular importance in con- 
nexion with the determination of a possible nuclear electrical quadrupole 
moment, it seemed desirable to extend the earlier measurements down into 
the ultra-violet region where strong intercombination lines appear. Since 
the earlier measurements were ail made with a silvered Fabry -Perot inter- 

[ 78] 
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ferometer, very accurate measurements could only be made up to the blue- 
green. To extend these into the ultra-violet, and to improve the previous 
measurements made in the blue and violet, we have made use of an excep- 
tionally good quartz Lummer plate, a variable gap aluminized Fabry-Perot 
interferometer, and also a 21 ft. grating used up to the fourth order. 

Expebimeisttal 

As before, the 1+ spectrum was excited in a water-cooled hollow-cathode 
discharge tube through which helium and iodine were circulated. It is well 
known that the hollow-cathode discharge often selects out certain multiplets 
and considerably modifies their intensities relative to those given in spark 
and arc discharges. Most of the strongest lines excited in the Geissler tube 
and high-frequency discharge involve the (^S) term, but in our hollow- 

cathode discharge these are almost suppressed. An examination of some 
early photographs taken with the 21 ft. grating showed that during the 
first few hours of life of the tube, these lines were reasonably strong, but on 
ageing they disappeared (see note at end of paper). 

The structures of the lines in the violet and ultra-violet were mainly 
studied with the aid of a Hilger quartz Lummer plate, 20 cm. long and 
0*342 cm. thick. This was housed in a constant-temperature room. It was 
crossed either with a two-prism glass spectrograph or a quartz spectrograph. 
When using the glass instrument, the interferometer was placed in the 
parallel beam just before the prisms, and as the camera lens has a focal 
length of 125 cm. a very large dispersion results. A thin Lummer plate w-as 
specially chosen in order to obtain a wide range of measurement. By means 
of a cross-slit, the extraordinary image could be completely separated from 
the ordinary image. Thus the best resolution is obtained without auxiliaries 
by simply making use of the double refraction of the interferometer itself. 

Since surface scratches and dust cause considerable scatter in the ultra- 
violet, the Lummer plate w^as placed before the slit when used with the 
quartz spectrograph, the fringes being projected on to the sht with a quartz 
fluorite achromat. The focal length is such that the image upon the plate 
was equal in size to that w^hich w^ould be given by a 75 cm. focal length camera 
lens if the interferometer had been placed in the parallel beam. 

To solve difficulties due to overlapping of orders w’-hen very widespread 
structures were encountered, the spectrum was also photographed with a 
large-aperture variable-gap aluminized Fabry-Perot interferometer. The 
resolving powder of this instrument was considerably less than that of the 
Lummer plate, but sufficed to settle problems of overlapping. The resolving 
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power of the Lummer plate is very high, and it is in fact possible^o separate 
lines only half as far apart as that permitted by the Eayieigh definition of 
resolving power. Thus in the green an effective resolving power of some 
600,000 could be attained. Even in this region, where good rejecting 
coefficients are available, a thin Lummer plate is superior to a Fabry -Perot 
interferometer with equivalent order separation. For example, at 5500 A 
the order separation with our Lummer plate is 1*2 cm.“^, which is that 
produced by a Fabry -Perot with a gap of 4- 16 mm. Such a Fabry -Perot has, 
in this region, a resolving power certainly no greater than 300,000. Clearly 
when the width of a complex pattern is such that the maximum Fabry- 
Perot gap available is less than 5 mm., then the Lummer plate is superior 
to the Fabry-Perot, even in the red. Since there are many wide patterns, we 
have been able to improve upon some of the earlier reported measurements 
as well as make new observations. 

The spectra were photographed with Ilford and Eastman plates, exposure 
times varying from 15 sec. to 4 hr. for the interferometers, and 12 hr. for 
the grating. Plate 1 shows an enlargement of a part of the spectrum taken 
with the Lummer plate. 

Observations 

Table I contains the lines whose structures have so far been accurately 
measured (see note at end of paper). Those lines marked with an asterisk 
are new measurements, the rest being taken from Part I. The units used are 
cm. X 10“^. The visual estimate for the intensity of each component is 
indicated underneath in brackets. The classifications in column 2 are those 
given by Lacroute, excepting where these have been modified because of 
existing errors in Lacroute’s paper (these will be mentioned later). The lines 
are classed A, B, C, according to whether the resolution in the pattern is 
good (A), moderate (B) or bad (C). In Part I this was affected by the falling 
off in resolving power of the silvered Fabry-Perot interferometer with 
decreasing wave-length. In the present hst, the complexity or narrowness 
of the patterns are the factors affecting the class. 

Analysis 
A. The system 

Of the fifty lines in Table I only thirty-one have as yet been classified, the 
transitions for these being shown in fig. 1. There are two main self-contained 
groups, the and groups of terms, these being connected by a small 
number of intercombination lines. The latter are relatively infrequent in 
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Table I. Fine STEtrCTtniE nsr the iodine spaek lines 


Structure cm."^ x 10“® 


Wave- 

length 

Classification 

Red 







Violet 

Class 

6585-0 

(2D) 5(^3DH^I^)6^?3Di 

0 

47 

178 

256 






A 



(2) 

(6) 

(3) 

(2) 







6516-1 


0 

163 

327 

502 

628 

779 

834 

926 

1053 

A 



(1) 

(3) 

(12) 

(2) 

(4) 

(5) 

(4) 

(4) 

(3) 


6204-7 


0 

71 

164 

244 

393 





A 



(3) 

(5) 

(1) 

(2) 

(2) 






6161*9 


0 

579 

949 







A 



(4) 

(3) 

(2) 








’*'6127-4 

(2D)65 2D2-(2D)6i?2Di 

0 

215 

244 

360 

433 

636 

636 

650 


A 



(8) 

(6) 

(2) 

(2) 

(4) 

(3) 

(3) 

(2) 



6068-8 

(2D) 5(^2Di-(2D)6p2F2 

0 

35 

126 

261 

308 





A 



(2) 

(3) 

(10) 

(4) 

(16) 






5950-1 

(^S)6^2Si-(^S)^3p^ 

0 

47 

121 

204 






C 



(3) 

(3) 

(2) 

(4) 







5920-7 

(^8)6p^'Po -i^S) 7s 

Single 








B 

5890 


0 

57 

160 







C 



(4) 

(3) 

(2) 








5813 


Single 








A 

5787-1 

(^S)6p^F2 -(^S) 75 3Si 

0 

56 

106 

149 






B 



(4) 

(1) 

(2) 

(2) 







5774-7 

(^S)5d2D2-(^S)6p5p^ 

0 

741 

1291 

1686 

1913 





A 



(5) 

(4) 

(3) 

(2) 

(1) 






5760-4 

(2D)5cZ3Di-(2D)6i3 2D2 

0 

56 

100 

132 

159 





B 



(10) 

(3) 

(5) 

(4) 

(4) 






5678-0 

(2D) 65 2D2'-(2D)6i?2F2 

0 

86 

173 

238 

293 

424 

482 



A 



(1) 

(3) 

(10) 

(4) 

(3) 

(3) 

(6) 




5625-7 

(^S)65 3Si-(4S)6p2P2 

0 

28 

70 







C 



(2) 

(2) 

(3) 








5598-5 


0 

395 

618 

813 

1037 





A 



(5) 

(18) 

(1) 

(3) 

(9) 






5593-1 


0 

26 

80 

121 

161 





B 



(7) 

(10) 

(2) 

(4) 

(4) 






5504-8 

(^S)6s^Si--(^S)6p^Po 

0 

33 








C 



(1) 

(1) 









5496-8 

(4S) 65 5S2-(^S)6p5p^ 

0 

429 

766 

991 

1141 





A 



(5) 

(4) 

(3) 

(2) 

(1) 






*5464-8 

(4S)6s5S2-(^S)6p5P2 

0 

36 

396 

449 

669 

705 

866 

893 

997 

A 



(1) 

(18) 

(12) 

(4) 

(5) 

(6) 

(4) 

(4) 

(4) 


’*'5407-3 

(2D)65 3D2->(2D)6i?2D2 

0 

197 

234 

372 

415 

519 

669 

644 


A 



(8) 

(6) 

(4) 

(4) 

(3) 

(2) 

(3) 

(2) 



5345-2 


0 

161 

305 

419 

507 

536 

605 



A 



(1) 

(12) 

(10) 

(8) 

(6) 

(4) 

(2) 
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Wave- 

length. 

5338-2 

Classification 

(aD)6s=Dj-(aD)6p»D, 

5269-4 


5234-6 


5228-9 


5216-2 

(2D)6a«Di-(SD)6p3F2 

5214-0 


*5161-2 

(*S)6s5Sj-(«S) 623 5P3 

5156*4 

(‘S)6p«Pi-(«S)7s=S2 

5125 


4987-0 

(=“D)6s3Di-(2D)6p3D. 

4806-4 

(2D)5cl»Fa-{2D)6j3 3F3 

*4675-5 

(2D)5««iD2-(®D)6i3iDs 

4666-5 

4632-4 

(^S)6s5S2-(-S)6p=P2 

4561-0 

(3D)6ti3P2-(2D)6p3Dj 

4544-3 

(2D)5£«=D2-(2D)6j5iD2 

4540-9 

(2D)6s»D2-(2D)6p3P3 

4488-5 

(*S)5(i«Di-(2D)6p3D3 

4456-9 


*4403 



Table I {continued) 

Structure 


/ ■■ '■ ■ 

Red 


0 

107 

236 

348 

429 

(1) 

(8) 

(6) 

(4) 

(2) 

0 

101 

216 

353 

490 

(8) 

(10) 

(1) 

(6) 

(12) 

0 

192 

355 

502 

622 

(7) 

(6) 

(5) 

(4) 

(3) 

0 

39 

84 

176 


(1) 

(3) 

(2) 

(4) 


0 

22 

79 

122 

199 

(3) 

(1) 

(3) 

(4) 

(5) 

0 

36 

83 



(2) 

(3) 

(3) 



0 

396 

696 

907 

1034 

(6) 

(4) 

(3) 

(2) 

(1) 

0 

75 

163 

266 

382 

(2) 

(3) 

(4) 

(5) 

(6) 

0 

70 

118 

182 


(2) 

(2) 

(5) 

(1) 


0 

38 




(4) 

(3) 




0 

53 

121 

168 

213 

(4) 

(5) 

(5) 

(6) 

(0) 

0 

59 

253 

293 

383 

(8) 

(2) 

(2) 

(6) 

(12) 

Single 




0 

399 

695 

928 

1054 

(5) 

(4) 

(3) 

(2) 

(1) 

0 .. 



.228 


(1) 



(4) 


0 

240 

373 

685 


(3) 

(2) 

(5) 

(1) 


0 

110 

162 



(2) 

(1) 

(1) 



0 

117 

162 



(2) 

(1) 

(1) 



0 

50 




(5) 

(4) 




0 

122 

310 

566 

892 

(1) 

(2) 

(3) 

(4) 

(6) 


L.-i X 10-3 


Violet Class 
461 B 

( 1 ) 

623 B 

( 8 ) 

701 732(?) A 

(2) (1) 

C 


283 366 B 

(6) (12) 

C 


A 


A 

C 

C 


252 

293 

B 

(12) 

(2) 


539 

697 

A 

(3) 

(2) 



A 

A 


B 

C 

C 

B 

C 

A 
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Table I {continued) 


Structure cm.”^ x 


Wave- 







A 

length 

Classification 

Red 




Violet Class 

*4225-6 

(^D)6d^Fs-(^D)6p^F3 

0 

154 

370 

646 

993 

B 



(5) 

(9) 

(8) 

(10) 

(14) 


*4129 


0 

116 

215 

262 

304 

B 



(5) 

(4) 

(3) 

(2) 

(1) 


*4036-1 

(®D)5d»F2-(2D)6i)»F3 

0 

138 

319 

543 

806 

A 



(2) 

(3) 

(4) 

(5) 

(6) 


*3892-9 


0 

120 

264 



B 



(3) 

(4) 

(5) 




*3833-7 


0 

160 

352 

653 

1051 

A 



(1) 

(2) 

(3) 

(4) 

(S) 


*3779-4 

(«S)5d'D3-(2D)6i3SDj 

0 

73 

201 

365 

557 

A 



(2) 

(3) 

(4) 

(5) 

(6) 


*3302-4 

(«S)5£l*Da-(2D)6iJ*D3 

0 

677 

1220 

1556 

1806 

A 



(5) 

(4) 

(3) 

(2) 

(1) 


*3209-6 

(‘S)6«6S2-(2D)6j3 3Dj 

0 

378 

663 

866 

965 

A 



(5) 

(4) 

(3) 

(2) 

(1) 



See note at end of paper. 


the spectrum. In the earher reports no intercombination lines had been 
measured, and as a result only approximate estimates could be given for 
the fine-structure term interval factors in the system, since the structures 
of lines in this group are difficult to analyse. Fortunately, a number of the 

terms have very large interval factors leading to considerable simplifica- 
tion of many patterns. We shall therefore first consider lines belonging to 
the system. 

The analysis of the lines has already been given in Part I, but since 
more lines and higher resolving power are now available, the improved data 
lead to a better and more self consistent analysis. In Part I it was necessary 
to employ the Pisher-Croudsmit geometrical method of analysis with its 
attendant uncertainties. This can now be dispensed with and an analysis 
by the usual method of frequency differences has been carried through. The 
final analysis show^s that the general trend of the previous results is correct 
especially with the larger interval factors. The previous results are in error 
to the order of about 10 %, apart from the very small values which are most 
easily affected by the graphical method. 
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It was shown in Part I that the simplicity of most of the line patterns 
based upon the (*S) 6 s®Sa and (^S) terms is due to the fact that the 

structures in these two terms are relatively wide. The three lines (^S) 6 s ^Sj- 
(^S) 6 j 3 ®Pi®P 3 ®P 2 (5497, 5161, 4632) each exhibit a simple regular quintet 
pattern degrading to the violet and extending respectively over 1141, 1025, 
1054 cm.-^ X 10~^. From this it is clear that the approximate width of the 



structure in the (^S) 6 s *83 term is of the order of 1050 cm.~^ x 10 “®. Since 
the small structure due to the upper term is not resolvable in these lines an 
accurate analysis could not previously be carried out without the aid of some 
arbitrary assumption based upon the electron coupling constants for the 
upper terms. It was in fact not possible to decide for instance whether the 
width of the structure in the term was 1025 or 1141 cm.~^ x 10 “®. If the 
former, the latter value arises from a negative upper interval factor. If 
1141 be correct then the 1025 interval implies a positive upper-interval 
factor for its line transition. This is the source of ambiguity in Part I. 

With the aid of the Lummer plate we have been able to achieve sufficient 
resolution of the upper-term structure for the line (*S) 6 s ®S 2 -(*S) 6 p ®Pi 
(5464) to permit of a complete analysis. The detailed analysis is shown in 
fig. 2 . Complete resolution of all the close components is not attained and 
is in fact hardly possible. It is practically certain that the very small differ- 
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ences between the calculated and measured patterns arise from this only. 
In all the diagrams the units are cm."^ x 10”®. 

The (^8)65^82 term is spherically symmetrical and therefore not per- 
turbed by any existing nuclear electrical quadrupole moment. Hence the 
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interval rule should be strictly obeyed. This we find to be true within the 
limits of our measurements. Defining the interval factor as A, where the 
separation between two fine structure levels jF-f 1 and jF is 1), we get 

A = 87-4 cm.”^ x 10~® for the term in question. This is 12 % less than that 
given in Part I. 
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The analysis for 5161 is shown in fig. 3. This line exhibits very sharp 
individual components (see Plate 1 ), and as expected from this the upper- 
term structure turns out to be very narrow indeed, extending only over 
about 7| cm.-^ x 10 -®. The calculated and observed separations are in 



o^ o 

vO On O 


Fig. 3. AS161. 

agreement to within 3 cm.“^ x 10“®, apart from the first pair in which there 
is a difference of 6 cm.“^ x 10 ~®. This is still very small, and is occasioned 
by the fact that the first two components are inherently broader than the 
others. 

As shown in fig. 4 the pattern for (*S) 6 s®S 2 -(‘S) 6 p®Pi (5497) indicates 
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that the upper term has in this case an inverted structure. In this, as in 
later diagrams, the arrow beneath a group of lines indicates the position of 
the calculated optical centre of gravity for the unresolved group. The 


F 



Fig. 4. A 5497. 

positions of these agree with those of the observed components. The apparent 
deviation from the interval rule for the upper term has no significance. The 
structure just derived for the upper term can now be applied to the line 
(^S) 5c2 ^D 2 -(^S) (5774), the analysis of which is shown in fig. 6. 

The line transitions to ('^S) ^D 2 ^ "^hich are the strongest in Geissler tube 

and high-frequency discharges, are peculiarly weakened in the hollow 
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cathode. We have only succeeded in measuring two of the many lines with 
the interferometers. A number of others were found upon a plate taken with 
the 21 ft. grating. These are discussed in a note at the end of this paper. 
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The ultra-violet lines (^S) 65 (3209) and (^S)56i®D2- 

(^D) 6^ (3302) are of particular value, since they are intercombinations 

between the two systems and in both the structure of the lower term is well 
established. The value derived for the upper-term structure therefore con- 
stitutes an important link between the (^S) and (^D) systems. In both lines 
the individual components are broadened by the existence of the non- 
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resolved upper structure, yet although the accuracy is limited a satisfactory 
analysis can be carried out (see fig. 6). The structure in the line 3302 is so 
wide that the pattern is overlapped in the Lummer plate photograph, and 
as the resolving power of a small-gap aluminium Fabry-Perot is not very 
high there is an appreciable error in the estimated positions of two of the 
components. 




393 


(*S)6«»D2 306 


219 






\ 


706 


(‘^S)5££3D2 520 


380 


2IS 


F 


'^2 

^/2 

^/2 

V2 


Calculated 




■!-+ 


_ <0 


Calctdated 


— ih-H- 


s 

<•0 


*0 - 
'T S' 

to 5:; 


Observed 


52 


*'55 

vo >0 
00 


Observed 


4 


_ 

*0 O 

^ C30 


A 3302 


A 3209 Fig. 6 

The calculated and observed patterns for (^S) 65 ^S2-'(^S) 6p ®P 2 ( 4632 ) are 
shown in^fig. 7a. The upper-term structure is small, extending only over 
14 cm.-^x 10~^. It is seen from the plate that the individual components 
of this line are quite sharp. The data from this analysis can now be applied 
to 5625 which gives the structure of (^S) 65^81 (see fig. 7 6). 
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The above method of analysis can be extended to all the lines in the (*S) 
system. We failed to observe the expected weak sixth component in 3779. 
It was not found possible to fit 5787 into the analysis scheme, and we suggest 
that this line has been incorrectly allocated. The list of interval factors given 
in Table II is much more reliable than the corresponding list in Part I, 
since we have succeeded in resolving and analysing some upper-term 
structures. 

B. The (^D) system 

The difficulties previously encountered with the (^D) terms arose from the 
existence of perturbation. We have been able to analyse the (^D) structures 
without the aid of the (*S) terms, and the essential correctness of the whole 
interpretation is shown by the fact that the intercombination lines fit the 
scheme, the structure derived for the common (^D) 6p being the same 
when the two systems are used independently. 

The line (^D) 5d 6p (6686) has few components, and as shown 

in fig. 8a the resulting narrow pattern can be fitted into an analysis. From 
this the structure derived for the upper term is small. This can now be 
applied to the elucidation of (®D) 6s ®D 2 -( 2 D) 6p (6127). Even if the 

previously derived value for the upper term is entirely disregarded, it is 
impossible to fit this pattern into a scheme based upon the interval rule. It 
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is clear that the lower term is perturbed. As shown in fig. 86 the observed 
and calculated patterns fit fairly closely. 

The analysis of the line (^D) 6s ^D 2 -(^D) 6p (5407) completely confirms 
the conclusion about perturbation. This line has been very carefully 
measured with the Lummer plate and eight components could be clearly 
distinguished. It is difficult to obtain very exact measurements of the 
closely grouped pairs, but we have been able to measure the positions of 
components 374 and 415 with high accuracy. The analysis is altogether 
much more reliable than that of the two previously considered (^D) lines. It 
is shown in fig. 9. Two important points emerge. First, the lower term is 




Fig. 9. A5407, 
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quite definitely perturbed, secondly, the structure derived independently 
for the upper (^D) 6^ term is in strikingly exact agreement with that 
found for the same time by means of the (^S) inter combination lines. 

A comparison is made in fig. 10 between the calculated and observed 
patterns for some of the remaining lines, the agreement being satisfactory. 
Two hnes, (^D) 5d3F2-(2D) (5225) and (4036) 

only appeared upon one photograph taken with the Lummer plate and 
failed to reappear as the tube aged. The lines are weak and the structures 
wide. A complete order is Jfilled in the first case so that the predicted weak 
sixth component falls upon the first component of the next order. In the 
second case the line was not strong enough for the last weak comj)onent to 
be observed. 



A 4488 A 5678 

Fig. 10 


The lines (^D) 5d Qp (4675) and (^D) 5c? Qp (4544) 

require special mention, since the three terms involved are not linked to any 
others. The structures are almost identical, both exhibiting highly complex 
patterns indicating thereby large structures in upper and lower terms. The 
agreement between the observed and calculated structures is reasonably 
good. However, an alternative analysis is possible if it is assumed that all 
the three terms have inverted structures. It seems very improbable that 
this is so, but we have evaluated these alternative structures and included 
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them as a footnote in Table III. Three other lines only need be mentioned. 
The fit in 4806 is very approximate, and it is possible that some confusion 
has-been introduced by a line 2 A away. Poor resolution has been achieved 
for 4540, since it only appeared upon old Pabry-Perot photographs. It had 
been previously reported that the strongest component in 5216 had a close 
very weak neighbour (intensity only one-twenty -fourth that of the strong 
line). This does not appear to be genuine. 

Term iNTERVAn factors for the two systems 

When the Lande interval rule is strictly obeyed, the interaction energy 
between the nuclear spin I and the total angular momentum of the electron 
system J is governed by the law- E = A »IJ , cos (/«/). The interval factor, 
A, is a measure of the coupling between nuclear and external magnetic 
moments. It follows that the interval between two fine structure levels with 


Table II. Fine structure interval factors in the 
(^S) system of terms, 0M.“^ X 10~® 


5s^-5p^6s 5s^5p^7s 

5a^Bp^6p 

5s® 6p® Sd 

% 87-4 

24*4 

'Pi 

-15*3 

®Di 35 




7*5 

“Ds -30-3 



'P 3 

0*9 

3Si -9 

-0 

'Pi 

28 

®D2 152* 



'P 2 

- M 




'Po 

0 



* 

Perturbed. 



Table III. I’ine steectitbe intbeval faotoes rsr the 

(^D) system of terms, CM.“^ X 10”® 


5p® 65 

5s2 5p3 Qp 

5s2 5p® 6d 

20*3 


13-6 

SPj 

9-3 

3 D 2 58-4* 


6-8 




^2 

19*4 





39*6 


39*1 



-53 

'D* 

69(a)t 



68-7 


69*8 (6)t 



-37J 





-45 





89-8 (c)t 



* Perturbed. 


:~89, (6) =- 



t Alternatively: (a) = 

-89-8, (c) = 

-69-8. 


X See note at end of paper. 
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quantum numbers F+l and F is + 1). In Tables II and III are shown 
the observed interval factors for the (^S) and (^D) terms respectively, in 
units of cm.-^ x 10“'^. The perturbed structures, indicated by an asterisk, 
will be discussed later. 


Discussion 

The data given in Tables II and III are much more complete and more 
accurate than those given earlier. Considering first Table II, it is clear that 
a number of anomalies exist. The interval factor for 65^82 is 3*6 times that 
for Is ^82- Both terms are formed by the addition in parallel of the s electron 
to the electron group forming the basic ion term ^84 of I++. Clearly this 
can be explained completely by assuming the nuclear coupling of the 5 p^ 
group to be small, since one would expect a Is electron to give a coupling 
constant no greater than one-fourth that of a 65 electron. However, the ^8^ 
interval factors fail to fit this scheme. They arise from the addition of the 
s electron anti-parallel to the group of the ^8^ term of I++. According to 
the vector coupling theory of White (White 1930) the interaction energy is 
proportional to cos J S, which in this case equals — 1. This means a negative 
interval factor, numerically smaller than that of the positive factor for the 
^82 term. The interval factor found for 65^83 is 87-4, whilst that for 65^81 
is — 9. This therefore fits theory. However, the smallness of the 65 ^8^ factor 
can only be accounted for by assuming that the coupling constant for the 
electrons is approximately the same as that of the 65 electron. This con- 
tradicts the previous conclusion about the 65 ^83 and 7s ^83 terms. Further- 
more, if the 5 p^ coupling does approximate that of 65 then it will be clearly 
much greater than that of the 7s electron, from which it follows that 7s ^8^ 
should have a larger interval factor than 6s ^8^ and, in fact, one that is 
approximately half that of 65 

It follows that if the coupling constant of the 5 p^ g^’ortp is large, the 
interval factor for 7s ^8^ is too small. Conversely, if the 5p^ coupling factor 
is small, then the observed interval factor or 6s ^81 is too small. The remaining 
data show that the group has a considerable degree of coupling with the 
nucleus, hence it must be concluded that the 7s ^81 interval factor is too 
small. 

The third column shows clearly that the coupling constant for the 6 p 
electron is appreciable. Since theory shows that in jy coupling a electron 
has semi-penetrating properties, it is not surprising that the 5p^ electrons 
in the 5p^ group result in producing a constant for the latter comparable 
with that of a 6s electron. 
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If we disregard the anomalously large 6d the figures in the fourth 
column can be accounted for by attributing a coupling constant of the order 
of 33 to the 5^^ group and 2 to the 5d electron. These values are in reasonable 
agreement vdth the rest of the data. The derivation is crude, but suffices to 
show that the couphng constant for the group is large enough to explain 
the data for the other three columns (apart from 

The strikingly large interval factor for 5d deserves particular mention. 
Attention has already been drawn to this in the earlier report. The present 
measurements show that not only is the structure exceptionally large but is 
also perturbed, fading to obey the interval rule (this will be discussed in 
detail later). It is impossible to attribute penetrating properties to a 5d 
electron, even in jj couphiig. As pointed out in a note, at the end, added 
in proof, Lacroute’s classification is incorrect. This term belongs to an sp^ 
configuration. 

We shall consider now the (^D) terms in Table III, the interpretation of 
which is more difficult. The wide difference between the values of the interval 
factors of the 65 and 65 terms in the first column also proves that the 

core group has a coupling constant in the (^D) system comparable with 
that of the 6s electron. Appl 3 ?ing this conclusion to the 6p terms in the second 
column, we find the following. The series limit (^D) having i = 2 may possibly 
lead to a higher 6p^ coupling constant than the series limit (^S), but even 
allowing for this it seems quite certain that the interval factors for 6p 
(68*7) and (89*8) are much greater than one would expect. These 

terms are based upon the same series limit term (^D^, since the multiplets 
are normal) as, for instance, Gp^Dg for which the interval factor is 19*4. 
Coupling theory shows that the series limit configuration contains only one 
p^ electron. Clearly, then, the structure in 6p is too great and the same 
is almost certainly true for 6p ^Fg. 

Finally, from the third column we find as follows. The SeZ^Fg and 

5d terms go to one series limit (^D^) and the remaining 5d ^Dg goes to 
the hmit. Since the 5d coupling is expected to be quite small one would 
expect little variation with the group involving the common series limit. 
Clearly either the interval factor for 5d ^Fg is too small or that for 5d ^Dg is 
too large. 

The conclusions can be summarized thus: 

( 1 ) The coupling constant of the Is electron is much smaller than that 
of 6s. 

( 2 ) In the (^S) system the 5p^ group can couple to form a constant com- 
parable vdth that of the 6s electron. 
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(3) In the (^D) system the 5 ^^ group can probably couple to form a con- 
stant appreciably larger than in (^S). 

(4) Three terms have interval factors larger than expected. 

(5) In at least two terms the coupling constant is much smaller than it 
should be. 

It is shown in the next section that the last two conclusions may be 
accounted for in terms of perturbations. 

^ Perturbations 

The study of perturbations in the intervals of the fine structures of spectral 
terms has recently acquired importance owing to the discovery of Schuler 
and co-workers (Schuler and Schmidt 1935) who pointed out that a break- 
down in the interval rule can occur in certain terms if the electric charge 
distribution is not spherically symmetrical, that is if the nucleus exhibits 
electrical quadrupole moment. The interaction between a non-spherically 
symmetrical nucleus with a non-spherically symmetrical electron charge 
distribution obeys the law E = ucos/J H-ftcos^/J instead of the simple 
cosine law, as Schuler has pointed out. The constant 6 is a measure of the 
departure of the nucleus from spherical symmetry. A detailed wave- 
mechanical formula relating the observed constant b with the nuclear 
electrical distribution has been given by Casimir (Casimir 1935) and by its 
aid it is possible in favourable cases to calculate the nuclear quadrupole 
moment. 

Great care must be used before a perturbation can be attributed with 
certainty to the nucleus, since four distinct kinds of perturbation can arise. 

(1) Perturbation due to nuclear quadrupole moment (Schuler and 
Schmidt 1935). 

(2) Configuration interaction perturbation arises in a resonance form 
between two terms with the same L, /S, J, and parity; even if the terms are 
far apart (Shenstone-Russell perturbation) (Shenstone and Russell 1932). 

( 3 ) When the gross structure multiplet separation is comparable with the 
fine structure separation due to nuclear moment, the intervals in the latter 
are distorted (Paschen 1932). 

( 4 ) Term interaction perturbation arises when two terms fall accidentally 
close together (Schuler and Jones 1932). 

We wish at first to draw particular attention to configuration interaction 
perturbation which can still be considerable even when the interacting 
terms are far apart (exceeding say 10,000 cm.~^). Since in intermediate 
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coupling, L and S have no precise meaning, it is not possible to state a 
definite selection rule governing the perturbations for this type of coupling. 
As the I+ spectrum is extremely rich in terms, not far removed from each 
other, it is quite certain that configuration interaction must occur frequently. 
In effect, the wave functions characteristic of the two involved terms are 
mixed up, the result being that the terms partake of the properties of one 
another. This is of fundamental importance to fine structure analysis, for 
if a term with an inherent wide structure, due say to a single penetrating 
electron in the configuration, perturbs a term with an inherent narrow struc- 
ture, then the fine structure in the former is diminished, whilst the latter 
term will exhibit an anomalously large fine structure interval factor. 

Thus the first effect of configuration interaction is to produce anomalies 
in the values of the observed fine structure interval factors. We are unable 
to say whether the interval rule will still hold accurately in such perturbed 
terms. This question is being examined theoretically by Professor Hartree. 
It is an important point. If there is a small second-order effect in the inter- 
action causing a shght breakdovm in the interval rule, then great caution 
must be exercised in deriving a quadrupole moment. In fact it will at present 
almost be impossible to separate the effects. Furthermore, since the per- 
turbations will be in opposite senses in the two terms, one term would give 
a positive and the other a negative nuclear quadrupole moment, if this effect 
were not recognized. (Cases in the literature have been reported where one 
term gives an apparent positive quadrupole moment and another term an 
apparent negative value.) 

In Table IV are shown only some of the extremely large number of terms 
which the Hund theory predicts for I+. In addition to those shown there are 

Table IV. Terms r^r 1+ 


Electron 

con- 

figuration 


Basic terms of the I++ ion 



j 

2p 

5^2 5p4 

55 5^5 


3p ip Ig 

sp Sg ip Ig 


55^ ns 

5s^ 5p^ ?ip 

sp 3p 

sp ip 

sp sp sp ip ip ip 

sp ip 

sp 3p 3g ip ip Ig 

5s^ 5p^ nd 
etc. 

5D SB 

3G 3F sp sp 3g ip IQ ip ip Ig 

i 

sp sp sp ip ip ip 
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whole systems of terms based upon the 6s6p^ns, 5s5p^np, 5s 6p^nd, etc., 
electron configurations. It is quite obvious that configuration interaction 
must be very frequent indeed, since large numbers of these terms fall close 
together. This fact can easily account for the existence of the anomalously 
large and small observed fine structure interval factors. To take a particular 
case. If a term interacts with one containing an unbalanced 5s electron 
the structure in the latter will be so great that, partaking of the properties of 
both, it will acquire a large interval factor. Conversely the structure in the 
perturbing term will diminish. In a similar manner the anomalous small 
interval factors, as in (^S) 75 will result if a term is perturbed by one 
with an inherently very small structure. 


Fari B. 

In two known terms, and in one unidentified term with J = 1 , a breakdown 
in the interval rule has been established. This is shown in fig. 11 , the thick 
lines being the observed positions of the fine-structure levels in the terms, 
those calculated from the Lande interval rule being dotted. It is probable 
that at least in (^D) 65 the breakdown in interval rule is due to nuclear 
quadrupole moment, although we cannot entirely exclude the possibility 
of perturbation by an accidentally close-placed term with J = 1 . (This 
would displace only the F = |, f , | terms as is observed.) 

Assuming for the moment that nuclear quadrupole moment is responsible 
for the three perturbations, the interaction energy is of the form 

E = — .(7-f-6.C .((7-j-l). 

The constant a represents the ordinary unperturbed interval factor and the 
constant 6 is a measure of the nuclear electrical quadrupole moment, q. 
In favourable cases q can be calculated from a formula given by Casimir 
which is 

^ - 6 . 8 ./.( 2 I-~l), J.( 2 J- 1 ) 

3e2i(3cos2rf-l) 

Unfortunately it does not yet appear possible for us to evaluate the term 

— (Scos^d— 1 ) so that we cannot make an estimate of the value of the 

quadrupole moment. The difficulty arises from the fact that the theoretical 
couphng constants have not been determined. 
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We are able, however, to calculate the value of h for three terms, namely, 
(^D) 6s (^S) od The latter term is unknown but is derived 

from the line 6161*9. This is unclassified. It exhibits a sharp triplet structure 
on a wide scale, and it is quite clear that the J value of the term with structure 
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must equal 1. The interval rule is widely departed from in this line and this 
cannot be attributed to the structure in the other term, for then the in- 
dividual components would require to be very much broader than those 
observed. 

The actual deviations from the interval rule are quite small. The best fit 
is given by the constants in Table V. In the terms with J = 2 the fit to 
the formula is only approximate. 


Table V. Constants of the pebtttebed terms in cm.“^ x 10~® 


Term 

Gq 

a 

h 


454 

58*4 

- 0*28 

pS)5d='D2 

1039 

152 

+ 0*2 


527*5 

159 

+ 0*73 


The numerical ratio of a to 6 is exactly the same in the (^D) 6s and terms. 

It is of interest to note that no perturbation has been detected in the 
accurately measured (^S) 65 ^82- This is in accordance with theory since the 
electrical distribution for this term is spherically symmetrical and it is only 
the interaction between an unsymmetrical nucleus with an unsymmetrical 
electron distribution which distorts the interval rule. 

Corrections to multiplet classification 

As previously stated a number of minor errors occur in the paper of 
Lacroute upon the multiplet classification of the lines. We have detected 
the following errors amongst the lines examined by us for fine structures: 

The line 5405*3 given as (^S) 5d®D2-(^S) 6p^P3 should read instead 
(^S) 5d^D2-(^S) The line 4488*5 given as (^D) 5cJ^Di~(2D) 

should read instead (^S) 5(i^Di-(2D) Also the line 3302*4 given as 

(^S) 5d ^D2-(^D) 6^ ^P^ should read (^S) 5d ^D2--(^D) 6p Finally the value 
given for the term ('^S) 55^ 6p ^P^ is 56885*21 cm."^. This should however 
read 56855*21 cm.“^. 

We wish to draw attention to the fact that the unclassified line 3833*7 has 
a fine structure remarkably similar to those involving the (^S) 65 term. 
The structure is degraded to the red. It is therefore possible that this line 
results from the combination between this term and a deeply lying term 
with, very small fine structure. If this is true, the position of the new term 
can be calculated. It is found to he at 101, 126 cm.-^. The deepest term in the 
spectrum hes at 156,082 cm.~^. 
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Note 

In addition to the lines reported in Table I, eight others appeared upon a 
photograph taken with the 21 ft. grating. They were emitted only during the 
first few hours of life of the tube. IVIr H. Bell has very kindly measured these 
plates for us. We give his results in Table VI. 

The accuracy of measurement of the fine structures of these lines is very 
much less than that in Table I. x41though a quintet pattern can be predicted 
for all the lines, this was only approximately resolved in two lines. We have 
reported the separations of as many components as are visible and then 
given the tail end of the pattern, so that in each case the total width is known 
approximately. These vddths vary from T21 to 2 cm.""^ for the seven lines 
involving the (^S) bd term. Since the total vddth in the structure of the 
common term is 1*821 cm.~^ the observed structures are quite consistent 
with this when account is taken of the wide variation in the values of the 
upper interval factors. 

Within the limits of measurement, all the lines have approximately the 
correct widths as calculated from the known interval factors of the terms 
involved. The only term amongst these lines, not common to lines in Table I 
is (^D) 6p for which we get an interval factor of -- 37 cm. x 10”^ from the 
line 2925. 


Table VI. Approximate pike structure measurements 
MADE WTTK A 21 FT. GRATING 


Structure cm. x 10“® 


Wave- 








length 

Classification 


Red 


Violet 

Order 

5739*1 

(^S)5d»D2-(^S)6p'Pj 

0 

619 

1142.. 

1650 

I 



(5) 

(4) 

(3) 

(1) 


5405*3 

(‘S)6d»D2-(«S)6p=P3 

0 

631. 


1840 

I 



(5) 

(4) 


(1) 


4828*3 

(‘S)5d®D3-(^S)6p5P3 

0. 



1760 

I 



(5) 



(1) 


4464*3 

(2D)6s3D2-(2D)6j3»Pi 

0. 


. 650 


II 



(5) 


(1) 



3401*5 

(*S)6<i*D2-(=D)6j3’F3 

0. 



1550 

IV 



(5) 



(1) 


2996*7 

(*S)5ci!SDj -(=0)6^5% 

0.. 



<2000 

n 



(5) 



(1) 


2957*5 

(‘S)5d!*D3-(i‘D)6^>=P3 

0 

400 

800 

1110.. .1210 

III 



(5) 

(4) 

(3) 

(2) (1) 


2925*1 

(‘S)5d®D2-(2D)6j3 3Pj 

0 

620 

1146 

1333.. .1600 

in 


(5) (4) (3) (2) (1) 
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This investigation has been rendered possible by assistance given by the 
Government Grant Committee to one of us (S. T.). The Lummer plate 
and other optical components were purchased with the grant received. 

Our thanks are due to Mr H. Bell for permission to use his measurements. 


Summary 

Earlier measurements by Tolansky upon the fine structures in the lines 
of the first-spark spectrum of iodine are extended into the ultra-violet 
region with the aid of a quartz Lummer plate interferometer. Fine structures 
are now known for fifty -eight lines, thirty-nine of which have been allocated 
to terms which go either to the (^S) or the (^D) series limit. 

An independent fine-structure analysis is made for both the systems and 
is confirmed by the aid of intercombination lines in the ultra-violet. Fine- 
structure interval factors are given for 1 3 (^S ) terms and 1 5 ( ) terms . These 
exhibit anomalies which can be explained as arising from configuration 
interaction perturbation. 

It is shown that the nuclear coupling of the electrons in iodine is 
comparable with that of the 65 electron. 

In three terms, deviations from the interval rule have been established. 
These are attributed to nuclear electrical quadrupole moment. The per- 
turbation constants have been calculated, but these cannot as yet be 
employed to give a numerical estimate of the quadrupole moment, since 
the coupling constants have not yet been evaluated. 

[Note added in proof, 24^ August 1938. After communicating these results, Murakawa 
in Z. Phys. 109, 162, 1938, published an extensive gross structure multiplet classifi- 
cation differing in some respects from that of Lacroute. Almost all the strong 
unclassified lines in Table I are allocated and a few term identifications are altered, 
the J values being however retained. Lacroute’s (^S) 5d is now altered to 5s 
removing thus the anomaly regarding the large interval factor. Eight terms are 
perturbed, those with J = 2 failing to fit Schuler’s perturbation formula, obeying 

instead ^ = ao-!--.C + 6.C(C-f-l) + C.G\C+ 1). The last term is attributed to a new 

phenomenon, namely nuclear magnetic quadrupole moment. A detailed analysis is 
being communicated as Part IV.] 
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A new process of negative-ion formation. IV 
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{Communicated by H. S. Allen, F.R. 8 . — Received 22 June 1938) 

Introduction 

The three previous papers of this series (Arnot and Milligan ig 2 (>b; 
Arnot 1937(2,6) contain an account of experimental work which led the 
senior author to propose a new process of negative-ion formation. This 
process is the formation of negative ions at metal surfaces by bombardment 
of the surface with positive ions, the negative ion being formed by the 
positive ion capturing two electrons jBrom the surface. 

Further work carried out during the past year, which is described in this 
paper, has revealed a new variation of the above process. In this latter 
process the impinging positive ion causes an adsorbed atom on the surface 
to come off as a negative ion. It is beheved that this newer process is essen- 
tially similar to the process previously reported, the difference being due 
merely to the transference of excitation energy from the incident positive 
ion, after its capture of an electron, to the atom adsorbed on the surface. 
The discovery of this second new effect was made independently by Sloane 
and Press (1938), although they attribute it to a different process. 
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Apparatus and experimental procedure 

The apparatus used in this work, which is shown in fig. 1, has been fully- 
described in three previous papers (Arnot and Milligan 1937 a, 6; Arnot 
1937 a). It will be sufficient to repeat here that it consists of an ionization 
chamber and a magnetic analyser. The analyser, which is evacuated through 
a liquid-air trap of large diameter by the right-hand outlet, was set in a 
gap of 1 cm. between the poles of a large electromagnet. The left-hand outlet 
was connected through another hquid-air trap to a McLeod gauge. 

All the results given in this paper were obtained with a quartz ionization 
chamber No. 2 shown as an inset in fig. 1. This contained two nickel gauze 
electrodes and a tungsten filament of about 1 cm. in length which could be 
withdrawn for renewal by means of a ground joint. The upper gauze elec- 
trode wiU be denoted by and theloweronebyjEJg* The difference of potential 
between the filament and will be denoted by T^, that between and E^ 
by Vi, and that between E^ and the iron cylinder ThyV^. For all the results 
given in this paper the negative ions entered the analyser with an energy 
of 200 eV. The negative ions produced on the filament were obtained by 
setting Vq = 200V, and both being zero. The negative ions produced on 
E^ were obtained by setting Vq = 100 V, K == - 200V, = 200V. The negative 

sign attached to means that this potential was in a direction to retard 
electrons or negative ions coming from the filament. The soft iron shielding 
cylinder and plate shown in fig. 1 were not used in these experiments, and 
consequently the electrons from the filament were prevented by the stray 
field of the magnet from penetrating more than a short distance through E^^. 
The positive ions produced between and E^, will thus all arise close to E^ 
and will pass through E 2 with an energy of nearly 200 eV. On entering 
the field these positive ions will be stopped and reversed back through E^, 
where they will again be reversed by the field They will consequently pass 
back and forth through the gauze E^, some of them being absorbed by the 
gauze in each passage of the ions through it. Thus E^ will be bombarded by 
positive ions equally on both sides. The negative ions produced on the under 
side of E 2 win then enter the analyser with an energy of 200 eV. With 
this arrangement of potentials the negative ions produced on the filament 
will all be stopped between and j&g* No negative ions are emitted from E^, 
since this gauze is not subjected to positive ion bombardment. The produc- 
tion of negative ions from excited and metastable atoms is known to be 
ineffective (Smith 1938)? ^uy produced on E^^ will be driven into the 
electrode by the fields Vq and 

The gas to be investigated was stored in a large glass bulb of about 1| 1. 
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capacity at a pressure of a few centimetres of mercury. The gas from the 
bulb passed through a fine glass capillary, then through a liquid-air trap, 
and entered the ionization chaniber through a side tube sealed on in place 
of that containing mercury in fig. 1. After passing through the apparatus the 
gas was pumped off into the atmosphere. The pressure of gas in the ioniza- 
tion chamber was usually adjusted to a value between 2 x 10“^ and 5 x 10“^ 



mm. of Hg, and this value remained constant during a run. At one period of 
the work a second McLeod gauge was connected directly to the ionization 
chamber. Comparison of the reading of this gauge with the reading of that 
connected to the analyser showed that the pressure in the analyser was only 
about 5 % less than the pressure in the ionization chamber. The argon used 
was purchased in a glass cylinder from the British Oxygen Co., and was 
stated by them to be spectroscopically pure. The oxygen and nitrogen were 
both obtained from commercial cylinders newly filled. AU taps and ground 
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joints in the vacuum system were greased with Apiezon grease of negligible 
vapour pressure. 

All the results given in this paper were obtained with a filament emission 
of 3 mA, except the results shown in the lower curve of fig. 4 for which the 
emission was 10 mA. When the potentials were set to produce negative ions 
on i/g the positive ion current to was of the order of 10-® amp. except, of 
course, when runs were taken in vacuum. 

For all vacuum runs the positive ion current to E^ was undetectable on the 
microammeter which could easily detect 10“'^ amp. Since E^ acts as the 
collector of an ionization pressure gauge we may conclude that the pressure 
of gases and vapours in the ionization chamber during a vacuum run was less 
than a hundredth of the pressure prevailing fora run in gas, that is, less than 
5 X 10~® mm. of Hg. The pressure on the McLeod gauge was always un- 
detectable during a vacuum run. 

All results for negative ions from E^^ obtained in gas, except those of fig. 3, 
have been reduced to a constant positive ion current to E^ oi 2 x 10~® amp. 
The positive ion current to E^ was unfortunately not measured for the earlier 
results given in fig. 3. The ordinate scale of all curves is marked in units of 
10“^^ amp. When a peak is too strong to be plotted completely on the scale 
adopted for a figure the ordinates have been reduced by a factor of ten, and 
the peak plotted as a broken curve. 

The magnet was calibrated for both positive and negative ions by means 
of a search coil and Grassot fluxmeter, which was checked for linearity of 
scale by a ballistic galvanometer. The fluxmeter was also checked against 
a Hibbert standard flux. The cahbration curve was found to be linear except 
for a short range near the origin. From this curve a curve was obtained of 
mass number as a function of magnet current. All the figures in this paper are 
plotted with an abscissa scale of mass number, the 0“ peak being set at 
mass number 16. The mass numbers of the peaks obtained by varying the 
magnet current were checked in a typical curve by keeping the magnet 
current constant and varjdng the energy of the ions entering the analyser. 
The mass numbers of the peaks obtained by both methods were in good 
agreement. 

More than seventy runs have been taken. Results obtained under the 
same experimental conditions are completely consistent even in the finer 
details, and each curve given in this paper has been checked several times. 

Results 

(1) Positive-ion analysis 

A typical positive-ion analysis of the ions formed in argon by electrons 
of 100 eV energy is shown in fig. 2. This is in good agreement with the 
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results of Bleakney (1930), who finds the ratio of the number of Ar++ ions 
to the number of Ar+ ions to be 0-103 for an electron energy of 100 eV. 
This ratio obtained from the peaks in fig. 2 is 0* 108. In calculating this ratio 
the size of the Ar'^+ peak must, of course, be halved since each Ar’^"^ ion 
carries two charges. In addition to the two argon peaks at mass numbers 
20 and 40 there are traces of N+ at 14, 0+ and at 16-18, and or 
CO'^ at 28. The lower curve in fig. 2 is a vacuum run plotted to the same scale. 
It is evident from this that the above impurities are brought out of the glass 
and electrodes by the intense positive ion bombardment. 



(2) Negative-ion analysis 

Three typical analysis curves for negative ions produced on the gauze 
are shown in fig. 3. For the upper curve E^ was bombarded with positive ions 
of argon; for the second curve nitrogen positive ions were used; and for the 
lower curve E^ was bombarded vith positive ions of mercury by removing 
the liquid-air traps. 

In their main features these three curves are aU very similar. We see that 
a large peak of negative ions of mass number 24 is produced by each type of 
positive ion. In addition to this strong peak there is a relatively faint back- 
ground of negative ions of mass numbers 12, 16, 29, 32, 38, 44 and 51. The 
spectra of negative ions obtained from the filament were essentially of the 
same type as those obtained from E^, the peak of mass number 24 again 
being by far the strongest peak. 

When E^ or the filament is bombarded with positive ions of oxygen en- 
tirely different negative ion spectra are obtained as is shovn by fig. 4, in 
which the upper curve is for ions from the filament and the lower curve is for 
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Fig. 4. Analysis of negative ions formed by positive ions of oxygen 
(a) at the filament, (b) at jE/g. 
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ions from The most striking difference between the results obtained in 
oxygen and those found in argon, nitrogen and mercury vapour is in the 
size of the peak of mass number 24 which is barely perceptible in fig. 4. The 
main negative ion formed on the filament and on E^ in oxygen is 0“. The peak 
at 32 in the spectrum of ions formed on E^ is undoubtedly Oj • This Og peak 
is absent in the spectrum of ions formed on the filament w^hich shows instead 
a peak at mass number 29. This latter peak is definitely not an 0^ peak which 



Fig. 5. Analysis of negative ions formed at F?2 ^>5’ positive ions of mercury. Curve (6) 
was obtained with an oxidized filament. After cleaning the filament by fiashing it, 
curve (c) was obtained, (a) and (d) are vacuum rims taken respectively before and 
after curves (6) and (c). 


has moved down to an apparently lower mass number due to a sudden 
change in magnet calibration, for none of the nine curves of negative ions 
formed on an oxidized filament, taken at various periods of the work, shows 
an appreciable O 2 peak, while each curve has a peak at mass number 29, 
A possible interpretation of this, which will be given later (p. 1 1 6), may be of 
considerable theoretical importance. 

The oxygen was now all pumped out of the apparatus and a vacuum run 
taken. We see from this curve, which is plotted at the top of fig. 5 as curve 
(a), that no appreciable peaks were obtained. By removing the liquid-air 
traps so as to bombard E^ with positive ions of mercury we might expect to 
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reproduce curve (c) of fig. 3 which represents the spectrum of negative ions 
obtained from by mercury positive ions before the runs in oxygen had 
been taken. However, the curve actually obtained, which is shown in fig. 5 
as curve (6), is quite different from curve (c) of fig. 3. The only difference in 
the experimental conditions under which the results shown in figs. 3 (c) and 
5 (6) were obtained is that, in between these runs, oxygen had been admitted 
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Fig. 6. Analysis of negative ions formed at the filament by positive ions of mercury. 
Curve {a) was obtained with an oxidized filament. After cleaning the filament by 
dashing it, curve (6) was obtained. 

to the apparatus. The effect of this is to suppress the peak at 24. This is 
probably caused by the retention of adsorbed oxygen on the surface of 
for when the surface of E^ is fully covered with oxygen we have seen from 
fig. 4 (6) that the peak at 24 is very small indeed. We shall see later from fig. 8 
that when the adsorbed oxygen has been removed from Fg by persistent 
positive-ion bombardment the peak at 24 returns to its full strength. 
A curve practically identical to that of fig. 5 (6 ) was obtained by using, instead 
of Hg+ ions, argon positive ions with liquid air on all three traps. 

The spectrum of negative ions obtained from the filament by bombard- 
ment with, positive ions of mercury after the oxygen had all been pumped out 
is shown in fig. 6 (a), which is similar to the curve taken in oxygen (fig. 4 (a)). 
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The hot filament will have absorbed a considerable quantity of oxygen while 
running in this gas, and consequently its surface will be well covered with 
oxygen which is being desorbed from the filament w^hen running in mercury 
vapour. The similarity of figs, 6 (a) and 4 (a) shows that 0”ions are produced 
by bombardment of the filament by positive ions of mercury as well as by 
positive ions of oxygen. We notice again from figs. 6 (a) and 4 (a) that the 
peak of mass number 24 is very small when the surface is w^ell covered with 
oxygen. Curves practically identical to that of fig. 6 (a) w^ere obtained by 
using, instead of Hg+ ions, argon and nitrogen positive ions with liquid air 
on all three traps. 

The filament was then flashed, that is raised to a high temperature for a 
few seconds, and the runs of figs. 5 (b) and 6 (a) repeated. These are shown in 
figs. 5 (c) and 6 (b). Flashing of the filament reduces its content of absorbed 
oxygen and so reduces the 0“ as shown in fig. 6. The oxygen given off when 
the filament is flashed increases the amount of oxygen adsorbed on 
resulting in a decrease of the peak at 24 and an increase of the 0 2 peak, as 
shown in fig. 5. The mercury was then frozen out with liquid air and another 
vacuum run taken. This is shown as curve {d) in fig. 5. 

We have seen that the peak of mass number 24 is suppressed by the absorp- 
tion of oxygen by the surface on which the negative ion is formed. By per- 
sistent bombardment of with positive ions we should get rid of a good deal 
of this adsorbed and occluded oxygen, and we should then expect to obtain 
curves similar to those shown in fig. 3 which were obtained before oxygen 
had been admitted to the apparatus. The set of curves shown in fig. 7 shows 
that this is realized. Curve {a) is a vacuum run. Curve (6) is a run in nitrogen, 
and curve (c) is another vacuum run taken after the nitrogen had been 
pumped out. Curves (d), (e) and (/) represent corresponding runs in argon. 
The nitrogen curves of figs. 3 (6) and 7 (6) are similar in that the main peak 
is now the ion of mass number 24. The 0 2 peak is, however, more prominent 
in the later curve owing to the surface not being so free of oxygen as it was 
when the earlier curves were taken. The argon curves of figs. 3 (a) and 7 (e) 
are also similar, except that here again the 0 2 peak is more prominent in the 
later curve than in the earlier curve. Argon was always found to bring out 
the 0 2 peak from E 2 rather more strongly than did nitrogen, as is shown by 
figs. 3 and 7. It will also be observed j&om curves (a), (b) and (c)of fig. 7, which 
were taken in this order, that bombardment of Eq with positive ions reduces 
the amount of adsorbed oxygen on the surface and so reduces the 0“ and 
O 2 peaks. 

The analysis of negative ions from the filament produced by bombardment 
with positive ions of nitrogen and argon is shown in fig. 8. Curves (a) and (c) 
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Fig. 7. Analysis of negative ions formed at JS/g by positive ions of (6) nitrogen, (e) 
argon. Curves (a) and (c) are vacuum runs taken respectively before and after the run 
in nitrogen. Curves (d) and (/) are vacuum runs taken respectively before and after 
the run in argon. 

are vacuum runs taken before and after the run (b) in nitrogen. Curves (d) 
and (/) are vacuum runs taken before and after the run (e) in argon. Curve 
{g) is a repetition of part of the vacuum run (/) taken after an interval of an 
hour. We see from these curves in nitrogen and argon that the 0” peak is 
still quite strong, showing that absorbed oxygen is still diffusing to part of 
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Fig. 8. Analysis of negative ions formed at the filament by positive ions of (6) nitrogen, 
(e) argon. Curves (a) and (c) are vacuum runs taken respectively before and after the 
run in nitrogen. Curves (d) and (/) are vacuum runs taken respectively before and 
after the run in argon. Curve (ff) is a repetition of part of curve (/) taken an hour later.. 

the surface of the filament. However the peak of mass number 24 is con~ 
siderably stronger in these curves than in fig. 6 owing to a larger area of the^ 
filament surface being free of oxygen in these later curves. Owing to the^ 
large temperature gradient from the centre to the ends of the short 1 cm. 
filament it is probably impossible to free the whole filament from absorbed 
oxygen by flashing. 
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Discussion 

In the first experiments on this work (Arnot and Milligan 19366; Arnot 
1937 a, 6) it was found that when a surface was bombarded with positive 
ions of one species negative ions of the same species were emitted from the 
surface. For example, when the surface was bombarded with Hg+ ions 
Hg~ ions were emitted. To account for this new process of negative ion 
formation Arnot proposed the following mechanism. The positive ion first 
captures an electron from the surface into an excited state. This excited 
atom then captures a second electron from the surface thus becoming a 
negative ion. The double capture process will be energetically possible 
provided 

V, + V^>2<j>, ( 1 ) 

where is the ionization potential and Vf the electron affinity of the incident 
atom, and (j) the work function of the surface. Our colleague, Dr E. A. Smith 
(1938), has worked out the details and the quantum mechanics of this 
process, and he finds that the theory accounts very satisfactorily for the 
experimental results. An important result found by Smith is that there 
exists a high probability of the newly formed negative ion being neutralized 
by the electron being captured back into a vacant state in the metal by a 
resonance process. This explains why the probability of negative-ion 
formation by this process increases, instead of decreases, with increase in 
the velocity of the incident positive ions, since the probability of neutraliza- 
tion of the newly formed negative ion is less the shorter the time spent in the 
vicinity of the surface. The actual probability of formation of the negative 
ion from the positive ion is very high, but the large majority of these newly 
formed negative ions are neutralized before they escape from the neighbour- 
hood of the surface. 

Since the negative ion is formed in two stages the energy condition (1) can 
be separated into two, the first applying to the capture process which neu- 
tralizes the positive ion and the second to the capture process which con- 
verts the neutral excited atom into a negative ion. Both these capture 
processes are probably due to resonance between the energy states of the 
atom and those of the surface. We thus have 

( 2 ) 

( 3 ) 

where is the energy of the excited state into which the first electron is 
captured. 
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The results presented in this paper show that positive ions of one element 
may give rise on impact with a surface to negative ions of a different element. 
In a preliminary report of this work (Arnot and Beckett 1938) we suggested 
that this new process may be due to a colhsion of the second kind between 
the incident positive ion and an atom of gas or vapour adsorbed on the 
surface. Thus we suppose the incident positive ion to capture an electron 
into an excited state by resonance with the surface, the condition for this 
being given by (2). This excited atom then makes a collision of the second 
kind with an atom on the surface, exciting it to a state F' which will normally 
be the state nearest in energy to the state of the incident atom, the energy 
difference F' going into kinetic energy if > F^ or being made up from 
the kinetic energy of the incident atom if < F'. The excited atom from the 
surface, on reverting to its normal state, captures an electron from the 
surface by a resonance process thus becoming a negative ion. This process is 
the same as that which accounts for those negative ions which are formed 
from their own positive ions, except that in the new process transfer of 
excitation and kinetic energy occurs between the two species of atoms. 
Transfer of kinetic energy from the incident atom to the adsorbed atom 
must take place, since the negative ion formed by this process has an energy 
in excess of that acquired in the accelerating field. We thus have 

■ (4) 

V'e + Vf>^, (o) 

le ” ^ kinetic energy. (6) 

Vi is the ionization potential of the incident atom as before, and Vf is the 
electron affinity of the atom adsorbed on the surface which comes off as 
the negative ion. F^ should not in general differ by more than a fraction of a 
volt from Tg since the probability of a collision of the second kind taking 
place is only high for close resonance. 

Returnuig now to the experimental results, we have seen that Oj always 
appears in the spectra of ions arising on ^2 '^hen this electrode is bom- 
barded by positive ions of oxygen, mercury, nitrogen or argon. This ion is 
not, how^ever, formed by bombardment of an oxidized tungsten filament by 
positive ions of oxygen or mercury* as shown by figs. 4 (a ) and 6 (a). We have 
also found that it is not formed by positive ions of argon or nitrogen so long 
as the filament is fully oxidized. We see from fig. 6 (6) that if the filament is 
cleaned by flashing the Og peak appears. 

* A very slight trace of O 2 is observed in fig. 6 (a), but this is undoubtedly d.ue to the 
filament not being fully oxidized over its entire length. 


S-2 
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The explanation of this result may lie in the difference between the work 
functions of clean and oxidized tungsten. The values of the work function 
for clean and oxidized tungsten are given by Reimann (1935) as 4-64 and 
6-34 V respectively. Massey (1937) quotes values for the electron affinity 
of 0 and of O2 derived from the experiments of Lozier (1932), Loeb (1935) 
and Bradbury (1933). The value of for 0 is 2*2 V and for Qg the value lies 
between 0*1 and 0-3 V, the mean value being 0-2 V. From the condition (5) 
governing the capture of a second electron to form a negative ion we have 

Thus for the formation of 0 2 the excitation energy of the Og molecule must 
be greater than 6-34 — 0*2 = 6*1 eV if the formation takes place at an 
oxidized tungsten surface, and greater than 4*64 — 0*2 = 4*4 eV if the 
capture occurs from a clean tungsten surface. It may be significant that the 
work of dissociation of O2, which is 5*1 eV, hes between these two values, 
and consequently O2 may dissociate with or without capture at the oxidized 
surface, while at a clean surface it would form Og • 

Whether or not this is the correct explanation, there is no doubt about the 
experimental result that, whereas a strong peak of negative ions can be 
obtained at mass number 32 from a clean tungsten surface, this peak either 
completely disappears or is barely perceptible when the tungsten surface is 
oxidized, and is replaced by a fairly strong peak at 29. In view of the 
undoubted importance of this result from the theoretical viewpoint another 
set of curves demonstrating the effect is shown in fig. 9. Curve (a) which was 
taken in oxygen at a pressure of 4 x 10“^ mm. shows the Q- peak at 16 and 
the peak at 29. There is no sign of a peak at 32. The oxygen was then all 
pumped out and the filament flashed in vacuum to clean it. The vacuum run 
shown as curve (6) was then taken. The liquid-air traps were then removed to 
provide mercury positive ions for bombarding the filament and curve (c) 
was taken. In addition to the peak there now appears a definite peak 
exactly at mass number 32 which must be 0^. The strong peak wdiich 
formerly appeared exactly at mass number 29 has decreased in intensity by 
a factor of ten. Nine determinations of the mass number of this peak taken 
from nine separate curves are given in Table I together with the gas which 
provided the positive ions for bombardment of the filament. 

All of these values are taken from curves obtained with an oxidized 
filament. In six of these curves the 0^ peak was entirely absent; in the 
remaining three curves there was a very slight inflexion on the high mass side 
of the 29 peak at approximately 32 which could be accounted for by the 
filament not being fully oxidized. 
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We see from this table that there is no doubt that the peak appears at a 
mass number of 29 and cannot therefore be ascribed to CO". Moreover, in 
none of our curves have we found a CO" peak, which is not surprising in 
view of the fact that Ng , which is believed to be unstable, has a similar outer 
electronic structure to CO". The nature of this peak at mass number 29 is 
very uncertain; all we can say at present is that its mass number corresponds 
to COH" and to GgHg'. 



Fig. 9. (a) Analysis of negative ions formed at an oxidized filament by positive ions 
of oxygen, (h) Yacutim run taken after the filament had been cleaned by flashing in 
vacuum, (c) Analysis of negative ions formed at the clean filament by positive ions of 
mercury. 


Table I 


Osygen 

29-0 

Nitrogen 

28-3 

Oxygen 

28-8 

Argon 

29-6 

Oxygen 

29-2 

Mercury vapour 

29*3 

Oxygen 

28*9 

Residual gas from an 


Oxygen 

29-0 

un-degassed filament 

29*0 


We see from figs. 4, 6, 8 and 9, in all of which the 0" peak is strong, that 
there appears a bulge or unresolved peak on the high energy side of the O" 
peak. This was previously observed by Arnot (1937 a, b) and was shown to be 
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due to fast 0~ ions, which come off the surface with an energy of 35-70 
eV when the parent positive ions had an energy of 200 eV. This excess 
energy means that the accommodation coefficient has a second principal 
value of about 0-715, the main principal value being 0-985. Arnot showed 
that this effect was most clearly demonstrated for ions for which two 
well-resolved peaks were obtained. 

The excess energy of the fast 0“ ions calculated from the position of the 
bulge on the side of the main 0“ peak in figs. 4 and 9 is about 70 eV. 
From fig. 6 the value is about 38 eV, and from the two well-resolved 
peaks of figs. 8 (/) and 8 {g) the value obtained is 34 eV. 

The mass numbers of the peaks observed in this work are given in Table II 
together with the figure in which the ions appear. When the intensity of the 
peak is so low that it is just perceptible its mass number is enclosed in 
brackets. A dash in the columns of mass number 12 and 51 signifies that 
measurements were not extended down to, or up to, these mass numbers. 
With the exceptions of 0” and Og the negative ions indicated at the foot of 
each column must be taken merely as tentative suggestions. 

Table II 

Mass number of negative ions 

Fig. ^ s 


3 

12 

16 

24 

29 

32 

38 

44 

51 

4 

12 

16 

24 

29 

32 

... 

... 

— 

5 

— 

16 

24 

... 

32 

... 

(44) 

— 

6 

— 

16 

24 

29 

32 

(38) 

. . . 

— 

7 

— 

16 

24 

... 

32 

38 

(44) 

— 

8 

— 

16 

24 

29 

32 

(38) 

. . . 

— 

9 

— • 

16 

(24) 

29 

32 

... 

... 

— 

Ion 

C“ 

0- 

cr 

COH- 

Oi- 

C3HJ 

0 

0 



The impurities detected in positive ion analysis curves were slight traces 
of N+, 0^“, HgO+j C0+ or and COt having mass numbers 14, 16, 18, 28 
and 44. With the filament properly run in, the electrodes bombarded, and 
liquid air on all three traps these peaks were imperceptible as shown by 
fig. 2 (6). When the electrodes were under intense positive-ion bombardment 
slight traces of some or all of the above impurities were brought out of the 
electrodes and appeared as shown by fig. 2 (a). No impurities of mass 
numbers 24, 29, 38 or 51 were ever detected by us in positive-ion analyses. 
The negative ions of these mass numbers could not therefore have been 
produced by bombardment of the electrodes by the corresponding positive 
ions in the same way as O” and Og are formed by bombardment with 
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positive ions of oxygen. These negative ions must arise from atoms and 
molecules adsorbed on the surface of and the filament. Similarly the 0"* 
and 0 2 produced by bombardment with positive ions of mercury, nitrogen 
and argon must arise from adsorbed atoms and molecules of oxygen. We 
therefore conclude that there are two processes leading to the formation of 
negative ions at surfaces. The initial stage in each process is the same; this 
is capture of an electron from the surface by the incident positive ion into 
an excited state of the atom, probably by a resonance process. This excited 
atom, on reverting to its normal state, may then capture a second electron 
from the surface, again probably by a resonance process, so forming a 
negative ion of the same element as the incident positive ion. The second 
process consists in the excited atom transferring its excitation energy and 
part of its kinetic energy to an adsorbed atom on the surface which then 
captures an electron from the surface, and so forms a negative ion of an 
element different to that of the incident positive ion. The energy conditions 
for these two processes of formation have already been given on p. 115. 

To prove that there were no condensable vapours in the ionization chamber 
or that, if there were, they had no effect on the experimental results we 
surrounded the ionization chamber from the first slit of the analyser up to 
the filament with a mixture of solid COg and alcohol contained in a wooden 
trough built round the ionization chamber. On then taking a run in argon 
under the experimental conditions prevailing for curve (c) in fig. 5 a practi- 
cally identical curve was obtained. 

SmitheUs and Ransley (1936) have shovm conclusively that the CO 
desorbed from nickel at high temperatures is derived from dissolved oxygen 
and carbon, and is not present as CO molecules in the metal. The dissolved 
oxygen and carbon present on the surface of the nickel electrode E^ might 
thus account for the peaks at mass numbers 16 and 32, 12 and 24 obtained 
by bombardment with positive ions of mercury, nitrogen and argon. It has 
been observed by Mann (1937) that the surface of a platinum wire was far 
more resistant to contamination after it had been heated in oxygen. If this 
applies also to tungsten it would account for the suppression of the peaks 
of mass numbers 24 and 38 observed when the filament had been run in 
oxygen. 

We must now review the previous work (Arnot and Milligan 19366; Arnot 
1937 a, 6) on the surface formation of negative ions in the light of these new 
results. The work on the formation of negative ions of mercury, hydrogen 
and oxygen requires no amendment except that the probabilities of forma- 
tion of these negative ions per positive ion may be higher than previously 
reported owing to some of the positive ions being employed in producing 
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negative ions from adsorbed atoms on the surface. The present work shows 
that no stable negative ions of nitrogen or argon were observed, the N“ peak 
formerly reported being 0“ produced by the positive ions of nitrogen by the 
new process shovm to occur in this paper. It was shown in the previous work 
that the intensity of this peak was proportional to the total positive ioniza- 
tion, and not to the distribution of this positive ionization amongst the 
monatomic and diatomic forms. Consequently N-^" and Nf ions must be 
equally effective in producing 0~ ions by the new process. 

The new calibration of the magnet shows that the peak marked CO“ in 
the previous work is really the ion of mass number 24 appearing in this work, 
and the peak marked CO 2 is the peak of mass number 38 which also appears 
in this work. 

The mass numbers assigned to the peaks in this work are based upon the 
identification of the strong peak in oxygen, fig. 4, as 0“. The calibration curve 
for the magnet then gives the mass numbers of the other peaks. There seems 
little doubt that the identification of the strong peak obtained in oxygen as 
O” is correct, since the curves given in fig. 3 show that this peak was very 
small before oxygen was admitted to the apparatus. The only doubt we feel 
about the correctness of this identification is caused by the report of Sloane 
and Press (1938) that they obtain a strong peak of CO~ ions, whereas with 
this identification we obtain no trace of CO~ ions. If we accept the result of 
Sloane and Press, and identify the strong peak in fig. 3 as CO~ of mass num- 
ber 28 instead of our value of 24, then the strong peak obtained by us in 
oxygen would have mass number 18*7 which does not correspond exactly 
with any known ion. The ion of nearest mass number is HgO"". This could not 
be formed directly from H2O+ ions because no change in the intensity of 
this peak occurred when the ionization chamber was cooled with a mixture 
of solid CO2 and alcohol, as mentioned above. Neither could the HaO”" ions 
be produced from adsorbed molecules of H2O on the surfaces for we should 
then expect this peak to be just as strong in fig. 3 when positive ions of 
mercury, nitrogen and argon w’ere employed for bombardment. Direct 
calculation of the Hp of the strong peak in fig. 3 gives the mass number, as 
25 which is nearer to 24 than to 28. Although there is little doubt that the 
identification of the strong peak obtained in oxygen as 0“ is correct an 
independent determination with a mass spectrograph of higher resolving 
power would be very valuable. 

One of us (C. B.) wishes to thank the Carnegie Trust for the Universities 
of Scotland for a Besearch Scholarship, 
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Process of negative-ion formation. IV 

Summary 

The three previous papers of this series described a new process of nega- 
tive-ion formation. This process is the formation of negative ions at metal 
surfaces by bombardment of the surface with positive ions, the negative ion 
being formed by the positive ion capturing two electrons from the surface. 
The present paper shows that a new modification of this process can also occur. 

The experimental results show that a spectrum of negative ions is obtained 
when a surface is bombarded with positive ions of argon or nitrogen , or 
mercury, and that practically identical negative ion curves over the range 
of mass numbers from 10 to 54 are obtained by each type of positive ion. 
The negative ions observed have mass numbers 12, 16, 24, 29, 32, 38, 44 
and 51. It is concluded that these negative ions arise from atoms and mole- 
cules of gas and vapour adsorbed on the surface. 

It thus appears that there are two processes leading to the formation of 
negative ions at surfaces. The initial stage in each process is the same; this 
is capture of an electron from the surface by the incident positive ion into 
an excited state of the atom, probably by a resonance process. This excited 
atom, on reverting to its normal state, may then capture a second electron 
from the surface, again probably by a resonance process, so forming a 
negative ion of the same element as the incident positive ion. The second 
process consists in the excited atom transferring by a collision of the second 
kind its excitation energy to an adsorbed atom on the surface, which then 
captures an electron from the surface, and so a negative ion of an element 
different from that of the incident positive ion is produced. 

The previous results are reviewed in the light of this new work which shows 
that no negative ions of nitrogen are formed. Certain alterations in the 
interpretation of the COg results must also be made. The previous work on 
the formation of negative ions of mercury, hydrogen and oxygen requires 
no amendment, except that the probabilities of formation of these ions may 
have to be raised. 

It is shown that no Oj ions are formed at the surface of an oxidized 
tungsten filament, but that they readily appear when the filament is cleaned 
by flashing. It is suggested that this effect is due to the increased work 
function of the filament when oxidized. It is also found that a covering of 
oxygen on the filament suppresses the peaks of mass numbers 24 and 38. 
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New systems of normal co-ordinates for 
relativistic optics 

By G. Temple 

{Communicated by Sir Arthur Eddington, F.R.8. — Received 22 June 1938) 

Intbodvction 

The object of this paper is to introduce into the general theory of relativity 
some new systems of normal co-ordinates which are especially adapted to 
the discussion of problems of astronomical optics. In the classical system of 
normal co-ordinates introduced by Riemann the geodesics which start from 
a fixed base point in a metric manifold are represented by linear equations; 
in the new systems of normal co-ordinates null geodesics from points on a 
fixed base curve are represented by linear equations or form a system of 
parametric curves. If the system of null geodesics consists of the “ forward ” 
null geodesies starting from points on the fixed curve it represents the rays 
of light emitted by a source whose world line is the prescribed curve. If the 
system of null geodesics consists of the ' ' backward * * null geodesics ending at 
points on the fixed curve it represents the rays of light received by an observer 
whose world line is the given curve. It therefore seems appropriate to 
describe the new systems of co-ordinates as “optical co-ordinates”. 

The use of optical co-ordinates considerably simplifies general optical 
theory in relativistic form. Fermat’s Principle can be rigorously established 
and the treatment of the various astronomical determinations of distance 
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can be put in a simple and concise form. Some previous discussions of these 
topics have been open to question in view of their unjustified use of Rieman- 
nian normal co-ordinates on the null cone of the base point. The general 
results obtained are applied to the case of greatest practical interest — ^the 
isotropic expanding universe. 

1. Nxjul geodesics 

The general theory of this paper applies to a real ^^-dimensional manifold 
M with a metric specified by an indefinite quadratic form, 

ds'^ = g^^dx^dx^, 

whose signature is -i- 1 — — 1). In such a manifold the length of an arc of a 

real curve may be zero, imaginary or even complex, and accordingly the 
arc-length of a curve is not suitable for use as a parameter. We therefore 
vTite the equations of any real curve (7 in if in the general form 

= a;^(or), 

where cr is an arbitrary real parameter and the functions x^{(r) are real 
functions. We indicate differentiation with respect to or by dots. 

The function L — g^^x^^x^ (1-1) 

is not an invariant of C at any specified point P, for its value at P depends 
upon the choice of the parameter cr; but it is obvious that the function 

^ (L^\L\ ifP + 0, 

sgn -L = i 

I 0 ifP = 0, 

is an invariant of G at any point P, and we shall describe the direction of G 
at P as time-like, space-like or null, accordingly as sgnP = -f 1, — 1, or 0. 

We shall be especially interested in geodesics whose direction is every- 
where null, and we therefore adopt a slight extension of the usual definition, 
which is applicable only to geodesics whose direction is everywhere time-like 
or everywhere space-like. We first define a “transport vector”* for a curve 
<7 as a vector attached to each point of (7 in such a way that the vectors 
at any two points are parallel (in the sense of Levi-Civita) for displacements 
along (7. We then define a geodesic to be a curve G such that there exists a 

* This useful term was introduced in a paper by Kermack, McCrea and Whittaker 
(1933) and is used here in a slightly wider sense. The definition of a geodesic adopted 
here is an obvious generalization of that given by these authors. 
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transport vector K^{(t) which is parallel to the direction of O at each point <t . 
These properties of a geodesic are expressed by the two equations 

and Ki^ = (j>[(r)x^, i 

where ^(cr) is an undetermined function of cr which is always positive. It 
follows that .r^(cr) satisfies the equation 

(1-3) 


It is clear from the theory of parallel displacement that the function 

(1*4) 

has a constant value along a geodesic so that sgn L has the same value at 
all points of G. Hence the type of a geodesic, viz. time-like, space-like or null, 
is the same throughout its length, and we can therefore classify geodesics 
as time-Uke, space-like or null. 

For all t 3 pes of geodesics we can define a new parameter A (apart from 
an additive constant) by the equation 


dX^ 1 
dor <p{<T) ' 

when equations (1*2) become 


and 


ri^ 


Ki‘ = 


dxi^ 

IX' 


(1-5) 


These relations yield the equations to a geodesic in the standard form 

„„ dx'^dx^ 


( 1 - 6 ) 


which is seen to be valid whether the geodesic is time-like, space-like or null. 

To determine the significance of the new parameter A we introduce a 
second transport vector Af^ for the geodesic G, vdth the condition that the 
length of is to be -fl or — 1 accordingly as is time-like or space-hke. 
It then follows from the theory of parallel displacement that A^K^ or 
Aj^dx^jdX has a constant value, say k, along (?, whence 
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Now is the projection of the element of the geodesic between the 

points {xf^) and upon the transport vector -4^. We shall therefore 

callj A^dx^ the ‘‘projected length” of the geodesic* from Pq with respect 

to the “projection vector” A^. 

It is now clear that the value of the parameter A at a point P is merely a 
linear function of the projected length of the geodesic arc PqP. The same 
equation also shows that a different choice of the transport vector A^ 
changes all projected lengths along G in the same ratio. For, if is another 
unit transport vector along G, it follows from (1*7) that 

Hence the projected length with respect to A^ is proportional to the pro- 
jection of A^ on G at any point. 

2. PbOJECTED 2TOBSIAL CO-OBDES-ATES 

The system of normal co-ordmates introduced by Riemann is defined in 
terms of a set of n orthogonal directions at the base point 0, The normal 
co-ordinates of a point P at a geodesic distance s from 0 are taken to be 


= If^s, 

where {P-, are the direction cosines of the geodesic at 0 with respect 

to the n orthogonal directions. In a manifold with an indefinite metric this 
definition does not apply to points P on null geodesics from 0. We can, 
however, extend the definition so as to apply to pomts on all types of geodesic 
from 0 by employing the concept of projected length. 

We therefore take the normal co-ordinate of P to be the projected length 
of the geodesic OP with respect to a projection vector in the pith orthogonal 
direction at 0. It is clear that the directions of the co-ordinate axes at 0 
will coincide with the n orthogonal directions. Hence, if 

ds^ = g^dz^dz^, 

at the point 0, 9ftv = 0 when pi^v, (2*1) 

We can also show that = the indicator of the /^th direction, i.e. a 
scalar with the value -|- 1 if the direction is time-like and the value — 1 if 

* The concept of “projected length” was first introduced, for null geodesics, by 
Ruse (1933)- 
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the direction is space-like. For if is the projection vector for the / 6 th 
direction, at the point 0 

summed for / 6 ) . 

Hence, if P is near 0, it follows from the definition of projected distance that 

= gp^APdz^ = summed for / 6 ). 

Therefore, at 0, g^^ = (2-2) 

Hence at 0 the projection vector for the / 6 th direction is A^ = S^. Now, 
let A he the projected length of the geodesic OP with respect to a direction 
at 0 specified by a unit vector Then, by ( 1 * 8 ), 

2 i“oc {gp^APdz^ldX)^ = e^(dzPldX)Q, (not summed for /i), 

and A oc [gp^tPdz^ldX)^ = {eptPdzPldX)^. 

Therefore, if 

aP = e^{dzPldX)Q^(e^tPdzPldX)Qy (not summed for / 6 ), (2*3) 

we can write the equations of the geodesic OP in the parametric form, 

zP = aPX, (2‘4) 

which will be valid for all geodesics from 0 except those whose initial direc- 
tion is orthogonal to If is time-like this parametric representation is 
valid for aU time-like and null geodesics from 0, and it is also valid for almost 
ah space-like geodesics from 0. It is this parametric representation which 
provides the real justification for the methods employed by Etherington 
( 1933 ) Ruse ( 1933 ). We notice that 

{t^a% = tPaP = 1 , ( 2 * 5 ) 

which is the relation employed by Etherington (equation (13)). 

If we take to be along a time-like geodesic OP, then A becomes the arc 
length s, and = (dzPlds)^, Hence, if 

bP = e^{dzPjdX)Q, (not summed for jn), 

the time-like geodesics can be represented parametrically as 

zP = b^s. 

This result establishes the identity of our "‘projected normal co-ordinates” 
(zP) with Riemannian normal co-ordinates. 
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The vector with components (dz^/dA) is clearly a transport vector along 
the geodesic z>‘=a>‘A, and its length is therefore a constant. Hence 

(dsY I dz^dz”) , . 

13a)p - {*''■ SSIp 
therefore the geodesic distance OP is 

Sp = Ap{a^ai^)l = 

and the characteristic function for 0 and P is 

Q = ( 2 * 6 ) 

Now let the point P describe a curve whose direction is parallel to at 0 
(with respect to displacement along the geodesic OP). Then, if r is the arc 
length along this curve, 

dQ dz^ . dzf^ 

and, by the theory of parallel displacement, 

= 1 by (2-5). 

Hence ^ A, (2*7) 

i.e. the rate of change of i2(0, P) with respect to the arc length of the curve 
G described by P is equal to the projected length of the geodesic OP, the 
projection vector being the unit tangent to 0 at P. This result is valid 
whether the geodesic OP is time-like, space-like or null. In the last case 
the theorem has been given by Ruse (1933, § 4). 


3. Optical co-ordinates 

In a manifold of signature -h 1 — (?i — 1), of any n orthogonal directions 
at a point 0, one is time-hke and the other (7^-- 1) are space-like. Hence, by 
(2*2) in the neighbourhood of 0, the metric in projected normal co-ordinates 
is given by 

= {dz^)^- {dz^f- ... - {dz^-'^f, 

taking the ntln direction to be time-like with indicator = 1, and the other 
directions to be space-like with indicators = — 1. The null directions at 0 
then consist of two distinct systems, (i) the '‘forward” null directions for 
which dz^>() and (ii) the "backward” null directions for which ds”<0. 
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This distinction is independent of the choice of the time-like direction 
specified by = 0, == 0, . . . , dz»-i = 0 when the signature is -h 1 - ( w - 1 ) 

(Hadamard 1923, p. 39). 

We can now define the two systems of optical co-ordinates in terms of the 
forward and backward null geodesies at points on an arbitrarily chosen 
time-like curve G. Let Aq be any fixed point on the base curve C and let 
A be any other point on G. Let the arc-length A^A along G be denoted by r. 
Each of the forward null geodesics starting from Ao is specified by the 
(ra-l) ratios of the n displacements dz^ along the null geodesic at A^. 
These (n-l) ratios are connected by the relation g^^dx>‘dx'’ = 0. Hence each 
null geodesic can be specified by {n — 2) independent constants, 

The equations to the forward null geodesics through Aq can therefore 
be written in the form 

A being the projected length along the null geodesics (measured from A^) 
with respect to the direction of G at Aq. 

We next consider the forward null geodesics drawn from any other point 
A of G. Each of these is specified by (% — 2) independent constants, and we 
shall choose these constants so that null geodesics kt Aq and A with the same 
set of constants have initial directions which are parallel with respect to 
displacement along G. The equations to the complete set of forward null 
geodesics drawn from aU points on G can then be written in the form 

^ = //“(A; a^, a’*'"®, t). 

Here A is the projected length from A along the geodesic through A with 
respect to the direction of G at A, and t is the arc-length AgA along G. 

There will exist a domain D of the manifold M in the neighbourhood of G 
such that no two of the forward null geodesics drawn from points of G 
intersect in D (except on G itself). In this domain we adopt the co-ordinates 
defined by the equations 

yp = aP, = 

= r, I (3-1) 

= J 

These form the forward system of optical co-ordinates based on the curve G. 
The backward system of optical co-ordinates is defined similarly in terms of 
the backward null geodesics at points of G, and the following theory applies, 
mutatis mutaTidis, to both systems. 
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We proceed to determine the particularly simple form assumed by the 
metric in optical co-ordinates. Let 


ds^ = 

It will be convenient to allow the Greek suffixes to run from 1 to while 
Jc run from 1 to n— I, and q from 1 to — 2. 

Since C is given by the single equation, A = 0, on considering a displacement 
along G it follows that dy^dy^ = dr^ if A = 0, i.e. 


and 


Ko = h 




= 0 


if A=0. 


Again, by considering a displacement along a null geodesic at A, 


(3-2) 


i.e. 


dy^dif = if A = 0, 

= 0 ifA=0. 


(3-3) 


The equations of the null geodesics from A, viz. y* = constant, y® = A, 
must satisfy the equations 


^4- Ta _ n 

dA2 dXdA~^ 


and 

It follows that 
Hence 


Ji^dyi^df = 0 . 

r4‘„ = 0 and 

2 oT^ 

aA dyP' 


= 0 


= 0 , 


everywhere in D. 


{3-4) 


i.e. by (3-4), dh^JdX = 0 everywhere in D. Therefore 

IS independent of A, 

and, by (3*3), = 0 everywhere. 

Now consider the projection vector along a null geodesic, y^ = constant. 

At A, and along C 

A =j^h^^Afldy’’ = j^h^„A/‘dA, 

i-e h^^A'‘ = 1. (3-6) 

Hence, at A, 1 = „_i. 

Therefore, by (3-5), = 1 everywhere. (3-7) 
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Now, by (3-4), (3-5) and (3-7), 


whence 


A”‘-^ = 1. 


Since the ini tia,! directions of null geodesies with the same parameters, 
a\ are parallel with respect to displacements along C, the vector 

with components Kf‘=S^ must satisfy the equation 

whenever A is zero. Hence we must have = 0 if A = 0, i.e. 

^ 2r ■ =0 ifA = 0 
aA dyi‘~ ’ 

Now, by (3-5), (3-7) and (3-4), 

= 0, = 1 and hpp, = 0 everywhere. 

Therefore 3A^^/0A = 0 ifA=0. 

Hence, by (3-2) and (3-3) we can write 

— unless i: = w— 1,1 

and «-i = 1 + n-i> J 

where the coefficients are regular functions of A in -D. The expression for 
the metric then assumes the simplified form 

ds^ = X^7]jj^dy^dy^ + {dy'^-^)^ + 2dy'^'^^dy'^. 

We note for future reference that 


In the reciprocal tensor 


h = detA^^ = — detJi^g = - A^^^-^det^/^^ 
= -A2«-^9/. 


JlU-Xi ^ Q Jin-1,71 ^ I 


(3-10) 


(3-11) 


By direct calculation we find that on the curve C, the components of the 
Riemann-Christoffel tensor have the following values: 

^jTitkn “ ^Vjk* 


and 



New systems of normal co-ordinates for relativistic optics 131 

4. Light bays ahd wave ebonts 

Although the problem of the propagation of continuous waves in a mani- 
fold with an arbitrarily prescribed metric is of considerable complexity 
(Hadamard 1923), the theory of isolated, discontinuous waves or signals is 
peculiarly simple. In this theory the wave fronts and light rays are con- 
sidered primarily as loci, say W and J?, of three and one dimensions respec- 
tively in the four-dimensional space-time manifold. To obtain the physical 
interpretation of the theoretical results we have to consider the intersections 
of these loci with the instantaneous space /S of a moving observer. We thus 
obtain a moving system of two dimensional wave fronts IF* in 8 and a 
moving point which traces out the light track J?* in 8. 

The fundamental theorems (Hadamard 1903) are (1) if x^, a?, = 0 

is the equation of a wave front W in 8^ then (j> satisfies the equation 

0, (4*1) 

where $5^ = 

and (2) the rays B are the orthogonal trajectories of the wave front TT. 
From these principles it follows that the rays B He wholly in a wave front 
W, and that they are null geodesics. 

The system of optical co-ordinates provides a simple illustration of these 
results. Since 

if 71 = 4, it follows that the surfaces t = constant are wave fronts. The 
orthogonal trajectories of any such wave front are given by 

g = f {< rW ^ = S {< T)Sl by (3-11). 

Hence the orthogonal trajectories are the null geodesics = constant, and 
the wave fronts r = constant therefore correspond to signals emitted by a 
source whose world line is the basic curve C. 

This result suggests a generalisation of the system of optical co-ordinates 
which is appropriate for the discussion of any system of wave fronts. Ee- 
turning to n dimensions let ...,a;") = constant satisfy the equation 

(4-2) 


^ = 0. 


9-2 
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Any systems of siirfaces fix'-, x^,..., x”-) = constant, which are orthogonal to 
the system <f> = constant, satisfy the equation 

This equation possesses (n—l) independent integrals, of which one is 
clearly /= ^ by (4*2). Let (n — 2) other independent integrals be given by 
fp = constant (p = 1, 2, w — 2). Then the equations = constant, 
^ = constant, specify a system of curves B which are the orthogonal trajec- 
tories of the surfaces (W) ^ = constant. These curves are therefore, null 
geodesics. 

To complete the co-ordinate system we introduce finally a system of 
surfaces, A = constant, such that 

dX d6 

<*•") 

and we write the equations of the null geodesics R in the form 

Since these curves are orthogonal to the surfaces Tf , 


whence 


dxi^dxf dXdxf 


Therefore, by (4-4),/(A) = 1, and 


dxf‘ , 

dX-^- 


Hence 


d'^xf^ dof ^ ^ , dx^ 

dX^ dX dA’ 


where is the symbol for covariant differentiation. Then 

d^xf^ dx^dx^ j j j j 


= =[0. by (4-2). 
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Therefore A is a projected length measured along the null geodesics E. 

Our generalized system of optical co-ordinates is therefore 

== y'^ = A. (4*5) 

If the expression for the metric is 

= h^dy^dy^, 

and is the tensor reciprocal to then 

^yn—l 

kn-l.n-1 = = 0 by (4-2), 

and -S"^, = 1 ly (d-^)- 

It then follows that 

l^pn ” 1,71 ” 1 3'^d l^nn “ (4*6) 

SO that the metric has the same form as in the system of optical co-ordinates 
introduced in § 3. 

5. VaBIATIOXAL PEOPERTIES of 2^rcrLL GEODESICS 

The discussion of the Tariational properties of null geodesics turns upon 
the fact that on the null cone of any point the metric is negative semi- 
definite. To prove this we introduce the three vectors, and (7^, which 

are specified at any point in optical co-ordinates by the conditions: 

(i) (ii) = 0, B^-^ = 1, B^^ = 

(iii) + 0, = 0, G^^ = - 

It is easily verified that these vectors are mutually orthogonal. Now, in a 
manifold of signature -f 1 — (ti— 1), any vector orthogonal to a time-like 
vector is space-hke. But, if > 0, is time-like, and so G^ is space- 
like. And, if is time-like, and again G^ is space-like. Hence, 

in both cases, 

h^j,aG^ + 2G^-^G^<0, 
i.e. \g_G^G^<0. 
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Now the components C^, C”-^ of Cf‘ can be chosen arbitrarily. Hence 

if (%<“) is any displacement on the null cone of the point A, 

h^gdyPdy^<Q, ( 5 - 1 ) 

unless the displacement is along a null geodesic, when hp^dy^dy^ = 0. 
Therefore the quadratic form h^^dy^dy^ is negative semi-definite. 

We now consider the first variation of the integral Jds for null geodesics. 

We compare an arc of a null geodesic G, 

y> = a constant, a>, 0 ^ A < /I, 

and an arc of a neighbouring curve H, 

yi = a’’ + ey^iX), 0 < A ^ .4, 
with the same end-points, so that 

7j^{0) = 0 , yHA) — 0 . 

The value of ds taken along H is 

J(e) = J -1- dA, 

where dots denote differentiation with respect to A. 

If y”'~^ is not zero all along H, then 


J(e)/e^-^j dX, ase->0. 


Now the first variation of J(e) is lim J(e)/e. Hence in this case the first 

e -^0 

variation is infinite. 

If is zero all along H, the variation vector ei]^ is orthogonal to the 
null geodesic considered, and 


J(e)/e = yP ?/«)* dA. 


But, by (5-1), the quadratic form hp^y^y^ is essentially negative. Hence the 
first variation of J (e) is a non-vanishing, wholly imaginary number. This 
property of null geodesics is in sharp contrast with the corresponding 
property of time-like or space-like geodesics, for which the first variation of 


is always 
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In contrast with this negative result we can, however, obtain a positive 
variational property of null geodesics by generalizing Fermat’s Principle. 
The classical form of this principle is that the path in space of a ray of light 
is such as to make the time of passage minimum, i.e. if is the speed of light 
at any point and dl is an element of a space curve joining two points A, B, 

then the integral J dljv is a minimum along the actual path of the ray, if 

A and B are sufficiently near together. To express this principle in relati- 
vistic form we must consider two signals emitted instantaneously from the 
same point A, the world line of the first being a null geodesic and the world 
line of the second being any null curve. Then both signals move with the 
speed of light at each point of their world lines. Let the world lines of these 
two signals intersect the "world line of an observer at points P and Q. The 
times of passage of the signals are not directly observed, but the order of 
arrival of the signals is directly observable and depends upon the order of 
the points P, Q on the observer’s world line. If the variation of the null 
curve from the null geodesic is small, we shall show (i) that P and Q coincide 
to the first order of small quantities and (ii) that to the next order of approxi- 
mation Q is later than P in the experience of the observer. 

In proving these results we take A to be on the basic curve C of our 
optical co-ordinates. At A, = 1. Hence in some sub-domain of P, 

say D\ is positive. We shall consider only the case in which P and 

Q lie in P'. 

Let be the equations of the null geodesic, and let 




be the equations of the null curve. Then 

Solving this quadratic for we find that 

Therefore ' 

where 7 = — J h^^y^y^dX, 

and, by (5T), J^O. 

There is no loss of generality in taking the world line of the observer to be 


(5-2) 
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yv = ap^ yn = a Constant, for we are free to choose the direction of 0 at ^ 

arbitrarily, provided it remains time-Hke. Then 

(r-")p = 

and + 0{e^). (5-3) 

It follows from (5*2) that to the first order of approximation P and Q 
coincide, and to the second order, {y'^~‘^)Q > Now, if iV^ is a vector 

along the forward null geodesic, = 0 and > 0 ; and, if is a unit vector 
in the direction of increasing, = 0, = 0. 

Hence the projection of Nf^ on is 

Since this is positive the direction of increasing is the forward direction 
along the observer’s world line. Therefore, by (5-3), Q is later than P. This 
result is the relativistic generalization of Fermat’s Principle. 

6. Astbonomical distai^^oes 

We now proceed to apply the general theory of optical co-ordinates to the 
manifold of general relativity with a view to obtaining explicit expressions 
for the different types of distance ” specified by astronomical observations. 
There is no restriction, in this section, on the kind of manifold, but in the 
next section we indicate the particular results applicable to the manifold 
of an expanding universe of Lemaitre’s type. 

(a) Projected distance 

In the astronomical problem we have to discuss the ^'distance” between a 
star 8 at the instant of the emission of a signal and an observer P at the 
instant of the reception of this signal. 8 and P are therefore on the same null 
geodesic, and the preceding theory shows that the parameter which is 
fundamental for the geometry of null geodesics is the projected distance. 
This parameter was introduced into the astronomical problem by Kermack, 
McCrea and Whittaker {1933), whose definition of “spatial distance” is 
equivalent to what we have described above as the projected length of the 
null geodesic 8P when the projection vector is along the observer’s world 
line at P. Euse (1933) has shown that the “spatial distance” so defined has 
a physical interpretation as the distance 8P measured by rigid rods by a 
line of observers on the null geodesic 8P, 

When S is near to P we can identify the spatial distance so defined by 
taking orthogonal Galilean co-ordinates t, x, y, z P with the time-like 
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i-axis along P’s world line. (These are in fact projected normal co-ordinates 
at P.) Then the metric is 


= dt^—dx^—dy^—dz^. 


The forward null geodesic from the star at {tg, %) will pass through P 
at (0, 0, 0, 0) if 


tg — — {x% 4- 2/|f + ^%)'i 

and its projected length (in the direction of the ^-axis at P) will be 


j: 


dt = -ts= {x%+y%+z%)i. 


(6-1) 


Hence when S is near P the "'spatial distance” reduces to the ordinary 
distance measured in the instantaneous space of the observer. 


( 6 ) Doppler shift 


There is clearly an alternative definition of spatial distance as the pro- 
jected length of the null geodesic SP when the projection vector is along the 
world line of the star at S. L^t A' and A" denote the projected lengths when 
the projection vector is along the world line of the observer and star respec- 
tively. Then we shall show that the ratio A" : A' is the familiar Doppler 
factor giving the ratio of the observed to the emitted wave-lengths. If we 
adopt optical co-ordinates with the world line of S as the base curve, and if 
the world line of P is 2 /^ = ^ being the arc length, then it follows from 

(1*8) that 




ds dr 


y^ — y%{X) being the equations of the null geodesic SP and yP = y^{s) the 
equations of the base curve. Hence 

X'lX" = dy%lds. (6-2) 

From the standpoint of optics the Doppler effect for light signals can be 
“^seussed either in terms of the energy momentum vector of photons or of 
the firequency of a series of signals. The energy momentum vector of a 
photon is a transport vector parallel at every point to the world line P of a 
photon. Hence, in optical co-ordinates, 

P? = 0 and = P, 

P being a constant along P. The energy of the photon, as measured by an 
observer P, is the component of P^ along the world line of P, i.e. it is 

Ji^^EPdy^pjds = Edy^jds. 



138 


G. Temple 


For an observer moving along the base curve C, dy% = ds, so that such an 
observer estimates the energy as E. Now the Doppler shift for photons is 

^ ^ wave-length at P _ frequency S ^ energy at S 
wave-length at S frequency at P energy at P ‘ 

Hence D = dsldy% (6*3) 

and therefore D = 

Again if two signals are emitted from points A and B on the base curve C 
with co-ordinates {a, b, r, 0) and (a + da,b + db, r -{- dr, 0), and are received by 
an observer at points P and Q with co-ordinates {a,b,T,X) and {a + da, 
6 4- r -f dr, A -f dX), then the effective frequencies of emission and reception 
are proportional to (dr)-^ and (ds)-^ respectively, where ds is the interval 
PQ, Hence 

D = {dT)^^l{ds)-^ = dsjdr 
— dsldy%. 

Thus the same value for the Doppler shift is given by the corpuscular and 
undulatory theories, as was first shown by Kermack, McCrea and Whittaker 
(^933: §§7 and 11). 

According to the definition given by those authors, P is at rest relative 
to aS if the direction of the world Mnes of P and S are parallel with respect to 
displacement along the null geodesic SP. By (1-8) this implies that A" = A', 
and hence D = 1. 


(c) Whittaker^ s first definition of distance 
The first definition of distance, which opened the whole discussion 
(Whittaker 1931) is more complex than the definition in terms of projected 
distance, but can be discussed quite simply by the use of optical co-ordinates, 
taking the base curve to be the world line of the star. 

We require two preliminary results, viz. (i) the equation of any space-like 
surface can be written in the form y^, j/^), and (ii) the area of 

the cross-section of a pencil of null geodesics starting from the same point A 
by any is independent of the orientation of the 
To establish the first result let f{y'^, y^, y^, y^) = 0 be the equation of any 
surface Let/^ = dfjdy^ and//* = Then, by (3*11), 

Hence, if/^^ = 0 at any point P of also vanishes at P. Therefore, for 

a displacement, dy^=f^dor, along the normal to at P, 
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But, by (5-1), this quadratic form is never positive, so that the normal to 
at P is space-like or null. Now, if is a space-like surface, its normal is 
everywhere time-like. Hence, for a space-hke surface, cannot vanish at 
any point. The equation /= constant can therefore be solved for in the 
form 

To prove the second lemma, we note that on the null cone of A the metric 
is given by 

ds^ = h^gdy^dy^. 

This nuU cone intersects any space-like ^3 in a two-way whose metric is 
obtained from that of the null cone by writing 

dy^ = d<f>jdyKdyK 

But since the metric on the null cone contains no terms in dyMy^, this 
substitution leaves the metric unchanged. 

This result, which we have proved in the large, is the generalization of a 
theorem proved the Walker (1933 a, § 2) for a thin pencil of null geodesies, 
given in our notation by 

a^^y^^ar^-^daP, y^ = t. 

Our result shows that the area of the cross-section of the pencil by any 
space-like is 

{dethp^)^dd^da^ = { — h)^da?-da^, by (3*10). 

This area is clearly independent of the orientation of the 8^ and depends only 
upon the position of the point P near which the pencil meets S3. We shall 
denote this area by Vp, so that 

Vp = { — hp)^da?-da^ = X%{7jp)^dd^da^, by (3*10). 

To obtain Whittaker’s original definition of distance, which we shall 
denote by A-ppr, we consider a second observer Q near the star 8, and at rest 
relative to the first observer P, By (6*1) and (6*3) the distance of 8 from Q in 
the space of Q is 

5= A' = A'7D = AQ/i), 

Ag being the y^ co-ordinate of Q. Then, Whittaker’s definition is, in effect, 

A^:S = V^:V^=ihplh^)\ 

Therefore = ^p{VpIVq)^I^> (®'^) 

where Q can be taken at the star S. 
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[d) BtheringtorC a distance 

In the modification of Whittaker’s original definition due to Etherington 
(1933) the second observer Q is taken to be near the star S and at rest relative 
to the star. Hence the distance of Q from 8 is now 

Etherington’s definition may then be written 

A^:8 = V^:Vi={hplhQ)i, 

whence = ^p{VpIVq)^- (6-5) 

Etherington has proved that unlike Ajj,, is an absolute scalar in- 
variant, which can be expressed in the form 

where gp, are the values of detgr^j, at P and 8 in any arbitrary system of 
co-ordinates, Q is the characteristic function for 8 and P, 

J = dBt{d^Qjdxjpdx^)^ 

and dr is an element of the world line of 8 . (Etherington’s proof, which 
employs Riemannian normal co-ordinates, really presupposes the definition 
of these co-ordinates for an indefinite manifold, given above in § 2.) 

It is obvious that, in general, and A^ wiU differ from the projected 
distances Ap/P and Ap, and that, in optical co-ordinates, the variation of 
determines the derivation between these different measurements of distance. 

(e) Distance by apparent size 

Etherington has also pointed out that the distance of a star as estimated 
from its apparent size, say A^, can be obtained from dp by interchanging 
the roles of the star and the observer. Hence 

+ (9s9pIJ^)^ {dQ/dsp), 

where dsp is an element of the world line of P. Now, by (6*3), 

D = dspjdr — — dQjdr : dQjdSp. 

Therefore A^ = ApjD = A^, (6-6) 

so that Whittaker’s original definition agrees vith the definition in terms of 
apparent size. 
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(/) Luminosity distance 

For the sake of completeness we also add the result obtained by Walker 
(^933^) "that the distance of a star as estimated by its luminosity is 
given by 

= Xp{')]pI7Jq)^D 

= ( 6 ' 7 ) 

(g) Distance by parallax 

Finally we shall obtain an expression for the distance as determined by 
observations of parallax, i.e. the angle between the apparent directions of the 
star as observed by two observers P and P. 

If the direction of the null geodesic from the star at P is specified by the 
vector and if the unit vector along the world line of P is nf, then the 
apparent direction of the star in the instantaneous space of P is specified 
by the projection of in this space, i.e. by the vector 


The magnitude of this vector is 

If gp is taken to be dy^/dX, where A is the projected distance along the null 
geodesic, the projection vector being along the world line of the star, then 

n^gp = n^dyp : dA = A' : A" 
in the notation of § 6 (a). Hence, by (6-3) 

n^gp = D-\ and (6-8) 

where D is the Doppler shift at P. 

Similarly, if gp specifies the direction of the null geodesic at P, and the 
unit tangent to the world line of P, then the apparent direction of the star 
at P is specified by 

pft ^ g/i^ gP), 

The general discussion of distance by parallax is somewhat complex as it 
involves the relative motions of the two observers and the star. We shall 
therefore restrict ourselves to the simplest case when P is at rest in the 
instantaneous space of P, while the line PP in this space is perpendicular 
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to the apparent direction of the star. If (?/^) and («/-“+ are the co- 
ordinates of P and P respectively these conditions imply that 


= 0 and Pudyi^ = 0. 


} 


The distance by parallax is then given by 


(6-9) 


Zip = dljdd, 

where dl is the distance of P from P, and dd is the angle between the apparent 
directions of the star at P and P. It is clear that 


dl = {-h^^dyi^dy^f, 

but the determination of dd is more complicated. 

The angle between at P and at P is equal to the angle between 
p^ + dp^ at P and at P, where p^ 4- dp^ at P is parallel to p^ at P, i.e. 

p^ 4 dp^ — pi^— p^ dyK 

We shall write 


= gi‘- n^in^g^) - F^^'p^Ay^ -gi^+ ^{n^g% 

NoWj in optical co-ordinates, the components of and gi^ are each (0, 0, 0, 1). 
Hence, by (6-9) 

= ^-^{nf^n^-hi^^)dy^, ( 6 * 10 ) 


neglecting products of the displacements dy^. 

It remains to calculate the angle dd between pi^ and p^^ 4 The standard 
formula for the angle between two vectors and gives the cosine of 
the angle as 

COS0 - (E^,F^){E^Ef^)-^F^F^)-\ 

but for small angles it will be better to form an expression for the sine of the 
angle. Writing 

= E^F^ — E^Ff^, 

we easily find that 

Billed = {E^Et^)-^[F^F.-)-\ 

E^ = and 4 tt^, 


Now, if 
then 
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and = (WPf) 

But, by (6-10), p^7r-“ = - lKp¥"dy^ 

= + lh^^n<^dyf{n^ge'), 

using dots to denote differentiation 'witb respect to A. 

Also TTjjii‘ = \%afi^f„{1i^e—n^p)dy^d‘if. 

Hence = - l{n^ gi^f'k^^'hp„'h^cdyH]f. 

Now, by (6-8), Ei^Ei^ = ^Pi^ = -D^, 

where D is the Doppler shift at P; and 

Fi^F^ = + dpf^) ip' -h dp') 

= (since the displacement is ''paraHel”), 

Therefore, inserting the values of F^E^ and F^F^ in the expression 

for sin^ 6, we find that 

dd = iD{^K^%^,h-Pdy^dy-}K 
The distance by parallax is therefore 

2{ — h^^dyPdy^)^ 

Zlp= — Z iL Z ... ^ ^ . (0.11) 

D{-\^hp^}i^PdyHiff 

7. Optical co-ordinates in an expanding universe 
A standard form for the metric of an expanding universe is 

ds^- = dt^ - R^t) ( 1 + pr2)-2 (dr2 + rHd^ + sin^ dd^), 
which is conveniently written as 

ds^ = dP — R\t) {du^ — V^{u) {dd^ + sin^ ddp)}, 

where %=f (1 + and ?7(i/) = r(l + (7*1) 


We shall construct a system of optical co-ordinates valid for all values of k 
and P(?). 
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We take the basic curve C to be the time-like geodesic r = 0 or = 0. The 
null geodesics through any arbitrary point A (t == r) on G are then given by 

6 = constant, ^ = constant, 

«=/(^)-/W. ^liere /W =J 0 '^) 

It is clear that d, ^ and r (as defined by the last equation) are optical co- 
ordinates corresponding to and of § 3. 

To obtain the remaining optical co-ordinate A we have to determine the 
projected length of the null geodesic (7*2). In an obvious notation we shall 
write the components of the projection vector as A^, A^ and the 

three-index symbols as etc. It is clear that A^ and A^ = 0. The 
rema inin g components are determined by the equations 

dA^ = —F^yyA^du = —RR'A^du, 

dA^ = -Flt{A^dt^Adu) = -R'^R^A^dt-^ A du), 

and the initial conditions, 

A =1, -4^ = 0, when u = 

We simplify these equations by writing dt = Rdu (since the curve is a null 
geodesic) and by taking R{t) as a new independent variable. We thus obtain 

dA^ _ dA^ _ A^ A^ 

dR~‘ ^ ^ dR 
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We now have, from 

(7-2) and (7-3), 


dT^^{dt-Ii(t)du} 

and 

R{t)dt-R{r)dT XR'{r)^_ 
R(t) 

Hence, if 

„ R^it) 2 \R'{t) 

" R{t) ' R%t) ’ 

then 

Tdr + 2dA = {dt + R[t) du). 

Therefore 

Tdr^ + 2drdX = dt^-R^{t)duK 

Hence, in optical co-ordinates, 


ds^ 2dTdX - JR^t) U^u) {dd^ 4* sin^ 6 d(j>^). (7-5) 

The simplicity of this expression is apparently spoilt by the complicated 
form of T, but fortunately T does not appear in the expression for the 
determinant of the coefficients, h = det whose value is 

}i = -R^{t)U\u)Bm^d, 

Near the base curve C, r and u are small, and we have the following approxi- 
mations: 

A*==i— T, from (7*3), 

U{u) '==r = u, from (7*1), 
h h== —A^sin^^. 

Therefore = lim ( — A/ A^) = sin^ d, 

A— ^0 

and = (7-6) 

We can now vTite down explicit expressions for the various astronomical 
distance functions from a star whose world line is r = 0 to an observer at 
{t, r, d,^). The projected distance is 

r^B{x)dx ^ 

Jr m * 

* This does not agree with the expression given by McGrea (1935, eq. ( 11 )), which 
appears to be erroneous. 
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■where t is defined by the equation 

dx 


r dx _ r 


^ dx 

R[xy 


If the observer is at rest in the 0, co-ordinate system, the Doppler 
shift is 

D = dsjdr by (6-1) 

= dtjdr 

=^R{t)IR(T)^ by ( 7 - 2 ). 

Etherington’s distance is 

= by ( 7 - 6 ) 

Whittaker’s first distance function, or the distance by apparent size, is 


The luminosity distance is 


rE{T) 


^ v'.D — 


mt) 


R{t) l+pr2 


4 


FinaEy we shall calculate the distance by parallax in the simplest case 
when P and P are at rest in the original co-ordinate system and make their 
observations simultaneously in this system. The original co-ordinates of P 
and P -will then be {t,r,d,(j>) and {t,r,d + dd,(l>+d(l>). The distance by 
parallax then becomes, by (6-11}, 

^ 2{-\^dyPdy<if- 

= f^{DdfldX), 

where / = R{t) U{u). 

Now, after a little calculation, we find that 


whence 


9/ m 
fdx [P(i)]2 



U(u)l’ 


A = 8 


* Cf.Tolman(i934, eqn. ( 178 * 5 ))and Walker (1933 6, eqn. ( 4 - 1 )), where the observer 
is at the origin. 

t Cf. Walker (19336, eqns. ( 37 ) and ( 40 )), where B corresponds to our jK(r). 

1 Cf. McCrea (1935, eqn. ( 15 )), where Bq corresponds to our B(i) and B^ to our B(t), 
§ Cf. McCrea (1935, eqn. ( 10 )), where Bq corresponds to our B(t). 
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SlJIVIIVIABY 

This paper develops the theory of a new system of normal co-ordinates 
(y^) in an 7i-dimensional manifold with an indefinite metric of signature 
-f- 1 — (ti — 1). In this system of co-ordinates the expression for the metric 
has the form 

ds^ = hjj,dy^dy^ -f 2dy^-^dy^, {j, k==l,2, 

Any arbitrary time-like curve C being taken as the base curve, the forward 
null cone at any point A on C is given by = constant, C itself is given by 

the single equation y^ = 0, and any forward null geodesic G from A is given 
by y^ = constant {j = 1, 2, 1). y^ is the '"projected length’’ defined in 

a general co-ordinate system (r^) by 



where the integral is taken along G from J., and is a unit vector trans- 
ported along G by parallel displacement and forming the tangent to C7 at -4. 

Hadamard’s theory of null geodesics as bicharacteristics leads to a 
generalization of this system of normal co-ordinates in which y'^~'^ = con- 
stant is the equation of a system of wave fronts, y^ = constant are the equa- 
tions of the orthogonal null geodesics or rays, and y'^^ is a projected length 
measured along the rays. 

The theory is applied to optical problems in general relativity. Fermat’s 
principle of minimum time is established rigorously for any relativistic 
manifold. The discussion of astronomical determinations of distance is 
simplified by the use of the new system of normal co-ordinates, which gives 
exphcit expressions for the various distance functions. These general results 
are illustrated by the case of a manifoldrepresenting an isotropic expanding 
universe. Incidentally the use of normal co-ordinates of Riemann’s type in 
relativistic optics is justified by a new definition in terms of "projected 
distances”. 
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The separation of isotopes for the investigation 
of nuclear transmutations 

By E. Leightoit Yates, Ph.D. 

{Communicated by E. F. Appleton, F.R.S. — Received 27 June 1938) 

Iktrodijction 

The bombardment of an element with intense beams of protons or deu- 
terons may lead to a variety of processes of nuclear transmutation. When, as 
is normally the case, the bombarded element is composed of two or more 
isotopes it is often difficult to estabhsh wdth certainty the nature of the 
transmutations which give rise to the observed disintegration products. 
The use of separated isotopes as targets for such experiments greatly 
facilitates the interpretation of the results. The investigation of the radio- 
actmty of ®Li, for example, was simplified considerably by the use of the 
separated isotopes of lithium (Rumbaugh and Hafstad 1936; Lewis, 
Burcham and Chang 1937). Apart from hydrogen, lithium is the only light 
element which has been separated into its constituent isotopes in quan- 
tities sufficient for disintegration experiments. Oliphant, Shire and Crow- 
ther (1934) have described two simple mass spectrographs by means of 
which quantities of the hthium isotopes of the order of 10”'^ g. were obtained, 
while Rumbaugh (1936) has used a mass spectrograph of more comphcated 
design to produce several hundred micrograms of the lithium and potassium 
isotopes. The present paper describes an improved but still comparatively 
simple mass spectrograph, similar to those described by Oliphant, Shire and 
Crowther, which has been used for the separation of 30/^g. of the heavier 
isotope of lithium and 2 pg. of each of the isotopes of boron. The apparatus 
has also been used for the preparation of several micrograms of the isotope 
of carbon of mass 12 free from the heavier isotope. 



The separation of isotopes 

The ion sources 
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(a) lAthium 

Lithium ions may be obtained by heating a platinum filament coated 
with a lithium salt. The preparation of the isotoj)es demands, however, a 
stable ion source capable of yielding a copious supply of lithium ions over 
long periods. Blewett and Jones (1936) have coated a platinum filament 
1 cm.^ in area with y?-eucrjrptite, LigO : AlgOg : 2Si02, and obtained lithium 
ion currents of the order of 1 mA. In some experiments in the Cavendish 
Laboratory, Shire had designed a platinum filament which held larger 
quantities of the ion source than the simple coated strips described in the 



published work (Oliphant, Shire and Crowther 1934). This design also 
enabled the source to be maintained at a temperature more nearly equal 
to that of the platinum filament. The front face of a platinum V-shaped 
trough, 2 cm. long and 1 cm. deep, was pierced with small holes through 
which the semi-fluid mixture diffused to provide the emitting surface. 
The temperature was maintained by a current of about 65 amp. through 
the trough and, since the emission increased rapidly vith the temperature, 
the latter was kept near to the melting-point of platinum. Owing, therefore, 
to the risk of breakdown, molybdenum and tungsten troughs were tried, 
but in each case the metal was attacked by the mixture at the higher tem- 
peratures. At lower temperatures the jield was definitely less than that 
obtained with platinum. The initial separation of the ions was obtained by 
applying 250 V between the front face of the platinum trough, F (fig. 1), 
and a grid, of fine tungsten wire placed 5 mm. from it. The second stage 
consisted of about 2000 V applied between the grid G-^ and a similar grid, 
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Ggj mounted in the end of a steel cylinder which formed part of the ion lens, 
D-E. This lens was used to focus the ions on the exit slit of the mass 
spectrograph, about 30 cm. distant. The potential across the ion lens gap, 
D-E, was about 6000 V, the focus being adjusted by varying the potential 
on 02- 

The ion source fitted inside a steel 'water-jacket, «/, and the accelerating 
grids and ion lens were completely enclosed in steel tubes. These steel tubes 
shielded the ion beam from the stray field of the magnet which was employed 
in the mass spectrograph. A short length of sylphon bellows allowed the 
ion source to be moved relative to the mass spectrograph against which it 
fitted. In this way the maximum ion beam was directed into the mass 
spectrograph. The apparatus was evacuated by means of a large mercury 
diffusion pump. 

The maximum ion current obtainable from the source was about 2 mA. 
After focusing, however, the total ion current was never more than one-tenth 
of this, giving about 40 /jlA of the ions of the heavier isotope of lithium. 
With this current the isotope was deposited at the rate of 10 /^g./hr. Under 
these conditions the source did not last for more than three hours and 
deposits of more than 30 [ig. were not obtained in a single run. After removal 
from the apparatus, the deposit of lithium isotope was fixed by exposure 
to the vapour of hydrochloric acid. 

(6) Boron 

The main difficulty in the separation of the boron isotopes is the pro- 
vision of a suitable ion source. Several attempts were made to obtain boron 
ions by heating boron salts both alone and in combination with other salts, 
but in no case was a measurable boron isotope current obtained. An attempt 
was also made to produce the ions in a high frequency spark, as used by 
Dempster (1936) and his collaborators (Sheng-Lin Ch’u 1936), but without 
success. Aston (1920) has obtained boron ions by introducing boron tri- 
fluoride into a gas discharge. The yield given by the simple discharge tube 
used by Aston would not be sufficient to justify its use in the preparation of 
samples of the isotopes. The simple gas discharge produces ions of variable 
energy and the addition of a subsidiary electrostatic field to produce the 
homogeneity in energy required for the successful operation of the velocity 
selector would make the apparatus unmanageably comphcated and would 
certainly result in the loss of a large proportion of the ions. These difficulties 
were avoided by using a low voltage arc similar to that used by Oliphant 
(1929) for the production of helium ions. It was found that the addition of 
boron trifluoride to the helium resulted in the production of boron ions. 
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Two types of low voltage arc were employed. In the preliminary experi- 
ments an open arc was used but gave a low yield of boron ions. Modification 
of this arc to one of the capillary type increased the boron ion current by a 
factor of ten. The arc was similar to that used by Tuve, Dahl and Hafstad 
U935) fli® production of hydrogen ions. The use of boron trifluoride in 
the arc makes it necessary to use tungsten instead of coated filaments, and 
the design of Tuve, Dahl and Hafstad was therefore modified to allow of 
efficient water-coohng round the arc. The essential details are shown in 
fig. 2. The steel capillary, C, was made 2 cm. long and 3 mm. in diameter. 



but aU attempts to strike the arc in helium and in hydrogen failed. In- 
creasing the diameter of the capillary to 4 mm. had no effect, but when the 
capillary was shortened to 15 mm. no difficulty was experienced in striking 
the arc to the anode, A . The arc was first struck in pure helium and the boron 
trifluoride slowly added. The helium was then gradually reduced until, 
after about 1 hr., the arc would run in boron trifluoride alone. In order to 
freeze out mercury and hydrocarbon vapours, the gases supplied to the arc 
were passed through a trap immersed in solid carbon dioxide and acetone. 
The rate of flow of the helium was controlled with a needle valve. The use 
of such a valve to control the flow of the boron trifluoride was not possible 
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owing to the chemical activity of the gas, and it was therefore allow'ed to 
leak through fine glass capillaries from a small reservoir containing the gas 
at a pressure of about 10 cm. The gas in the reservoir was stored over 
mercury. 

The largest ion currents were obtained with an arc current of 0*6 amp. and 
a potential difference across the arc of about 60 V. A subsidiary arc running 
between the filament and the metal capillary helped to stabilize the main 
arc; this subsidiary arc ran at 0*1 amp. and maintained the capillary at a 
positive potential of 20 V with respect to the filament. The ions were drawn 
out of the arc through a 2 mm. hole in the centre of the capillary, by a 
negative potential of 3000 V on the probe, This probe was held in position 
by means of a water-cooled steel disk and w" as insulated from the ion source 
by a cylinder of fired steatite. The hole through the centre of the probe 
was 4 mm. long and 1 mm. in diameter. The current to the probe was about 
O'D mA and the ion current through the probe was about 10 % of this. After 
energmg from the probe canal the ions were focused by two ion lenses, the 
first between the probe and the cylinder D, and the second between the two 
cylinders D and JE (fig. 1 ). The potential of the cylinder D, was found to need 
critical adjustment in order to obtain an image of the probe canal at the 
exit slit of the mass spectrograph. The most satisfactory potentials on the 
cylinders JS and D, on the probe B, and on the capillary C, were found to be 
0, 8500, 7000 and 10,000 V respectively. Except for the insulation of glass 
and steatite and for the brass water-cooling tubes, the apparatus was con- 
structed of steel thus ensuring the protection of the ion beam from the stray 
field of the magnet. The ion lens was evacuated with a four stage mercury 
diffusion pump. 

The ion currents obtained with this arc were considerably greater than 
those obtained with the open arc. A current of 2 /^A of the isotope of mass 
11 was obtained producing deposits of about 2 /eg. in hr. The ion 
current of the lighter isotope was one-quarter of this and deposits of 1 /eg. 
were obtained by collecting for 5 hr. 


The mass sfectbograph 

The mass spectrograph made use of the device commonly known as a 
velocity selector in which ions of a definite velocity are separated by the 
simultaneous action of crossed electrostatic and magnetic fields. This type 
of mass spectrograph has advantages over most other types when used to 
prepare samples of separated isotopes. The ions of the required isotope travel 
along approximately straight lines and the apparatus is therefore easy to 
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construct and to adjust. The separation of two isotopes is proportional to 
the magnetic field and the resolution is thus xmder control. The separation 
of two beams of ions, of masses m-^ and and charge e (e.s.u.), after tra- 
versing L cm. in a region of horizontal magnetic field of intensity H gauss, 
and vertical electrostatic field, is given by the relation, 

^ = "IT (^) "vw) J (^) ’ 

where c is the velocity of light and V (e.s.u.) is the potential through which 
the ions have passed before entering the selector. Two factors limited the 
choice of this potential, F. The production of the ions demanded a certain 
minimum value, and also an increase in the energy of the ions reduced the 
effect of space charge on the width of the beam. The accelerating potential 
therefore, was determined by these considerations. The magnetic field was 
then chosen to ensure that the linear separation of the isotopes was several 
times greater than the width of the slit through which the ions emerged 
from the velocity selector. 

The main features of the mass spectrograph were similar to those described 
by Oliphant, Shire and Crowther (1934). There were two improvements in 
the design which simplified the working of the apparatus. The flat parallel 
plates P (fig. 3), between which the electrostatic field -was maintained, were 
ruounted as a separate unit which could be withdrawn from the spectrograph 
for cleaning and adjustment. Considerable improvement also was made in 
the method of collection of the isotopes. On emerging from the spectrograph 
the ions entered a copper box, B, In the lithium separation experiments 
this box was suspended from a glass tube containing liquid air, the deposits 
being obtained upon a copper surface. A, cooled to liquid air temperatures. 
When the collecting foil was cooled vith liquid air in the presence of boron 
trifluoride the gas solidified on the surface and contaminated the isotopes 
deposited upon it. The box was therefore supported on glass pillars and was 
not cooled. 

The collecting box was raised to a potential of about 1000 V less than the 
total potential employed in the acceleration of the ions. This reduced the 
energy of the ions before deposition, thus minimizing the effect of sputtering 
and reducing the secondary electron emission. The foil upon which the 
isotopes were deposited was supported on a removable tray and the rate of 
deposition of the isotope was examined during an experiment by measuring 
the current flowing between the foil and the box. Owing to the retarding 
potential of the collecting box and also to the presence of the stray field of 
the magnet, the ions were deviated out of the neutral beam. A copper 
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shutter, S, was arranged to close the exit slit of the mass spectrograph by 
the rotation of a ground seal in the end plate of the apparatus. The required 
isotope was collected on the shutter to avoid contamination of the collecting 
foil while the initial adjustments were being made. When these adjustments 
had been completed, the shutter was opened and the isotope allowed to fall 
directly on to the collecting foil. A small mercury dijffusion pump was 
connected to the apparatus adjoining the collecting box to reduce the con- 
tamination of the collecting surface by the boron trifluoride gas. 



The magnet pole, pieces, which were 25 cm. long and 6 cm. deep, fitted 
tightly against the sides of the brass box containing the electrostatic field 
assembly. The width of this box was 3 cm. The copper plates, P, 2 cm. wide 
and 25 cm. long, moimted 7 mm. apart, were made parallel by suitable 
washers. The potential for the electrostatic field was obtained from a small 
‘'voltage-doubler*'" circuit capable of providing ± 2000 V, the centre point 
being earthed to the mass spectrograph. The ion beam was limited by slits, 
15 by 5 mm., at each end of the mass spectrograph. When the magnetic 
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field was 5000 gauss and the accelerating potential was 8000 V, the electro- 
static fields necessary to collect the isotopes of lithium were 2500 V/cm. for 
®Li and 2300 V/cm. for "Li. In the case of boron, where an accelerating poten- 
tial of 10,000 V and a magnetic field of 7500 gauss were employed, the electro- 
static fields were 3150 V/cm. and 3000 V/cm. for and respectively. 

The power of the velocity selector to separate isotopes depends upon the 
constancy in energy of the ions. A variation of 9 % in the accelerating 
potential of the ions produces an overlapping of the spectral lines and is 
sufficient to prevent separation of the boron isotopes. It was found that 
increasing the potential on the probe (B, fig. 2), resulted in an increased 
isotope current but reduced the resolution owing to its producing a greater 
variation in the energy of the ions entering the mass spectrograph. In order 
that a deposit of the order of one microgram of ^‘^B could be obtained in one 
day it was necessary to use a potential between the capillary and the probe 
of 3000 V and a total accelerating potential of 10,000 V. The resolution was 
restored by increasing the magnetic field to 7500 gauss. Under such con- 
ditions the variation of boron isotope current with the electrostatic field is 
shown in fig. 4. 


Results 
(a) Lithium 

Several samples of both isotopes have been subjected to artificial dis- 
integration experiments in the High Tension Laboratory (Lewis, Burcham 
and Chang 1937). Bearing in mind that normal hthium contains 91-7 % of 
^Li (Aston 1933), it was found that the samples were of high purity. The 
disintegration experiments indicated that on the ®Li sample the amount of 
^Li was less than 2*5 % of the amoimt of this isotope normally associated 
with ®Li; while on the ^Li sample the amount of ^Li was less than 1*0 % of 
the natural amount of this isotope. 

(6) Boron 

The boron isotopes have been tested by bombardment with high energy 
protons and deuterons in the High Tension Laboratory. A portion of copper 
foil, which had been in the apparatus adjacent to the target upon which the 
boron isotope of mass 11 had been deposited, was also bombarded to test 
for the general deposit of boron previously found when the foil was cooled 
with liquid air. From these experiments the purity of the targets could be 
estimated. A deposit of boron was found upon the copper foil amounting 
to about 7 of the isotope deposits. The isotopes were therefore deposited 
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upon surfaces already contaminated by boron. Even had the mass separa- 
tion been perfect this contamination limited the purity of the isotopic 
sample. It is difficult to see how this contamination can be avoided, for the 
instability of boron trifluoride gives rise to a deposit of boron throughout 
the apparatus. About 2*7 % of the isotope of mass 10 was found on the 
target upon which the heavier isotope was deposited. This was almost 
entirely due to the general contamination. The amount of in the 
deposit was lo %, about o % of this being due to the contamination. The 
isotope of mass 10 being four times rarer than the heavier isotope, it was to 
be expected that the purity of the deposit of this isotope would be less than 
that of ^^B. Although the isotope deposits were not of very high purity they 
were sufficiently pure for the purpose for which they were required. It may 
be observed that the percentage of ^®B in the separated sample was more 
than four times greater than in natural boron. 

The experiments on the transmutations of the separated isotopes wiQ be 
described in a future communication. 

(c) Carbon 

The same apparatus has been used for the preparation of samples of the 
carbon isotope of mass 12. A 50 % mixture of helium and heavy methane 
(CD4), was introduced into the capillary arc. It was found that the use of 
helium increased the carbon isotope current by a factor of two. Heavy 
methane was used in order to avoid the large current of ions of mass 13 
which would have resulted from the use of ordinary methane. Ion 
currents of 3 /xA of the desired isotope were readily obtained and deposits 
of 2 [ig, were prepared by collecting for about 1^ hr. No attempt has yet 
been made to collect samples of the carbon isotope of mass thirteen. 

I wish to acknowledge my gratitude to the Department of Scientific and 
Industrial Research for an award which enabled me to carry out this work. 

SumiAEY 

A mass spectrograph of simple design has been used to prepare deposits 
containing a few micrograms of the separated isotopes of lithium, boron 
and carbon. In the case of lithium, a filament type ion source was emplo^^ed, 
while the boron and carbon ions were produced in a low voltage capillary 
arc running in boron trifluoride and in a mixture of heavy methane and 
helium respectively. On examination in artificial disintegration experi- 
ments, the samples were found to be of high purity. 
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The scattering of fast /3-particles by mercury hu'clei 

By a. Bauber B. C. Chaivipio^?- 
King^s College, London 

{Communicated by C. D, Ellis, F.B.S. — Received 17 February 1938 — 
Revised 28 June 1938) 

[Plate 2] 

1. Inteoductio^^ 

An account of the scattering of fast y^-particles emitted by Ra E, with 
energies lying in the region of 1 mV by nitrogen nuclei has been given in a 
previous paper (Champion 1936). Using an expansion chamber it was 
found that the scattering between 20 and 180° was in fair agreement with 
a formula deduced by Mott (1932) on wave mechanics. The present paper 
gives an account of similar experiments carried out with mercury nuclei. 
Apart from very large deviations from Mott’s formula, other phenomena 
of an interesting nature are observed. 


2. ExPEEIMEXTAn 

A standard semi-automatic expansion chamber of rubber piston type 
was used and a magnetic field of 400 oersteds was supplied by a pair of 
Helmholtz coils in the usual way. Illumination was provided by two groups 
of four 100 V 100 W semicircular filament lamps, flashed on a 200 V D.C. 
circuit for a fraction of a second. The lamps were silvered on the surface 
behind the filament and covered with black Chinese lacquer, except for a 
slit some 3 mm. wide in the direction of the chamber. They were run con- 
tinuously at duU-red heat, the resistance being short-circuited at the instant 
of flash. Used in this way, each lamp lasted for more than a thousand 
photographs. Mercury was introduced into the expansion chamber in the 
form of mercury dimethyl vapour. The mercury dimethyl, which is liquid 
at room temperature, was contained in a U-tube which communicated 
through a tap with a hole in the top of the chamber. In order to make sure 
that the chamber was kept saturated with vapour, opportunity was fre- 
quently provided for fresh vapour to be drawn into the chamber, by opening 
the communicating tap and operating the chamber piston before the 
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commencement of each run of fifty photographs. The vapour pressure of 
mercury dimethyl was measured and found to be 3-65 cm. of mercury at 
18*0° C. The remaining gas in the chamber was nitrogen, and since the 
chamber was operated at atmospheric pressure, the gas mixture was about 
95 % nitrogen and 5 % mercury dimethyl vapour. The disadvantage of a 
relatively small number of mercury nuclei for scattering purposes is counter- 
balanced by their high nuclear charge Z, since the scattering would be 
expected to be proportional to 2 ^. A higher percentage of mercury nuclei 
would be a doubtful advantage when using yff-particles of 1 mV energy, since 
the accompanying increase in the number of small nuclear deflexions would 
render the determination of the velocities of the y?-particles from the curva- 
tures of the tracks in a magnetic field very uncertain. 

The analysis of the photographs was carried out by replacing the de- 
veloped plates in the cameras and reprojecting the images of the tracks on 
to white screens capable of orientation in any plane. Angles of deflexion 
were determined by laying fine steel hat-pins along the reconstructed image 
of the collision and then using a protractor. Velocities were determined 
from the curvatures of the tracks, which were measured by fitting circles of 
known curvature drawn in Indian hak on stiflF, transparent cellophane. The 
method was tested using artificial tracks of curved wire in which were made 
sharp bends of from 20 to 150°, in different planes. Measurement of the 
reprojected images gave results accurate to within one or two degrees. 


3. Results 

Some 2000 pairs of photographs were taken, yielding about 350 m. of 
track of ^-particles with velocities between 0*86 and 0*95 that of hght. As 
in the previous-experiments with pure nitrogen (Champion 1936) only those 
nuclear deflexions were counted in which the deviation was in an opposite 
direction to the original direction of curvature of the incident y5-particle. 
The collision is then indicated very clearly as a cusp in an otherwise smooth 
curve. The results for the elastic collisions are shown in Table I. 


Table I. Elastic collisions 


e 

Total 

N 

Difference 


observed 

calciilated 

due to Hg 

Mott 

20-30=^ 

80 

43 

37 

276 

30-60° 

58 

28 

30 

180 

60-180° 

14 

6 

8 

41 

20-180° 

152 

77 

75 

497 
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The first column contains arbitrarily chosen angular hmits, while the 
second column gives the observed numbers of /?-particles scattered within 
these limits. In column 3 are given the numbers to be expected in pure 
nitrogen, calculated by proportionality from the previous results on nitrogen 
alone. The next column contains the difference between columns 2 and 3 
and is therefore the scattering attributed to the mercury nuclei. The last 
column gives the numbers to be expected from Mott’s theory for heavy 
nuclei as given below, taking into account the first term in Z in the square 
brackets: 

sm^ 

where q = fraction scattered between angular limits 6^ and Z, t and 
n = atomic number, number of atoms per c.c. and thickness of scatterer 
respectively, e and w^o = charge and rest mass of the electron, and 
y? = vjc = ratio ofthe velocity ofthey^-particles to that of light. Appropriate 
integration has, of course, been made over the number-velocity curve of the 
/?-ray spectrum of Ra E between y? = 0*86 and 0*95. 


Table II. Inelastic collisions 




^2 

(^ 1 -^ 2 ) 

0/ 

/O 

20 

1080 

973 

107 

10 

21 

738 

500 

238 

32*5 

21 

973 

500 

473 

48 

24 

813 

500 

313 

39 

26 

600 

266 

334 

56 

32 

1080 

266 

814 

76 

49 

652 

180 

472 

73 

82 

866 

266 

600 

69 

no 

809 

309 

500 

56 


In Table II are recorded all the cases observed in which inelastic collision 
occurred; the lowest energy loss which could be detected with certainty was 
estimated at about 10 %, The angle of defiexion is denoted by and J/g 
are the energies in kV before and after the coUision respectively. The change 


extra terms in 


• / ^ 
^ (l37 




r cot® ^ - cot® ^ - 2/?® loge 


II-2 
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in energy was determined from the increase in curvature of the track after 
collision. In addition to the nine instances given in Table II, four further 
cases were observed in which nearly the whole of the energy of the incident 
/?-particle disappeared. The track after the collision was short and heavily 
ionized and the velocity of the /?-particle was estimated from its remaining 
range. The results are collected in Table III. The third case, corresponding 
to ^ = 91°, is shown in fig. 3, Plate 2. 



Table III. 

Large 

EI^ERGY LOSSES 


5° 

E, 



{Ei’-E^jE^ 

% 


1170 

15 

1155 

99 

45 

575 

15 

560 

97 

91 

808 

90 

708 

89 

119 

1045 

120 

925 

89 


As indicated in a previous publication (Champion and Barber 1937), we 
have also observed what appear to be the production of low energy pairs of 
positrons and electrons. Examples are shown m figs. 1 and 2, Plate 2. The 
fast /?-partiele track ends suddenly, and at this point arise two low-energy 
electron tracks curving in opposite directions. No collisions of similar 
appearance were found in sixty times as much data using nitrogen alone. 
In Table IV, column 1 contains the initial energy of the incident /5-particle 
in kV, while columns 2 and 3 contain the energies of the positron and electron 
respectively. In columns 4 and 5 are given the angles made by positron and 
electron with the initial direction of the incident /5-particle, while column 6 
contains the total angle between positron and electron. 


Table IV. PosiTROisr-ELECTRON pairs 


E^ 




1 0 


1050 

150 

13 

48 

77 

125 

1105 

13 

8 

37 

74 

111 

1105 

45 

4 

— 

— 

-145 


4. Discussioisr 

We shall first consider the inelastic collisions and the cases of pair pro- 
duction. 

(a) Inelastic collisions 

Referring to Table II it wiU be seen that nine examples were found in 
which a ^-particle lost more than 10 % of its initial energy. From the theory 
of Bethe and Heitler (1934), the number of cases of sudden energy loss of 
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this magnitude to be expected in the present experiment was about two. 
The frequency with which sudden energy losses occur may therefore be 
considerably greater than that predicted by theory. If we include also the 
four very large energy losses of Table III, the experimental results show over 
six times the number predicted by theory. This result is in approximate 
agreement with the value given by Edarmann and Bothe (1936) for the in- 
elastic scattering of /?-particles of energies ranging from 0*5 to 2*5 mV by 
krypton and xenon nuclei. However, the values given in Table II alone 
show a fairly steady increase of energy loss with angle of deflexion; the 
inclusion of the first tw-o cases in Table III would not be in agreement with 
this relation. While there may be no connexion between magnitude of energy 
loss and angle of defl6xion, it was thought best to present the results in 
this form. It must be remembered that Bethe and Heitler’s calculations 
refer to losses of energy by radiation processes, whereas the data given in 
Table III may refer to some other process such as the expidsion of a neutrino, 
or it may be connected with the repulsive field postulated later, 

(6) Pair production 

Referring to Table IV, which contains the data on the positron-electron 
pairs, in the first place it will be observed that the incident y5-particle always 
has a kinetic energy just greater than 1 mV. This is consistent with the fact 
that the creation of a pair of electrons would require an available energy 
equal to the sum of the rest masses of the two electrons. It will be farther 
noticed that energy is approximately conserved and that the kinetic energy 
of the positron is always greater than that of the electron, which is to be 
expected if their kinetic energies are influenced by the positive charge of the 
mercury nucleus. The total length of track of the incident ;5-particles with 
energy greater than 1 mV was about 90 m.; taking account of the partial 
pressure of the mercury dimethyl vapour, this gives an effective cross- 
section for pair production of about 3 x IQ-^^ cm. Statistical fluctuations 
would clearly prevent much reliance being placed upon this figure, but it 
may be remarked that it is in approximate agreement with the cross-section 
reported by Skobelzyn and Stepanowa (1935) for the production of positrons 
when /?-particles of energies 1-3 mV impinge on solid lead. The non- 
occurrence of the phenomenon in the previous experiments with pure 
nitrogen indicates that the probability of pair production increases fairly 
rapidly with the atomic number. 

The absence of a second negative electron track at the point of production 
of the pair is of considerable interest. Its energy, after escape from the 
nucleus, may have been less than about 2000 V, rendering the track of the 
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particle very difficult to detect; but the possibility of absorption by the 
nucleus must not be left out of account. Unfortunately the mercury 
isotopes 198, 199, 200, 201, 202 and 204 are all present in comparable pro- 
portions, so predictions concerning the mass of the nucleus concerned are 
very uncertain. Absorption of the electron would lead to an isotope of gold. 
Very little appears to be known about the stable isotopes of this element, 
only one isotope, 197, being definitely estabhshed. However, this isotope 
is known to give rise to two /^-active isotopes 196 and 198, under neutron 
bombardment and it was thought worth while to attempt to detect /?-activity 
when mercury is bombarded T^ith fast /?-particles. 

A hollow cylinder of mercury, about 3 mm. thick, contained between two 
concentric cylinders of thin cellophane was placed round a radon source of 
over 100 m.c. strength and was irradiated by the emitted yff- and y-radiation 
for about a day. The mercury cylinder was then placed round a tube counter 
of thm aluminium as in the experiments of Widdowson and Champion 
(1938). No activity was detected. While, of course, the most obvious 
conclusion is that the y?-particle was not absorbed, much more elaborate 
experiments would be required to decide this point.* 

(c) Elastic collisions 

The most interesting result of these measurements is the great dis- 
crepancy between theory and experiment shown by the elastic scattering. 
Referring to Table I it is at once clear that the number of yff-particles scat- 
tered between angles of 20 and 180° by mercury nuclei is only of the order of 
one-seventh the number predicted by Mott’s theory. We are indebted to 
Professor Chadwick for drawing our attention to the possibility that the 
mercury dimethyl might have been partially removed from the chamber 
after a few expansions; this w^ould, of course account directly for the re- 
duction in the observed scattering. As such removal would change the 

* Other possibilities might be (a) the isotope was not radioactive, or (6) the half- 
life was very long, or (c) the emitted particles were of extremely low energy, or 
finally (d) the half-life lay between 0*1 and 10 sec. The counter-experiments were 
such that a period of less than 10 sec. would have been dfficult to detect, but if the 
period was less than 0*1 sec. the ^^-activity should show itself in the expansion 
chamber photographs as an additional track at the low-energy branch. No such 
track has been observed. Since Au^®® is known to be y^-active, it seems unlikely that 
jjgi9s undergoes nuclear transmutation in the pair production process. However, 
as this isotope is present to the extent of only 10%, its exclusion does not assist 
appreciably in deciding whether or not transmutation occurs at all. If stable gold is, 
in fact, formed, its presence would only be detected by a gradual accumulation of 
gold in the bombarded mercury. Experiments in the discharge tube using electrons 
with energies just greater than 1 mY might decide this point. 
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expansion ratio sufficiently to produce marked differences in the appear- 
ance of the tracks it seemed improbable that this had occurred. However, 
a further 250 photographs were taken with mercury dimethyl actually on 
the floor of the expansion chamber and exerting a pressure of not less than 
4 cm. of mercury during the whole of the experiment. The results gave 
thirteen deflexions greater than 20° in a total track length of about 40 m. 
This is to be compared with our previous results of 152 deflexions in 350 m. 
The relative numbers are observed to be of the same order.* 

These experimental results are in approximate agreement with those of 
Klarmann and Bothe (1936) who found less than one-fifth of the number 
predicted by theory for /?-particles of energies ranging jfrom 0-5 to 2-5 mV 
scattered by krypton and xenon nuclei at angles greater than 40°. It should 
perhaps be mentioned that these deviations from theory are in the reverse 
direction to those found experimentally by Stepanowa (1937) using nitrogen 
alone. Stepanowa found that the number scattered by nitrogen nuclei was 
about 1*5 times the theoretical for /?-particles of energies 0-2-1 T mV and 
about 30 times that to be expected, in the region 1*5-3 mV. It would not 
appear possible to explain these diverse results at present, particularly 
since the scattering of y?-particles of energies 0*4^1* 1 mV by nitrogen nuclei 
alone was foimd (Champion 1936) to be in approximate agreement with 
theory. Similar agreement with theory was found for the scattering of 
yff-particles of mean energy 0*3 mV between angles of 24 and 40° by Al, Cu, 
Ag and Au in the early experiments of Chadwick and Mercier (1925). These 
results were extended to the angular range of 95-172° by Neher (1931) 
using electrons of energy 0*15 mV, when the scattering by Al was found to 
differ from the theoretical by only about 30 %. The mailtiple scattering of 
cosmic-ray electrons of energies about 100 mV would also seem to be in 
agreement with existing theory according to the experiments of Blackett 

* It seemed to us remotely possible, however, that although the mercury dimethyl 
was not removed, since it was so much denser than the nitrogen present, it might 
take up a position at the bottom of the chamber. Fortunately, the piston-floor of 
the chamber was of curved rubber and its movement was not streamline. It there- 
fore seemed probable that the motion of the piston in returning to the position 
preparatory to the next expansion might be sufficient to produce complete mixing. 
To test this we carried out some experiments with visible bromine vapour contained 
in glass cylinders of the same width and height as the expansion chamber. Slight 
movement in the lower cylinder was found sufficient to cause complete visual mixing 
of bromine vapour introduced initially at the bottom of the vessel. A rotating fan 
has now been installed inside the expansion chamber and stirs the gas before each 
expansion. Unfortunately we are unable to obtain a further supply of mercury 
dimethyl but the scattering in iodine is under investigation with the new arrange- 
ment. 
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and Wilson (1938). It ttohM appear that the present position with regard to 
the elastic scattering of electrons by nuclei may be summarized as follows: 

(1) the scattering is normal for light elements up to about 1 mV, 

(2) the scattering is normal for heavy elements up to about 0*3 mV, 

(3) the scattering in nitrogen is much greater than that to be expected 
for energies in the neighbourhood of 2 mV, 

( 4 ) the scattering by the heavy elements Kir, Xe and Hg is much less than 
that to be expected in the region of 1 mV, 

(5) the multiple scattering by Cu and Pb is normal for energies of the 
order of 100 mV (cosmic rays). 

It does not seem possible to explain the phenomena presented in this 
paper in terms of existing theory. We suggest that the simplest interpre- 
tation of the reduced scattering is provided by the assumption of a repulsive 
field superposed on the ordinary nuclear Coulomb field during the scattering 
of fast electrons. Whatever may be the properties of such a field it would 
seem necessary for its effect to vary fairly rapidly either with atomic mass or 
atomic number since for particles of the same energy (1 mV) the scattering 
is found to be normal for nitrogen and anomalous for mercury. It is further 
clear that such a repulsive force must be confined to electron encounters 
since the scattering of a-particles is well known to be normal. 
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Stjm]maby 

The scattering of y(?-particles of about 1 mV energy by mercury nuclei is 
examined with an expansion chamber for angles of scattering greater than 
20^. The absolute number scattered is much less than would be expected 
from Mott’s formula. There is also indication of more inelastic collisions 
than are predicted by the theory of Bethe and Heitler. Photographs are 
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reproduced which show the sudden stoppage of a fast j/?-particie with the 
simultaneous production of what appear to be low energy pairs of positrons 
and electrons. It is suggested that the results may be qualitatively ex- 
plained on the assumption of a repulsive field between electrons and nuclei 
for close distances of approach. 
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Descbiptios' of Plate 2 (1-5 x natural size) 

Fig. 1. The production of a low energy positron -electron pair, the data for which 
are given in row 1, Table IV. A diagram accompanies the photograph. 

Fig. 2. Another pair, but of exceptionally low energy; the measurements are given 
in row 3, Table lY. Accompanied by diagram. 

Fig. 3. A fast /^-particle has made a highly inelastic collision and lost nearly all its 
energy. The measurements are given in row 3, Table III. The slow electron track is 
also observed to undergo a nuclear deflexion. It was assumed that there was no 
energy loss in this deflexion since there was no appreciable increase in ionization 
after the collision. 



Photographic sensitivity and the reciprocity 
law at low temperatures 

By W. F. Berg and K. Mendelssohn 
{Coinmunicated by F. A, Lindemunn, F,B.S, — Received 3 June 1938) 

The experiments described below were undertaken in order to examine a 
theory by Gurney and Mott (1938) on the formation of the latent image. 
The theory adopts the old conception, that the latent image consists of a 
speck of silver, which is produced from the silver halide by a two-stage 
process. The first stage consists in the lifting of an electron from a bromine 
ion into the conductivity band in which the electron moves until it is trapped 
by a region of low potential, the "^sensitivity speck”. The second stage 
consists in the movement of the positive silver ions up to the charged sen- 
sitivity speck. The ionic movement should depend on temperature as 
and one should therefore expect the sensitivity of photographic materials 
almost to disappear at sufficiently low temperatures. Experiments at liquid 
air temperature have been made by several investigators (see, for instance, 
Sheppard, Wightman, and Quirk 1934). The sensitivity found is of the order 
of 5-10 % of room temperature sensitivity and appears surprisingly high 
in view of the above considerations. It seemed desirable to lower the tem- 
perature still further by using liquid hydrogen and to test in particular for 
the effect of change ia intensity and time, while keeping the exposure, i.e. 
the product of intensity with time, constant. 

A great amount of work has been done on the reciprocity failure of sensi- 
tive materials, by which is meant the fact that for a constant exposure the 
density obtained after processing depends on the intensity level at which the 
exposure was given. (Webb 1933^,6; Jones and Webb 1934). It appears 
that for every material there is an optimum rate of reception of energy. The 
position of the optimum depends on temperature (Webb 1935), and for this 
reason alone the investigation of the reciprocity failure at as low a tempera- 
ture as possible seemed desirable. It was hoped that some information on the 
mechanism of the latent image formation could be obtained in this way. 

Apparatus 

The apparatus is shown in fig. 1. The sensitive material was covered with 
opaque material into which ten holes had been punched; over each of these 
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holes was glued a piece of film exposed to a different calibrated density thus 
forming in effect a step-wedge. 



Fig. 1 


The film and step-wedge were clipped to the flat bottom of a cylinder T 
made from pyrex glass, by means of a metal plate P attached to the cylinder 
by springs. The inside of the cylinder was covered with black flock paper and 
also contained a series of diaphragms D to cut out stray reflections. The top 
and bottom of the cylinder consisted of flat pieces of glass. The cylinder was 
exhausted to avoid condensation of air during the coolmg with liquid 
hydrogen. 

The cylinder was carried by a cap C which at the same time provided a lid 
for the Dewar flask containing the cooling medium. In order to make a light- 
tight and air-tight joint a rubber sleeve formed the connexion between the 
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cap and the Dewar vessel. For the liquid hydrogen experiments an exhaust 
pipe E leading from the cap discharged the evaporating hydrogen outside 
the building. 

The cylinder was mounted vertically. Above it was fixed an adjustable 
stainless steel mirror M. The tungsten filament lamps used for exposing 
were momited on carriages which ran along an optical bench of a length of 
4-5 m. The variation in intensity provided by this length was not, however, 
big enough to cover the range desired and two lamps of different wattage 
always had to be used. The lamps were matched visually for colour tem- 
perature and the voltages giving this colour temperature were kept constant 
to withiu 0* 1 V by manual control of series resistances. The relative inten- 
sities of the lamps were determined photographically. The exposures were 
at first made by means of a calibrated Compur shutter which was mounted 
on top of the glass tube, no lenses being used in the optical system. After a 
time, however, the results could not be reproduced with sufidcient accuracy, 
oving apparently to the development of defects in the shutter. It was there- 
fore decided to use a sector shutter 8 driven by a phonic wheel. The phonic 
wheel (supplied by Tinsley) ran at 5 rev./sec. and a geared down shaft at 
1 rev. in 6 sec. The slow shaft could be used to give exposures from 5 to 
1/10 sec, and the fast shaft from 1/20 to 1 /2000 sec. With the fast sector it was 
impossible to obtain single flashes by manual control of an additional 
shutter A. A mechanical trip in conjunction with a Compur shutter set to 
1/5 sec. served to isolate a single flash. The trip mechanism was set so that the 
shutter stayed open with a sufficient margin of safety for the widest sector. 

For the exposure time to be defined accurately with a comparatively slow- 
moving sector such as this, the shutter has to move very near to the material 
or to a point source lamp. Since both alternatives were impracticable, a 
projection system of lenses was used. One lens L-^ is very close to the sector 
and throws an image of the source of light into the second lens Lg. This 
second lens is big enough to receive the whole of the image of the source of 
light and in turn throws an image of the first lens and of the sector shutter 
on to the sensitive material to be exposed. The sector therefore acts as if 
situated in the plane of exposure. In such an arrangement the illumination 
on the film is uniform and varies as the inverse square of the distance between 
the lamp and the first lens. The only condition which has to be fulfilled is, 
that the image of the source of hght thrown by the first lens must not be 
bigger than the second lens. If this condition is fulfilled all the light going 
through the first lens also goes through the second lens and through the 
plane of exposure. 

Development was usually for 4 min. in a normal metol-hydroquinone 
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deTeloper at 20® C. The films were stuck to a piece of glass and brush 
developed. The exposures belonging to one set of experiments were always 
developed together. 


Experuvients 

A pre l i min ary set of experiments was done to determine the relative 
sensitivity of a photographic material at room temperature, liquid air 
and liquid hydrogen temperatures (Berg and Mendelssohn 1937). The 
material tested was Eastman Process film. The exposures were done 
through a step-wedge of a density ranging from 0 to 4, and exposure times 
were varied so that the steps of the vredge were fully exposed. In the curves 
in fig. 2 the exposure It was plotted disregarding any possible deviation 
from reciprocity law since the experiments were of a quahtative nature. 
It will be shown later that no error was introduced by this procedure. 



Fig. 2. Characteristic curves of process film, exposed at 293, 90 and 20° K. The dots 
refer to an experiment in which the film has been left at low temperature for several 
hours after exposure. 

It will be seen that for the blue sensitive Process film, the sensitivity does 
not drop appreciably between liquid air and liquid hydrogen temperatures. 
The percentage change in absolute temperature in going from liquid air 
(90® K) to liquid hydrogen (20° K) is about as big as that going from room 
temperature (300® K) to liquid air. Defining the sensitivity as the inverse 
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of the exposure necessarj’ to obtain a density of 0- 1 above fog we find that 
the sensitivity at liquid air temperature is about 7 %, at liquid hydrogen 
4 % of that at room temperature for process film. 

It has been suggested to us from various sides (e.g. Pohl 1937) that it is 
not necessary to assume that the complete process takes place at low tem- 
peratures. Possibly an electronic process only takes place at low tempera- 
ture, the electrons freezing in and the ionic process then follows on warming 
up. Below we describe experiments which, we believe, strongly suggest this 
explanation to be correct. 

If the explanation is correct, we should not, as at normal temperatures, 
find any effect of the intensity level on the developed density exposed at low 
temperature. The so-called reciprocity failure is explained by Gurney and 
Mott (1938) by recombination of electrons with halogen atoms. If at low 
temperatures only electronic processes take place and if the electrons freeze 
in at once, it seems safe to assume that the results of these processes do not 
depend on the rate of creation of the electrons. When the exposure is com- 
pleted we are left with a certain number of negative charges, which produce 
the same ionic movements since the warming up takes place at the same rate * 
for all exposures. Experiments were done to test this. 



Fig. 3, Reciprocity failure diagram for process film at 20 and 293° K. 

A first set of experiments was done at liquid hydrogen temperature, using 
a Compur shutter for timing the exposure. As a comparison, the experiments 
were also repeated at room temperature. The room temperature exposures 
show the usual bend in the reciprocity failure diagram, in which is plotted 
the log exposure necessary to obtain a density of 1 *0 after processing, against 
the log intensity. At low temperature there is no reciprocity failure (fig. 3). 

The procedure of arriving at the reciprocity diagrams was as follows. The 
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film was given an exposure at an intensity designed to expose fully through 
the step-wedge at the exposure time chosen. The densities of the processed 
film were measured and plotted against the log intensity as determined by 
the step-wedge and the illumination on the step-wedge. The intensity neces- 
sary to produce a density of 1-0 above fog was then found. The log exposure 
It necessary to produce a density of 1-0 could then be plotted against the 
log intensity at which the exposures were given. 



Fig. 4. Reciprocity failure diagram for process film at 90 and 293° K. The two 
curves at each temperature relate to different experiments. 

These experiments were repeated several times vith liquid oxygen using 
the more accurate sector shutter and the optical system described above. 
Here every exposure was repeated twice, in order to eliminate coating thick- 
ness variations and other unsystematic errors. The range of exposure times 
was also extended. The curves obtained are shown in fig. 4 and leave no 
doubt that within the accuracy of measurement there is no reciprocity 
failure at low temperature. It was not thought necessary to repeat the 
experiments at hquid hydrogen temperatures with higher accuracy, since 
the curves in fig. 2 proved that there was no appreciable difference between 
exposures at 90 and 20° K. Therefore no corrections need be made on the 
curves in fig. 2, where the exposure times had been varied and no allowances 
had been made for any possible reciprocity failure. 

Some check experiments have been made to answer certain possible 
objections. The room temperature sensitivity of the materials used was found 
not to alter after immersion into liquid oxygen and warming up. The result 
of a low temperature exposure was found to be independent of the rate of 
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warming up within wide margins. Accidental diBFerences in the rate of 
warming up will therefore not influence the results. It was also found that it 
made no difference whether the material was kept at low temperature for a 
long time after exposure or whether it was warmed up immediately. One 
of the curves for 20° K in fig. 2 was obtained after keeping at low tem- 
peratures for several hours, the other by warming up immediately. There is 
no difference between the two curves within the errors of measurement. 

In the model of the formation of the latent image given by Gurney and 
Mott (1938) an electron of a bromine ion is first raised into an excited state. 
Unless the electron moves away from the positive charge represented by 
the bromine atom it will fall back to the normal state and be lost for the 
formation of the latent image. The electron must get away from the place 
where it is formed while at low temperature. Its energy is then essentially 
zero point energy and big enough to overcome the potential barrier localizing 
it on the silver. 

The mechanism suggested above appears to provide a satisfactory ex- 
planation for the comparatively high sensitivity at low temperature. Ac- 
cording to this mechanism an electronic process only takes place at low 
temperature, the electrons ‘‘freezing in” somewhere in the lattice, while the 
ionic movements of the silver take place on warming up. The trouble is that 
this picture explains too much, for if it is correct there appears to be no 
reason why there should be a drop in sensitivity at all. We hoj)e to in- 
vestigate this question in the near future. 

The fact that photographic materials show no reciprocity failure at low 
temperature is, we believe, the first experimental indication that two 
separate processes take place during the formation of the latent image. The 
apphcation of low temperature to experimental investigations thus offers 
some hope of further separating and studying the electronic and the ionic 
processes, which at normal temperatures always occur simultaneously and 
thus compheate matters enormously. A detailed investigation oti reciprocity 
failure at various temperatures has been made by Webb (1935). It is a] )parent 
from his diagrams that at his lowest temperature (200° K) the ionic processes 
still occur simultaneously with the electronic movements, since the sensi- 
tivity still varies appreciably with the intensity level. It would seem very 
interesting to find out how low the temperature has to be for reciprocity 
failure to disappear. At 200° K the shape of the reciprocity curve seems to be 
essentially identical with those at room temperature, only the minimum 
is displaced. 

It should be mentioned that under certain circumstances the fact that 
no reciprocity failure occurs at liquid air temperature may have valuable 
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applications. For Raman effect spectrograms exposure times of weeks and 
months are necessary and photographic materials may then be more 
sensitive at low temperature. The freedom from reciprocity failure may at 
the same time be useful for photographic-photometric work.* 

Our thanks are due to Professor F. A. Lindemann, F.R.S., for his interest 
and his permission to have part of the apparatus constructed in his labora- 
tory, which also supplied the liquid hydrogen, and where the preliminary 
experiments were done. One of us (W. F. B.) is indebted to Kodak Limited 
for permission to publish the work and to Mr E, R. Davies and Mr 
E. W. H. Selwyn of the Kodak Research Laboratory for their constant 
interest and advice. We also wish to thank Mr L. J. Sumner for his help with 
the experiments. • 


Summary 

1. Photographic materials show an appreciable sensitivity down to 
20° K. Little change occurs when the temperature is dropped from 90° K 
to 20° K. The main difference is a drop in contrast and in maximum density. 

2. No reciprocity failure occurs at temperatures of 90° K and 20° K. 

3. It is suggested that at these temperatures the latent image is formed 
in two distinct stages: (a) an electronic process, in which the electrons are 
separated from the bromine ions absorbing the light, and freeze into the 
lattice, and (6) an ionic process, taking place on warming up, consisting of a 
movement of the silver and probably also the bromine atoms. 
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Experiments on the transmutation of fluorine by 
protons and deuterons 

By W. E. Buecham, Ph.D., Stokes Student, Pembroke College, 

AND C. L. Smith, B.A., Sidney Sussex College, Cambridge 

{Communicated by E, F. Appleton, F,lt,S. — Received 8 June 1938) 

1. Introduction 

The transmutations of fluorine under bombardment with high speed 
particles have been studied in considerably less detail than have those of 
elements of lower atomic number. Of such investigations as have been made, 
the excitation of y-rays by the bombardment of fluorine with protons has 
attracted most attention. Experiments by Hafstad, Heydenberg and 
Tuve (1936) and by Herb, Kerst and McKibben (1937) have, for example, 
established that this y-ray excitation is a resonance phenomenon, while 
Gaerttner and Crane (1937) have determined the quantum energies of the 
radiation with some precision. 

The mechanism of this y-ray excitation has been the subject of much 
discussion. Gaerttner and Crane (1937) and Kalckar, Oppenheimer and 
Serber (1937) have in this connexion discussed the three following pro- 
cesses: 

+ + ( 1 ) 

191 ^ + iH 160* + ^He ^ 160 + ^He -h hv, (2) 

16F + 160 + ^He + hv. (3) 

The known values of the y-ray energies, however, do not satisfy any of the 
above equations. In the experiments to be described here a careful search 
has been made for groups of a-particles which, according to the processes 
(2) and (3), might be associated with the y-ray emission. The emission of a 
homogeneous group of a-particles from fluorine under bombardment with 
protons of 1*69 X 106 eV energy has been reported by Henderson, Livingston 
and Lawrence (1934). The range of this group was 6*95 cm. and corresponded 
to the total energy release in (3) assuming the formation of 16O in the 
ground state. No other groups of a-particles have been reported. The ranges 
of the groups of a-particles which would be formed according to processes 
(2) and (3) and the known values of the y-ray energies are 0*9 and 1-8 cm. 
We have been unable to find any evidence for such groups, and it appears 
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that no emission of a-particles of appreciable energy can be associated with 
the y-ray emission. This result is in accordance with the resonance character 
of the y-ray excitation and the apparent homogeneity of the y-rays, and it 
appears to us that the y-ray emission must occur as a result of successive 
radiative transitions of excited ^®Ne nuclei according to equation (1). 
Further support for this view has been obtained by a careful measurement 
of the energy of the group of a-particles discovered by Henderson, Living- 
ston and Lawrence. 

The present research has also included the investigation of the trans- 
mutations of fluorine under deuteron bombardment, a subject which has 
not previously been studied in detail. Lewis, Livingston and Lawence 
(1933) reported the emission of a group of a-particles of range 3*8 cm. at 
1-3 X 10® eV bombarding energy which they attributed to the process 

i9p + 2H->i70 + 4He. (4) 

The range to be expected according to the mass values of the particles 
concerned is 9-1 cm. but no such group was observed by these workers. 
The experiments described in this paper establish the emission of such a 
group together with several other groups of a-particles, the energies of 
which permit the construction of a nuclear level system for 

The radioactivity induced in fluorine under deuteron bombardment, 
which is supposed to be due to the formation of ^®F in accordance with the 
process 

19F + 2H->20I^ + 1H, (5) 

has been studied by Crane, Delsasso, Fowler and Lauritsen (1935). These 
workers determined the period of the radioactivity (12 sec.) and the upper 
limit of the ^^-ray spectrum (5*2 x 10® eV). Fowler, Delsasso and Lauritsen 
(1936) reported the observation of a group of protons of range 10 cm. 
which they associated with the assumed process. The energy balance in the 
reaction is not satisfied by these values, about 4 x 10® eV being lacking in 
the total energy release. We have made a careful search for groups of 
protons of higher energy and although one such group was found the energy 
balance remains unsatisfied. No protons of 10 cm. range could be detected 
other than a group due to contamination of the fluoride targets with 
oxygen. This group of protons was produced according to the process 

+ (6) 

which was studied by Cockcroft and Lewis (1936). A search was also made 
for y-radiation accompanving the yff-particle emission from ^^F, and this 
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was detected with Geiger counters and the identity of the decay periods 
of the /?-particle activity and y-ray activity established. The determination 
of the energy spectrum of these y-rays will form the subject of a future 
paper. 


2. Expebimental method 

The experiments were carried out in the new high-voltage building of 
the Cavendish Laboratory. Protons and deuterons issuing from a dis- 
charge tube of the type described by Oliphant and Rutherford (193 3) were 
accelerated in a three-stage vacuum tube connected to a Phihps 1*2 x 10® eV 
D.C. generator. With this apparatus targets of about 1 sq. cm. in area could 
be bombarded with a magnetically resolved ion beam of about 50 /tA and 
1*1 X 10® eV energy, but in most of the present experiments an ion beam of 
ZOfcA and 0*85 x 10® eV energy provided a yield of disintegration products 
as great as could conveniently be counted. The energy of the bombarding 
ions could be measured with an error of less than 1 %. A detailed description 
of the accelerating tube and its auxiliary apparatus will be published later. 

At the higher bombarding voltages used in these experiments the dis- 
integration of the usual surface contaminants (carbon, oxygen and deu- 
terium) of the targets tends to obscure the presence of disintegration pro- 
ducts of heavier elements, while the increased liberation of heat due to the 
impact of the bombarding ions may cause evaporation of the targets unless 
they are efficiently cooled. The difficulty due to oxide contamination of the 
target was partially removed by gold-plating all surfaces of the target 
holder which were exposed to the ion beam. Metallic fluoride deposits 
(KF, NaF, AgF, BaPg) were prepared upon gold-plated copper discs either 
by evaporation of aqueous solutions of the salts or by evaporation of the 
fused salts and condensation of the vapours upon the disks. Three si\ch 
target disks were rigidly fastened to a water-cooled copper block mounted 
upon a ground joint, rotation of which enabled any one of the disks to be 
brought into the path of the ion beam. Evaporation of the targets was 
greatly reduced by providing good thermal contact between the disks and 
the copper block, but fortuitous variations of the target efficiency could not 
entirely be prevented. The particles emitted from the bombarded target 
emerged from the vacuum through a mica window mounted upon a colli- 
mating tube, the axis of which was at right angles to the path of the incident 
ions. The angular spread of the emergent particles was about 10°. These 
particles were detected with a differential ionization chamber and were 
counted by means of a linear amplifier and ''scale-of-two’’ valve counter 
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of the type described by Lewis (1937). The use of a cathode-ray oscillograph 
for visual observation of the impulses arriving at the counter has been of 
great convenience throughout the experiments. The range of the particles 
recorded by the counter was usually varied by inserting mica screens 
between the mica window and the ionization chamber. Where, however, 
the presence of two or more groups of particles of about the same range was 
suspected it was found to be more convenient to provide a succession of 
small changes of absorption by the movement of the ionization chamber. 
In such movements the distance between the ionization chamber and the 
mica window was always less than the value at which the particles might 
have failed to enter the chamber on account of the divergence of the beam. 
No correction was needed, therefore, for the variation of the solid angle 
subtended by the chamber at the target. 

The numbers of disintegration particles (per min. per /lA of target 
current) which were recorded by the counter for different amounts of the 
absorption in the path of the particles provided the data from which the 
distribution in energy of the products of the transmutation could be 
obtained. Using this method, however, fortuitous variations of the target 
efficiency which occurred during bombardment often gave rise to a lack of 
reproducibility of the results which was very troublesome when the dis- 
tribution in range of groups of particles of about the same energy was 
being studied. To overcome this difficulty a separate ionization chamber 
which scanned the target through a second mica window on the target tube 
was used to determine the number of disintegration particles having a 
fixed value of the range. The absorber in front of this chamber was kept 
fixed during an experiment at a value such that the number of particles 
which were recorded was almost entirely due to a known group of particles 
arising from the transmutation of fluorine. The ratio of the counts of the 
two chambers was independent of variations of the target efficiency, and 
the distribution in range of the products of the transmutation of fluorine 
was obtained from the values of this ratio when the amount of absorber in 
front of the first chamber was varied over the region under investigation. 
Precision measurements of the range of any group of particles was usually 
made by direct comparison'with the range of the 8 cm. group of a-particles 
emitted from lithium under proton bombardment using similar geometrical 
conditions of counting.f The difference in range of the two groups was 
therefore equal to the difference of absorption in front of the chamber in the 

t The extrapolated range of this group of particles was taken as 8*40 cm. for an 
energy of the bombarding protons of 0*19 x 10® eV (Oliphant, Kempton and Ruther- 
ford 1935 )- 
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two cases, a small correction being made for the variation of the straggling 
with range. The nature of the disintegration particles was decided by visual 
observation of the size of the impulses on the oscillograph screen and by 
measurement of the '‘cut-off bias” required to prevent the impulses from 
being recorded by the valve counter. In this way it was easy to distinguish 
a-particles from protons providing that the total number of impulses per 
minute was not so large as to result in appreciable superposition. This latter 
condition was always fulfilled in an experiment by using a diaphragm of 
the necessary size in the path of the disintegration particles. 

3. Experimental results 
{a) Proton bombardment 

The distribution in range of the a-particles which are emitted from 
fluorine under bombardment with protons of 0*85 x 10® eV energy is shown 
in fig. 1. One group of a-particles only was detected, from different fluoride 
targets, of mean range 5*90 cm. A search was made for a-particles of 
shorter range without success. With a bombarding energy of 0*85 x 10® eV 
the detection of range less than 1*8 cm. was impossible on account of protons 



Range (cm.) 
Fig. 1 
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scattered from the beam. This lower limit was reduced to less than 1 cm. by 
working at lower voltages, but no evidence of any other group of a-particles, 
definitely attributable to fluorine, could be obtained. The group of a- 
particles at 5-90 cm. showed no fine structure. 

(b) Deuteron bombardment. Emission of ccpartides 
The results obtained by the bombardment of fluoride targets with 
deuterons of 0*85 x 10® eV energy were much more complex and are repre- 
sented in fig. 2. 



23456789 

Range (cm.) 

Fig. 2 
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Five groups of a-particles of mean ranges 8-20, 7-21, 4-84, 4-05 and 
3-42 cm. have been observed, in about the same relative intensities from 
each of the fluoride targets used. The possibility of carbon and oxygen 
contamination could, however, in no case be excluded, and in order to 
determine whether in fact these groups were due to the transmutation of 
fluorine a direct comparison was made between the number -range dis- 
tributions obtained from targets of KF, carbon, and KOH. The results of 
this comparison are shown in fig. 3. 




O 

rjl 


The known a-particle group from carbon of mean range 2-8 cm. and the 
peak due to the effect of superposition of protons of 5*6 cm. range arising 
from the transmutation of oxygen may be seen to differ in range from the 
values of either of the three shortest of the five a-particle groups obtained 
from the fluoride targets. No particles were detected from the carbon and 
KOH targets in the neighbourhood of the groups of 8-20 and 7*21 cm. range, 
and it may therefore be definitely concluded that the five groups of a- 
particles obtained from fluoride targets were due to the transmutation of 
fluorine. 

Fig. 4 shows the number-range distributions relating to the four a- 
particle groups of highest energy for different energies of the deuterons 
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incident upon thin targets. From these curves the excitation function for 
the groups has been determined and is shown in fig. 5 . This curve shows no 
resonance features, and the variation of range with bombarding energy is 
in approximate agreement with the explanation of their origin given in 
§ 46 . The possibihty of the existence of other a-particle groups of even shorter 
range arising from the transmutation of fluorine cannot be excluded but 
their detection would present great difficulty owing to contamination of 
the targets with carbon. 



(c) Deuteron bombardment. Proton emission and production of 
radioactive fluorine 

A typical number-range curve for the particles emitted from fluoride 
targets when the bias of the counter w^as adjusted so that protons were 
recorded, is shown in fig. 6, curve A, 

The a-particle groups of 8-20 and 7-21 cm. range are evident as is also 
the proton peak at 15 cm. which was proved to be due to deuterium con- 
tamination of the target. A group of protons of mean range 10 cm., as 
reported by Fowler, Delsasso and Lauritsen (1936), is also evident but sub- 
sequent experiments proved that both this peak and that occurring at a 
range of 5 cm. could also be obtained from blank targets with an intensity 
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which appeared to depend upon the cleanliness and particularly upon the 
state of oxidation of the surface. Direct comparison of the positions and 
relative intensities of these two groups arising from fluoride targets and 
similar groups obtained with oxide targets revealed a complete identity. 



Fig. 6 


It vras concluded that these groups were, in every case, due to the proton 
emission from oxygen bombarded by deuterons (Cockcroft and Lewis 
1936 ), and that there was no detectable intensity of protons of range about 
10 cm. arising in the transmutation of fluorine. These results suggest that 
the group reported by Fowler, Delsasso and Lauritsen was also due to 
contamination of the target with oxygen. 
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The rather ill-defined group of protons in the region from 10*5 to 13*5 cm. 
appeared, however, to be due to the transmutation of fluorine. The number- 
range distribution obtained from the deuteron bombardment of an oxide 
target is also shown (curve B) on fig. 6. The presence of a broad group of 
protons attributable to the transmutation of fluorine and having a mean 
range of 11*6 cm. is established, but the structure of this group cannot be 
deduced with certainty from the results owing to the difficulty of estimating 
the amount of superposition due to the adjacent contamination groups. 



The period of the /?-particle radioactivity resulting from the bombardment 
of fluorine with deuterons has been measured and found to be 12-4 sec. in 
good agreement with the value (12 sec.) given by Fowler, Delsasso and 
Lauritsen. A direct comparison of the emission of protons of range 11-6 cm. 
with the radioactive emission of /?-particles of 12-4 sec. period has also been 
attempted, and it was found that the rate of emission of the protons was 
about five times too small to account for the rate of formation of the radio- 
active product. A search was therefore made for other proton groups which 
might have been associated with the radioactivity, but no evidence of such 
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a group could be obtained in the region of from 2 to 100 cm. range. The 
possible existence of a group of range less than 2 cm. cannot be excluded. 
Approximate values of the relative intensities of the different a-particle 
groups are given in the following table: 


Mean range of group 

Kelative 

at 850 kV 

intensity 

8-20 

1-0 

7*21 

1-0 

484 

1*1 

4*05 

1-1 

3*42 

2-3 


4. Interpretation 

(a) Proton bombardment 
The energy release in the process 

i9F + iH^i6o + 4He (7) 

may be calculated from the energy of the observed group of a-particles 
which has a mean range of 5*90 cm. at 0-85 x 10® eV bombarding energy. 
The value thus obtained is 7-95 x 10® eV and the mass of obtained by 
substituting the other mass values is 19-0043 in good agreement with the 
mass spectroscopic value 19-0045 obtained by Aston. 

It appears that no a-particle group can be connected with the strong y- 
radiation arising from this bombardment. The most natural explanation of 
this y-ray emission, in view of the resonance features of its excitation, 
appears to lie in the process 

+ 20^6* 20Ne + hp, (8) 

Since, however, the total energy which should then appear in the y-radiation 
according to this process is 13-0 x 10® eV at 400 kV bombarding energy, 
whereas the observed y-radiation consists of two lines, of approximately 
equal intensity, having energies 5-7 and 4-0 x 10® eV, Gaerttner and Crane 
(1937) have suggested that the y-emission arises in the process 

19F + iH -> 160 + 4He + hp, (9) 

The absence of appreciable breadth in the observed lines was explained by 
substituting the sum of the y-ray energies (9-7 x 10® eV) in (9) and deducing 
that the (i®0 -l-^He) would be formed with nearly zero kinetic energy. 
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The value 7*95 x 10® eV which we have obtained for the energy release in 
the process (7) does not support their hypothesis since the maximum total 
energy which should appear in the y-emission at a bombarding energy 
of 0-40 X 10® eV is 8-35 x 10® eV, differing markedly from the measured 
values (5*7 4*0) x 10® eV of the y-ray energies. 

It seems more likely that these y-rays arise from successive radiative 
transitions of ^oNe and that the disagreement between the total energy 
release in the process (8) and the observed y-ray energies may be reconciled 
by a further study of the y-ray emission and the discovery of additional 
y-rays, possibly with smaller energies than the lowest which have so far 
been detected. \ 

(6) Deuteron bombardment. Emission of oc-particles 

The several groups of a-particles observed in the bombardment of fluorine 
with deuterons are most simply interpreted in terms of levels of excitation 
in the ^’0 nucleus which is formed according to the process 

i9p + 2B[^i7o + 4He. (10) 

The values of the energy release in this process which result from the ranges 
given in § 36 are 9*84, 9*01, 6*89, 6*07 and 5*35 x 10® eV. 

Assuming that the value 9*84 x 10® eV corresponds to the formation of 
^^0 in the ground state and using our value for the mass of we obtain 
the value 17*0045 for the mass of ^"^0, in exact agreement with the value 
obtained by Cockcroft and Lewis (1936) from a study of the process 

i®0 + 2H-^i70-I-1H (11) 

The other values of the energy release in (10) must be attributed to excited 
states in the ^^0 nucleus at energies 0*83, 2*95, 3*77 and 4*49 x 10® eV above 
the ground state. It is interesting to note that two groups of protons were 
observed by Cockcroft and Lewis and that the group of smaller energy may 
also be explained on the assumption ofan excited state of ^*^0 at 0*83 x 10® eV. 
Evidence of the existence of excited states of has also been obtained from 
observations of the protons which are emitted in the bombardment of 
nitrogen with a-particles but the data is not sufficiently accurate to justify 
comparison with the present results. A study of the disintegration of neon 
by neutrons according to the process 

20Ne + %-^^’OH-^He, (12) 

has been made by Jaeckel who found energy losses grouped closely around 
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the two values 0-7 and 5-3 x 10® eV. The difference of these values may be 
attributed to an excited state of^^'O at 4-6 X 10®eV energy in good agreement 
with the highest excitation level deduced from our measurements. 


(c) Deuteron homhardment. Emission of protons 

It is probable that the proton group having a mean range of 11-6 cm. 
arises in the process leading to the formation of radioactive ^®F. 

19p + 2H->20I> + lH. (13) 

As stated in § 3c the number of protons in this group is insufficient to 
account for the amount of radioactive fluorine which is produced and it is 
probable that frequently the nucleus is formed in an excited state and 
that a proton of smaller energy is emitted. We may assume however that 
the total energy release in the process (13) may be obtained from the energy 
of the group of 11-6 cm. range since no protons of greater range have been 
observed to result from the transmutation of fluorine. The mass of 
deduced in this manner is 20-0087. The end-point energy of the yff-ray 
spectrum resulting from the subsequent decay of according to the 
process 

2oi'^20]^e-l-e- (14) 

is 5-2 X 10® eV whereas the value of the energy release m (14) which is 
obtained by the substitution of our value for the mass of ®®F and As ton ’a 
value for the mass of ^“Ne is 9-2 x 10® eV. It seems probable therefore that 
the 201Ie nucleus resulting from the y?-decay has an energy of excitation of 
4-0 X 10® eV. We have obtained support for this view by some experiments 
which have established the radioactive emission of y-radiation from fluoride 
targets after bombardment with deuterons. The half period value of decay 
of this y-emission has been found to be 12-4 sec. in agreement with the half 
period value of decay of the /?-emission. The energy of this y-radiation is 
being investigated by Bower and preliminary results indicate that the 
radiation consists of several lines with quantum energies between 1-0 and 
2-4 X 10® eV. It is of course possible that the de-excitation of the ^oNe 
nucleus takes place in a succession of transitions. The results are not yet 
sufficiently precise to justify the construction of a level scheme for ^o^e. 
but it is interesting to note that the existence of levels of excitation of 2®Ne 
in the region from 0 to 4 x 10® eV above the ground state are also required 
to explain the missing energy in the y-ray emission from formed by 
the capture of protons by ^®F (see § 4 a). 
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Summary 

The transmutations of fluorine under bombardment with artificially 
accelerated protons and deuterons have been systematically investigated. 

The energy of the group of a-particles which is emitted during bombard- 
ment of fluorine with protons has been accurately determined and leads to 
a value 19*0043 for the mass of in good agreement with the mass spectro- 
scopic value. Prom the value of the energy release in this process and from 
the absence of a-particle groups of smaller energy it is concluded that the 
y-ray emission from fluorine under proton bombardment arises from suc- 
cessive transitions of excited ^^Ne nuclei. 

Pive groups of a-particles were found to be emitted during bombardment 
of fluorine with deuterons and the energies of these groups have been deter- 
mined. Prom the energy values of these groups it is concluded that excitation 
levels at 0*83, 2*95, 3*77 and 4*99 x 10® eV above the ground state exist in 
^’0 nuclei. 

The emission of a group of protons which is believed to be associated with 
the formation of ®®P has been observed. Prom the energy of these protons 
the value 20*0087 has been deduced for the mass of radioactive ^op. An 
energy release of 9*2 x 10® eV is therefore to be expected in the radioactive 
decay process 2®P->20]N^e-f e” and the disagreement between this value and 
the observed end point energy of the /?-rays (5*2 x 10® eV) has been partially 
reconciled by the observation that a radioactive emission of y-radiation 
accompanies the /5-emission and decays with the same period. 
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The thermal properties and heats of adsorption of 
films on vitreous silica 

By W. G. Palmer 
St John's College, Cambridge 

{Communicated by Sir William Pope, F.R.S. — Received 14 June 1938) 

As a contribution to the few existing data of sufficient accuracy for the 
calculation of heats of adsorption and other thermal properties of films 
on adsorbents simpler than charcoal, a series of measurements has been 
made of the adsorption of the vapours of benzene, acetone, and methyl 
alcohol on vitreous silica at temperatures between 70 and 25® C. Previous 
experience with this adsorbent (Palmer and Clark 1935 ; Palmer 1937 ) 
showed that it was well suited for the purpose, particularly in respect to 
the very rapid attainment of equilibrium. Complete isothermals at 25® 
for these vapours up to saturation pressures have already been investigated 
and recorded (Palmer 1937 ). The use of vapours rather than gases not only 
admits of experimental simplicity, but has the further advantage that the 
free energy of adsorption (or adsorption potential) is immediately calculable 
from the relative pressure at equilibrium. It is hoped that the selection of 
substances is representative, in that they are respectively non-polar but 
polarizable, polar but non-associated, polar and associated. These molecular 
distinctions appear prominently in the properties of the adsorption films. 

Experimental 

The preparation of the silica adsorbent, manipulation, and methods of 
measurement were in principle the same as those previously described, 
with the following modifications. The volumenometric portion of the 
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apparatus, including the manometer bulbs and b<^ (fig. 1 ; cf. Palmer 1937, 
fig. 1) was housed in an air thermostat regulated to 42-5°, and the hori- 
zontal adsorption tube A immersed in a water thermostat that could 
be set at temperatures ranging from 70 to 20°. Connecting tubes were kept at 
43° by means of electrically heated wrapping wire. Since there was a maxi- 
mum temperature difference of only about 20° along the tube t (of 1 mm. 
bore) and a pressure of vapour never less than about 1 mm., no correc- 
tion for thermal pressure difference was necessary (see also below, p. 194). 
The powdered adsorbent weighed about 15 g. and exposed about 7 sq. m. 
of surface; its exact specific surface was determined by the rate of solution 
in hydrofluoric acid, as previously described (Palmer and Clark 1935).* 



The vapour before expansion into the adsorption vessel A was held in 
the calibrated bulb system J? 1, 2 and 3 (of total capacity 40 c.c.), of which 
one or more of the sections was brought into use depending on the final 
equilibrium pressure desired: the pressure was read on the manometer M 
with mercury set to the point b-^. After expansion into A, the final pressure 
was read with mercury at b^, thus avoiding the disturbance of the tempera- 
ture equilibrium in the connecting tube and in A, which would take place 
if mercury were raised again to b-^ before the equilibrium pressure was 
ascertained. The vessel A was then locked off by raising the mercury to 
6^, and the pressure, now that in the volumenometer, again read before the 
admission of a further portion of vapour. 

As isothermals for different temperatures were to be used to calculate 

* The author is indebted to Mrs W. G. Palmer for estimating the specific surface. 
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the temperature variation of the film properties and the heat of adsorption, 
it was clearly of crucial importance that the general surface proi3erties, 
especially the area, should be invariable or that correction should be readily 
applicable for any changes. To ensure this two alternative methods of experi- 
menting were adopted: 

(а) A bracketing method. An isothermal at 70° was determined, the last 
and highest pressure being reached by flooding all the bulbs B with mercury . 
The temperature of the thermostat was then slowly lowered to 60° 
and held at that temperature for at least an hour, after which the new and 
slightly lower pressure was read. The bulbs were then emptied and another 
point of the 60° isothermal obtained from a second still lower pressure 
reading. The apparatus was then thoroughly evacuated and the silica 
heated at 100° in vacuo for 2 hr. to remove the last traces of adsorbate, which 
were collected in 0 by cooling with liquid nitrogen. The isothermal for 50° 
was next determined, the temperature at the end being first raised to 60° 
and then lowered to 40° ; two points at each of these temperatures were 
obtained in the above manner, with confirmation of the 50° points between. 
After evacuation and heating to 100° as before, the isothermal for 25° was 
finally determined, giving on rise to 40° at the end two points at that 
temperature. Sets of experiments were rejected in which the ‘'bracketing ’ ’ 
at 40° and 60° was not within 3 %. It was found inadvisable to attempt to 
secure full isothermals at more than three temperatures. 

(б) A method of continuous temperature decrease. Isothermals for 70° and 
30° were first determined in separate experiments. In a third series the 
silica was first brought to 70° and three points taken at higher pressures to 
confirm the earlier measurement. The temperature was then lowered to 
30° in stages of 10°, being held for at least half an hour at each stage, during 
which interval two points were registered as in metliod (a). As the tempera- 
ture fell, measured amounts of vapour were removed from the system by 
cooling out with liquid nitrogen, so as to maintain an approximately 
constant range of relative pressure throughout the series. Finally, the 
points at 30° confirmed those already found on the full isothermal. Such 
methods are possible only in adsorption systems in which equilibrium is 
very rapidly established after change of conditions. Fig. 2 depicts the results 
of method {b) apphed to acetone, by showing the adsorption potential (f 
plotted against the adsorption. 

Before adsorption measurements were begun in any series the silica was 
brought to the required temperature in an atmosphere of about 100 mm. of 
nitrogen, which was pumped off before admission of vapour. When heated 
in vacuo the badly conducting powder only slowly reaches uniform tern- 
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perature, and in the absence of precautions such as the above procedure, 
quite misleading adsorption data may be obtained, especially at the higher 
temperatures. No detectable adsorption of nitrogen takes place in the 
temperature range of this work. In using the methods (a) and (6) the 
pressure of vapour must not fall below about 30 mm. if uniform tempera- 
ture is to be maintained. 



As the apparatus did not permit the use of higher pressures at 70° than 
correspond to one layer, the whole work was restricted to this range of 
adsorption, but the nature of the results obtained leaves little doubt that 
they can be confidently extrapolated to larger adsorptions. A standard 
temperature treatment at 100-110° was adhered to in preparing and 
evacuating the silica; the use of higher temperatures tends to cause some 
drift in the surface properties. Adsorption potentials for a given adsorption 
are aU rather higher than in the previous work wherein temperatures of 
about 200° were used. The effective dead-space” was determined by blank 
experiments with nitrogen, the volumenometer being maintained at 42° 
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and the adsorption tube at 70° and at 25°; no difference was detectable 
in the two estimates for these temperatures (which were the extremes used), 
thus showing that thermal effusion effects were negligible. Special experi- 
ments made to estimate the divergence of the vapour of methyl alcohol 
from the ideal at 42° showed that only very small corrections were involved; 
it had been shown previously (Palmer 1937 ) that even at 25° and much 
higher pressures the corrections for benzene and acetone were negligible. 

Table I summarizes the experimental observations. In this table p is 
the equilibrium pressure in mm. of mercury, ^ the adsorption potential, 
and a the adsorption in micromols per sq. m. ^ = ETlogp^jp. 

Table I 


Benzene. (Actual sxirface of silica 7-1 sq. m.) 


70°; 

= 547-4 mm. 

50 

°: ^5 = 269-0 mm. 

25°: ^a = 94-0 mm. 

V 

logio?^ 

a 

P 

logic 

a 

P logic 

a 

6*5 

3-4835 

0-29 

3-1 

3-4604 

0-54 

2-5 3-3353 

1-34 

15-7 

3-3872 

0-84 

7-6 

3-3630 

0-96 

5-6 3-2261 

2-25 

29*1 

3-3043 

1-55 

15-6 

3-2653 

1-97 

10-1 3-1243 

3-18 

44-7 

3-2358 

2-23 

29-5 

3-1553 

2-89 

16-9 3-0103 

4-26 

59-3 

3-1837 

2-66 

42-6 

3-0761 

3-60 

24-6 2-9030 

5-23 

68-65 

3-1541 

2-96 

63-6 

2-9698 

4-65 

33-6 2-7881 

6-30 

104-4 

3-0562 

3-77 

94-6 

2-8291 

5-93 

47-2 2-6140 

7-99 


Acetone. 

(Actual surface of silica 7-1 sq. m.) 



70' 

^:^3,= 1190mm. 30^ 

^3 = 282-7 mm. 



V 

logic 

a p 

logic a 



4-1 

3-5900 

2-05 0-2 

3-6432 1-46 



13-1 

3-4909 

2-90 1-6 

3-4965 2-96 



28-1 

3-4094 

3-60 5-5 

3-3777 4-00 



44-0 

3-3550 

4-05 12-5 

3-2762 4-91 



71-2 

3-2865 

4-57 20-75 

3-1992 5-65 



103-5 

3-2244 

5-07 27-6 

3-1486 6-09 



131-6 

3-1796 

5-65 38-6 

3-0808 6-67 



Methyl alcohol. (Actual surface of silica 

7-2 sq. m.) 


70° 

: ^ 5 = 927 mm. 

50° : Ps = 406 mm. 

25°: 23,= 125 mm. 

V 

logic 

a 

P 

logic 

a 

P logic 9^ 

a 

6-3 

3-5362 

1-21 

5-1 

3-4520 

2-18 

1-4 3-4282 

2-50 

18-1 

3-4323 

2-23 

15-4 

3-3256 

3-51 

5-1 3-2808 

4-00 

46-9 

3-3118 

3-40 

31-1 

3-2206 

4-51 

11-15 3-1592 

5-18 

75-2 

3-2369 

4-16 

55-0 

3-1116 

5-60 

20-75 3-0296 

6-45 

90-8 

3-2028 

4-52 

69-5 

3-0575 

6-12 

28-2 2-9487 

7-22 

138-5 

3-1159 

5-36 

103-85 2-9453 

7-23 

41-5 2-8182 

8-60 
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Discttssion 

The following symbols will be used, in addition to those already mentioned 
in connexion with Table I: 

6 = fraction of surface covered. 

A = area per molecule (Angstroms). 

{A) = fictitious area per mol. for film of more than one layer. 
s = slope of logio?^, cb fines. 

F = lateral force (dynes cm.). 
a = thermal expansion of film [3 log AjdT]. 
of = thermal expansion of bulk phase [3 log F/3r]. 
f — compressibility of film [Slog A/3jP]. 

/?' = compressibility of bulk phase [3 log F/3P]. 

(1) As figs. 3, 4 and 5 show, a linear relation between log ^ and a is well 
maintained at all temperatures. Table II shows the value of log $5o obtained 
by extrapolating the separate fines to a = 0. 


Table II 



25° 

30° 

50° 

0 

0 

Benzene 

3-476 

— 

3-475 

3-475 

Acetone 

— 

3-824 

— 

3-820 

Methyl alcohol 

3-690 

— 

3-680 

3-660 


which is of course independent of the evaluation of the surface area, 
is seen from this table to be also independent of temperature for benzene 
and acetone. A linear relationship between log^ and a does not in fact 
extend to a = 0 for the powdered adsorbent (Palmer and Clark 1935, 
p. 377): an upward trend near a = 0 is already noticeable in the benzene 
diagram (fig. 3). A previous suggestion (Palmer 1937, p. 263) that this 
divergence is attributable to surface inhomogeneity and would probably 
not be shown by an ideal plane surface is supported by this new evidence 
that (pQ is independent of T, which can hardly be accidental. On the other 
hand, for methyl alcohol the apparent change of (p^ with T is well outside 
experimental error. This is regarded as abnormal behaviour, and is explained 
by association in the film (p. 200 below). Fig. 2, which shows the resiilts 
of experimental method (6) applied to acetone, indicates that at least for 
this substance the value of —dpjdT increases somewhat with rise of tem- 
perature, but the inevitable experimental error renders a quantitative 
estimate of the variation uncertain. It may be assumed that for films on 
silica, where no association or other chemical change occurs in the film, 
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the isothermals can be represented by straight log ^5 a lines radiating 
fan-wise from a common origin (pQ, the slope of the lines increasing with 
increase of temperature (i.e. [dpIdT]^ negative). 

(2) The thermal expansion of the film. We define the thermal expansion 

by 

H = l^^ogsIdT]^ = -[31oga/aT]^ = [aiog.4/9r]^. 


log p,oo log psoo log p 2 SO 



a 

Fig. 5. Methyl alcohol. 


Table III 


cxf 


Slope of log ^ line at (liquid, 

. at normal 



25° 

o 

O 

CO 

50° 

70° 

Mean a 

pressure) 

Benzene 

0-1058 

— 

0-1079 

0-1100 

0-00090 

0-00117 

Acetone 

— 

0-1115 

— 

0-1185 

0-00152 

0-00132 

Methyl alcohol 

0-1080 

— 

— 

— 

— 

— 


Tor benzene and acetone a is independent of a, but, as fig. 2 suggests, 
probably rises with increase of temperature. The values of a agree in mag- 
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nitude with those found by Polanyi and Goldmann (1928) and by Coolidge* 
in their work on charcoal adsorption of vapours, but their evidence on the 
dependence of a on a and T is conflicting. Thus Coolidge’s data give 
nearly independent of a for benzene and CCI4, and ago® independent of a 
for (C2Hg)20. Neither of these authors investigated acetone; for adsorbents 
other than those mentioned their results fluctuate irregularly. Coolidge’s 
data give ajgo^ = 0*0013 for benzene for a range of (p from 6000 to 3000 cal. 

In attempting to elucidate the physical state of the film by comparison 
of its properties with those of hquids and compressed gases, account must 
be taken of the effect of orientation of permanent or induced dipoles in 
the surface field. We may regard the potential ^ as consisting of three terms, 
(j) = — — where E.^ is the interaction energy due to orientation, 

and Erp the thermal interaction energy. If we imagine a film in equilibrium 
with a vapour phase at pressure p and confined on the surface by a lateral 
barrier which exerts on the film a force F, the barrier may be moved inward 
isothermally whiles is simultaneously increased so that no vapour molecules 

leave or enter the film. The work done on the film is ^FdA = AE^^ + AE^, 

Now if the adsorbate is non-polar but has isotropic polarizability AE^ will 
not depend on temperature, since the induced dipoles will maintain positions 
of minimum potential energy in spite of thermal agitation; with a polar 
substance, however, thermal disturbance must always tend to give fluc- 
tuations between positions of potential energy greater than the minimum, 
and AE^ must increase with rise of temperature. It follows that {d<pldT)^ 
and therefore 3 log 5/3 T must be relatively larger for a polar than for a non- 
polar adsorbate. For a bulk liquid or compressed gas where no surface field 
imposes orientation these special effects would not exist. In agreement 
with these views 

^acetone ‘^bonzeno ^ ^acotono ^bouzono* 

A striking example of the marked effect of dipole moment upon thermal 
expansion in a film is furnished by methyl alcohol where in contrast with 
benzene and acetone the film shows at first a large expansion that, however, 
decreases rapidly with increasing 

Thermal expansion of methyl alcohol films (50-70°) 

(j) (cals.) a 

3000 0-0022 

2000 0-0013 [a' = 0-00113] 

1000 0-0010 

* Polanyi and Goldmann (1928) calculate and quote values of a obtained from 
the data of Coolidge, who did not himself make the calculations. • 
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Later discussion (p. 203 below) will indicate that molecular association in 
this film at low values of a greatly strengthens the normal (monomeric) 
dipole, a behaviour reflected in the high initial value of a. Coolidge’s 
data also give = 0*0023 for <j> — 3000 for the alcohol on charcoal. 

There is certainly a general agreement in the order of magnitude of a 
and a' but it is doubtful whether for this reason alone the film can be con- 
sidered to be in the hquid state (cf. Polanyi and Goldmann 1928). While 
there exists no rational method of correlating F with the hydrostatic 
pressure P in dynes cm.^, it is generally agreed that P is of the order 100- 
1000 atm. and must increase rapidly with a. Now data for bulk liquids 
show that cxf decreases markedly with increase in pressure, but is little 
influenced by temperature, while for films of benzene or acetone the above 
data suggest an exactly contrary behaviour. 

Prom the integrated expression for F previously given (Palmer 1937) 
it is easily seen that 

{FA)^ = ^[($5o — ^)/c— = constant, independent of P, 

where g converts to suitable units, and c = If therefore points 

are chosen on isothermals such that <}> — BT log pjp has a constant value 
a simple Traube type of expression connects F with A at such points. 
Hence — (01ogP/3P)0 = 91og J./3P,andP^c?6crea5ei5withriseoftemperature. 


(3) Compressibility (y?) and value of \dlogFjdT\, A comparison of 
d log Fj’dT as a function of F with d log PjdT as a function of P in the bulk 
phase avoids the difl&culty of relating P to P; with the same advantage we 
may compare y? and as functions of these variables respectively. For 

a perfect gas dlog PjdT = ^-0*003, while calculation from Pv data for 

CO2 under high pressure* shows that under such conditions this coefficient 
is much greater, but decreases with increasing pressure, being, at 25°, 
0*035 for 170 atm. and 0*014 for 860 atm. Table IV gives values for an acetone 
film at 30°. 

Table IV 


6 

F 

e log F/dT 

0*2 

0 

0*00235 

0*4 

18 

0*00122 

0*6 

35 

0*00077 

0-8 

51 

0*00043 


* International Grit, Tables, 3, 11. 
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The values of the coefficient tend at low 6 towards that for a perfect gas 
and are all much less than those for compressed COg, but they show, like 
CO2, a marked fall with increasing F, 

For a gas under low pressure /?' = — Ijp, and for CO2 between 200 and 
1000 atm. — /?' = 0-4/^;* for the gaseous state we may thus assume an 
approximately linear relation between — yff' and For acetone in bulk 
— /?' = Qonst.jp^'^^ for P between 250 and 1500 atm.; for benzene the very 
similar relation — /?'' = Qon^t.jp^'^^ holds for P between 200 and 600 atm.'j* 
For both liquids the index to p lessens at lower pressures. When logy? is 
plotted against log F for benzene films we find a slope of unity up to J. = 50 
and F = 1 dynes, and then a rather sudden change of slope to 0*55, which 
remains nearly constant to (.4) = 15 and F = 40 dynes; for acetone films 
the result is the same, except that the change of slope occurs at 18 dynes, 
but this is not surprising as acetone develops a higher force than benzene. 
We have thus for the films = const. where = 1 for 0<O*5 and 
n — 0*55 for greater 6. The state of the film revealed by these data is more 
nearly akin to that of a compressed gas than that of a liquid. 

(4) Heats of adsorption, {a) Benzene and acetone. For these adsorbates, 
= logio?io”'‘®<^ = const. 

- T{df>/dT)^ = Tf>a(ds/dT) x 2*306 
= L + f> — T (3^/0 

where L = the molar latent heat of evaporation of the bulk liquid at 
{dH/da)^ — La = the heat liberated when 1 g. mol. of vapour is adsorbed 
from a large volume of vapour in equilibrium with a film of 
indefinitely large extent and already containing a micromols. 
adsorbate per sq. m. 

La — L — (p — T{d(pldT)a has been termed the heat of wetting (Polanyi) 
or the nett heat of adsorption ( Coolidge) . For the three substances concerned 
in the present work dcfjdT is negative at all values of a, and therefore 

— F is greater than <j). In calculating, a mean value of dc^jdT for the 
temperature range has been used. 

(6) Methyl alcohol. For this substance the slopes of the log a lines are 
very nearly the same at all temperatures, and the principal consideration 
is 0^q/3T. As mentioned above the apparent decreases with rise of 
temperature (Table II). The reason for this is suggested by earlier work 
(Palmer and Clark 1935; Palmer 1937, p. 256), where it is shown that in 

* International Grit. Tables, 3, 11. 

I International Grit. Tables, 3, 36 and 42 resp. 
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the first part of the adsorption of methyl and ethyl alcohols log (j> decreases 
more slowly than in the ultimate linear relation with a, an effect then 
attributed to association in the film, and one which would be expected to 
diminish in importance rapidly with rise of temperature. We may conclude 
that the true is near to the value (log <1>q = 3*660) given by extrapolating 
the log ^ hne for 70°, and that the lines for 50 and 25° undergo increasing 
curvature towards this common value as a tends to zero (represented 
diagrammatically in the inset to fig. 5). In support of this view the heat of 



Table V. 

Heats oe adsorption 


<!> 

T{8(^>I8T) 

L^-L 

La 

0 


Benzene. L = 

8050 cal. 


2990 

0 

2990 

11,140 

0-0 

2512 

130 

2642 

10,692 

0-1 

2120 

237 

2357 

10,407 

0-2 

1784 

276 

2060 

10,110 

0-3 

1503 

310 

1813 

9,863 

0*4 

1267 

326 

1593 

9,643 

0*5 

1068 

330 

1398 

9,448 

0-6 

898 

324 

1222 

9,272 

0*7 

757 

312 

1069 

9,119 

0-8 

637 

296 

933 

8,983 

0*9 

537 

277 

814 

8,864 

1*0 


Acetone. L:= 

7710 cal. 


6640 

0 

6640 

14,350 

0-0 

5540 

465 

6005 

13,715 

0-1 

4620 

775 

5395 

13,105 

0*2 

3859 

949 

4808 

12,518 

0-3 

3220 

1080 

4300 

12,010 

0-4 

2688 

1126 

3814 

11,524 

0-5 

2240 

1130 

3370 

11,080 

0-6 

1873 

1099 

2972 

10,682 

0*7 

1560 

1050 

2610 

10,320 

0-8 

1305 

986 

2291 

10,000 

0-9 

1089 

913 

2002 

9.712 

1-0 


Methyl alcohol. 

L = 8946 cal. 


4570 

0 

4570 

13,516 

0-0 

3470 

2100 

5570 

14,516 

0-2 

2630 

2190 

4820 

13,766 

0*4 

2239 

1862 

4101 

13,047 

0*5 

1910 

1580 

3490 

12,436 

0-6 

1622 

1349 

2971 

11,917 

0-7 

1380 

1150 

2530 

11,576 

0*8 

1175 

977 

2152 

11,098 

0-9 

1000 

832 

1832 

10,778 

1-0 
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adsorption shows an initial rise, which has been shown theoretically to 
indicate negative interaction energy in the film. For the purposes of calcula- 
tion the initial part of the 25° log ^ line is taken as given in form by the earlier 
work, and the 70° line as linear right up to « = 0. The values of the heat of 
adsorption in the neighbourhood of its maximum are thus only approximate, 
but there appears to be no doubt of the existence of the maximum. 

The heats of adsorption are somewhat lower and more differentiated 
according to the type of substance than those found with vapours and 
charcoal: Pearce and McKlinley (1928) find by direct calorimetry at low 
adsorptions the approximate values, benzene 17,000 cal., acetone 
16,000 cal., methyl alcohol 16,800 cal. 

L„ (Cal.) L„ (Cal.) 


14 

13 

12 

11 

10 


It will be seen from fig. 6 that the heat for benzene and acetone decreases 
in nearly linear relation to 6 up to 6<-0-5: the slight divergence from a 
straight line is within the limits of error in determining Td(f>ldT. Such a 
relation between L and 6 is in accordance with the recent calculations of 
J. S. Wang (1938) when the interaction energy is small (less than 
but it may be doubted whether the vitreous silica surface presents the 
orderly array of sites for adsorption that Wang's calculation presumes. 



0 0*4 0-8 0 04 0-8 I-: 

, e-> 


Upper curve, acetone Methyl alcohol 

Lower curve, benzene 

Fio. 6 
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In our case, where more than one layer can be built up, it seems very 
probable that at < 9 '- 0-5 a second layer begins to be formed owing to the 
increasing difficulty of entering the &st layer against the interaction forces. 
Ultimately at higher pressures the first layer will gradually fill. It is 
significant that at 0 0*5 the relation of the compressibility ^ to F changes 
rather sharply (p. 200 above) and also the form of the equation of state for 
the film alters (Palmer 1937). 

In connexion with the heat curve for methyl alcohol it is interesting to 
note some recent measurements of the molecular polarization of dissolved 
alcohols (Wolf and Herold 1934; Hennings 1935; Romanov and Eltzin 
1937) where it is proved that the process of association may lead to a large 
increase of dipole moment, which is especially marked with methyl alcohol. 
As the potential (f> is thought to depend on (Palmer 1937, p. 265 ), if the 
moment of a dimeric complex is greater than that of a simple molecule by 
50 % the potential for the complex will be greater than the sum for two 
simple molecules, and the curvature of the log $5 fine is explained. The 
maximum value in the polarization curves for the dissolved alcohols 
decreases more rapidly than in proportion to IjkT, which is in agreement 
with the rapid loss of curvature in the log ^ lines with rise of temperature. 

There do not appear to be any comparable observations for methyl 
alcohol on other adsorbents. Neither Pearce and McKinley (1928) nor 
Coolidge (1924) provide data for calculation in the range of adsorption 
where a maximum might have been expected. Kruyt and Modderman 
(1930) from the experiments of Ray (1925) on adsorption of N2O4 — ^N02 
mixtures on silica gel, where association might well be expected, find 
a marked maximum in the heat when calculating from isothermals at 
15 and 57 °, but only a steady fall when those at 57 and 80 ° are used. The 
data of Wolf and Herold indicate that the polarization falls very rapidly 
from the maximum on the side of higher concentration, and we may assume 
a correspondingly rapid fall of mean moment in the adsorption film, 
Wang (1938) does not consider the case of increasing moment nor of actual 
chemical association, but shows semi-quantitatively that a rapid decrease 
of moment would lead to inflexions in the heat curve, such as is actually 
seen in fig. 6 (methyl alcohol) at ^ = 0-8. 

{Added 28 July 1938 .) The relation of the heat of adsorption dHjda to 
the amount adsorbed, which in the absence of association may be expressed 
in the form d^Hjda^ = — /(1/a), where f (a) is positive, is in good qualitative 
agreement with the earlier investigations of Coolidge (1924), and especially 
with those of Polanyi and Goldmann (1928), on the adsorption of vapours 
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upon charcoal, although in the latter the complex relation between log ^ 
and a rendered extrapolation to a = 0 impossible. Bangham and Mosallam, 
in a recent communication (19386), report that dHfda for benzene and 
methyl alcohol on surfaces of mica differs little from the normal latent 
heat when the adsorption has reached greater amounts than correspond 
approximately to one molecular layer, a result corroborated in Table V 
above. They also find 12,000 cal./mol. and 13,400 cal./mol. respectively 
for the initial heats of adsorption of benzene and methyl alcohol, with which 
our estimates of 11,140 cal./mol. and 13,520 cal./mol. are in excellent 
agreement, in spite of the different nature of the surfaces, but they claim 
that these values are maintained nearly constant throughout the formation 
of the first layer, and then fall abruptly. In the case of benzene their iso- 
thermals exhibit even in the first layer most marked discontinuities in slope, 
on the significance of which they lay some stress. Now it appears to the 
writer that the evidence so presented is conflicting, as the discontinuities 
must imply some kind of interaction between the adsorbed molecules, 
since heterogeneity of surface is not likely to lead to breaks except in the 
unlikely case of micro-surfaces associated with very widely separated 
''levels’’ of adsorption energy, and such interaction is incompatible with 
a constant heat of adsorption. 

In an earher paper ( 1 93 8 a) Bangham and Mosallam show that the benzene 
and methyl alcohol isothermals conform at low pressures to a simple 
Langmuir formula, and associate this with the constant heat of adsorption. 
However, an inspection of the literature reveals that, from an experimental 
. standpoint, a decreasing heat of adsorption is by no means incompatible 
with a simple Langmuir formula (i.e. with only two constants). Thus Zeise 
(1928) showed that Titoff’s data (1910) for adsorption of COg, NH3 and Ng 
on charcoal (outgassed at SSO'’) over a wide range of temperature fit simple 
Langmuir expressions with exactness over the whole range of pressure used 
by Titoff; from this we may conclude that only unimolecular layers are 
concerned. McBain and Britton (1930) have fully confirmed the agreement 
for nitrogen with pressures rising to 60 atm. Titoff’s own direct calorimetric 
measurements, however, showed (1910) that the heats of adsorption of these 
gases decreased steadily as follows throughout the range of pressure used: 
CO2, 8100-6400 cal./mol.; NHg, 11,000-7000 cal./mol. and Ng, 8000- 
4000 cal./mol. These changes are all fully confirmed by indirect calculation 
from Titoff’s isothermals (Kruyt and Modderman 1930). Magnus and 
Kalberer (1927), using charcoal outgassed at 600°, found the heat for COg 
to fall steadily from 12,500 cal./mol. at very small pressures and adsorptions 
to 6720 cal./mol. at higher pressures. It seems clear from these and other 
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similar experimental facts that the Langmuir formula is not actually 
restricted either to a plane surface or to cases of constant heat of adsorption, 
which as a matter of fact appear to be rare. The constant Cg in the formula 
a = CiC2^/(l + C2P) depends on the ratio where a is the “accom- 

modation coefiBLcient” for the condensation process, and the constancy of 
C2 means that a must vary rapidly with a (and 6) to compensate the change 
in 4. 

{Note added in proof) In a note in their paper (19386) Bangham and 
MosaUam refer to the work of Palmer and Clark (1935), and no doubt by 
an oversight in which specific surface was confused with actual working 
surface are led to an erroneous statement about the area of our silica powder. 
We used ca, 15 g. of powder of specific surface ca. 5000 cm.^, giving a total 
working surface of ca. 15 x 5000 = 75,000 cm.^, which is almost exactly 
four times the area of the mica used by Bangham and MosaUam, and not 
one-quarter of their surface as stated in the note. 

SUMMABY 

1. Isothermals have been obtained at temperatures between 70 and 25° 
for adsorption of the vapours of benzene, acetone and methyl alcohol on 
known surfaces of vitreous siUca, by methods giving a check on the con- 
stancy of the surface condition. 

2. The values of the coefficients of thermal expansion, compressibility 
and the temperature variation of the lateral force have been calculated and 
discussed in relation to paraUel properties of the bulk phase. 

3. The heats of adsorption have been calculated from the temperature 
variation of the adsorption potential. Their relations to the fraction of 
surface covered are in agreement with theoretical predictions for films with 
interaction energy. 
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The rates of transformation in ethyl alcohol of 
ammonium and ethylammonium cyanates to 
the corresponding ureas 

Bt CHBiSTnsTA 0. Miller and James R. Nicholson 
Chemistry Department, University of Edinburgh 

{Communicated by J. Kendall, F.R.S. — Received 29 June 1938 ) 

In aqueous and aqueous ethyl alcoholic solutions ammonium and alkyl- 
ammonium cyanates seem to be converted to the corresponding ureas by 
a reversible bimolecular mechanism associated primarily with univalent 
ammonium (or alkylammonium) and cyanate ions. Thus, if Gj^ and Gj^ are 
the concentrations of the ionic reactants .4 and B, based on the conception 
of complete dissociation, and the reverse reaction is negligible, the velocity 
V of the forward reaction is represented by the equation, v = k^^Gj^Gj^F, 
where is the velocity constant, and jP is a reaction kinetic factor which 
is at least qualitatively represented by f^fplfx^ defined by Bronsted 
(1922). fj^, sind/Y represent, respectively, the activity coefficients of the 
reactants and a critical complex X, which, in our case, is a neutral molecule 
of which the activity coefficient may be taken to be unity. For example, 
when the logarithm of k^, the so-called velocity constant determined experi- 
mentally at various concentrations from the equation v = kQCj^C;^ 
{k(y = k^F), is plotted against the square root of the average ionic strength 
(here, simply the average concentration) of the interval to which it refers, a 
curve is obtained which at low concentrations approximates to the linear 
relationship required by the Debye-Hiickel theory. Miller (1934, 193s) 
showed this for methylammonium cyanate in water and in 98*1 % aqueous 
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ethyl alcohol. Warner and Stitt (1933) obtained a similar result for 
ammonium cyanate in water. The rates of transformation of ammonium 
and methylammonium cyanates in water were influenced by neutral salts 
in the manner predicted by Bronsted. 

A peculiarity was observed in Miller’s experiments with methylammonium 
cyanate in alcoholic solution, which were made over the concentration 
range 0 * 0002 - 0-05 M at two temperatures, was determined by graphical 
extrapolation and F, as determined from the equation = AqjP, was then 
compared with the value of p, calculated for a univalent ion from the 
equation of Gronwall, La Mer and Sandved (1928). It was assumed that 
fx could be considered throughout to be unity. At 0° and at 10^^ jP equalled 
P when reasonable values of a, the mean distance of closest approach of 
other ions to that under consideration, were taken, but the values at the 
two temperatures were 6*1 and 7*6 A, respectively. A further unexpected 
result was that at infinite dilution Christiansen’s (1924) equation, omitting 
the steric and orientation factors, for a bimolecular reaction of measurable 
velocity between univalent ions of opposite sign satisfactorily represented 
the experimental results only when the distances, r, between the centres of 
colliding and reacting ions were set equal to a. 

In view of the above results it was considered advisable to extend the 
experiments to other cyanates and to have data for at least three tem- 
peratures. Accordingly further experiments were imdertaken for am- 
monium and ethylammonium cyanates in the same solvent as was used for 
methylammonium cyanate, namely aqueous ethyl alcohol containing 98*1 % 
by weight of ethyl alcohol. 


Experimental 

The experimental arrangements were essentially the same as before. Two 
preparations of the solvent were required, but all the experiments for each 
cyanate were made with a single preparation of conductivity 0*1 gemmho 
at 10°. Ammonium cyanate was prepared from pure ammonium chloride 
and cyanuric acid and could be kept for several days. Ethylammonium 
cyanate was prepared from cyanuric acid and ethylammonium chloride 
which had been freed from ammonium and other alkylammonium chlorides. 
Each velocity experiment required a fresh preparation. 

The methods of determining the rates of reaction were exactly as pre- 
viously described, the concentration range 0 * 05 - 0*003 M being covered by 
means of chemical analysis, and the range below 0*001 M by a conductivity 
method. As the equilibrium point concentrations of the reactions of both 
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oyanates were of the same order as that for methylammonium cyanate, the 
reverse transformations of the ureas into cyanates could he ignored. 

For ammonium cyanate the three temperatures chosen were 16, 24 and 
32° C, and for ethylammonium cyanate, 0, 10 and 20° C. The equivalent 
conductivity of the cyanates was determined at 16 and 32° C for ammon- 
ium cyanate, and at 0 and 20° C for ethylammonium cyanate. For 24 
and 10° C interpolated values were used. Temperature was controlled to 
+ 0-01° 0 and recorded on thermometers that had been compared with 
N.P.L. standard ones. 


16*00° 

C 

Table I 

Ammonium cyanate 

24*00° C 

— 

32*00 

°C 

ko 

C'average 

kc 

^average 

kc 

<^average 

0*000640 

0*04161 

0*001936 

0*03441 

0*00530 

0*03209 

0*000728 

0*03027 

0*002102 

0*02669 

0*00591 

0*02449 

0*000904 

0*01766 

0*002607 

0*01784 

0*00564 

0*02340 

0*001066 

0*01049 

0*00319 

0*00944 

0*00672 

0*01699 

0*001683 

0*002829 

0*00495 

0*002836 

0*00817 

0*00918 

0*00216 

0*000940 

0*00566 

0*001035 

0*01130 

0*003059 

0*00224 

0*000746 

0*00653 

0*000440 

0*01291 

0*000924 

0*00244 

0*000485 

0*00754 

0*000191 

0*01534 

0*000481 

0*00286 

0*000241 

0*00865 

0 

0*0197 

0*000220 

0*00294 

0*000183 



0*0202 

0 

0*00309 

0 









*0*0218 

0*000182 





*0*0235 

0*000154 


Ethylammonium cyanate 


0-00' 

’C 

kc 

^average 

0*000672 

0*03795 

0*000775 

0*02748 

0*000916 

0*01868 

0*001095 

0*01138 

0*001674 

0*003278 

0*00193 

0*000999 

0*00219 

0*000517 

0*00213 

0*000211 

0*00216 

0*000220 

0*00280 

0 


10-00° 

C 

kc 

<>average 

0*002353 

0*03408 

0*002673 

0*02603 

0*003015 

0*01795 

0*00371 

0*00911 

0*00515 

0*002697 

0*00636 

0*000595 

0*00718 

0*000275 

0*00624 

0*000124 

0*00847 

0 


20*00 

°c 

kc 

^average 

0*00769 

0*03233 

0*00776 

0*02958 

0*00827 

0*02504 

0*00891 

0*01776 

0*00916 

0*01696 

0*01025 

0*01001 

0*01346 

0*002759 

0*01525 

0*000895 

0*01577 

0*000479 

0*0132 

0*000208 

0*0182 

0*000182 

0*0215 

0 
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Results 

In Table I the data for the velocity experiments are presented. Tcq is 
given as formerly in moles per litre per second and C^ayerage is the average 
concentration of the interval to which it refers. 

The equivalent conductivities at infinite dilution of ammonium and 
ethylammonium cyanates were found by extrapolation from the experi- 
mental data to be approximately as follows: 

Ammonium cyanate: 32*5 (16°), 36*9 (24°), 41-4 (32°); 

Ethylammonium cyanate: 25*8 (0°), 31-1 (10°), 37*8 (20°). 


The mechanism oe the reaction 


In figs. 1 and 2 are plots of logk^ against V^average cyanate at 

the three temperatures. The broken lines through the points will be referred 
to presently. 





V^average 


Fig. 1. Ammonium cyanate- a Theoretical limiting slope. 


In a general way the results resemble those found for methylammonium 
cyanate, but with ammonium cyanate below a concentration of 0-0004M 
there is a definite tendency for the rate to increase more than anticipated. 


14-2 
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Either the production of urea is being catalysed or another reaction is 
occurring simultaneously. Traces of impurity in the solvent might be 
responsible, but experiments at low concentrations repeated at 32° with 
two fresh preparations of alcohol of the same composition gave similar 
results. These are shown marked with an asterisk in Table I and in fig. 1. 
The neglect of an appreciable reverse reaction, or of possible carbonate 
formation in these conductivity experiments, would affect i^ '^1^® opposite 
sense to that observed. Owing to the difficulty of experimenting at 
high dilutions we propose meantime to neglect the data obtained at molar 
concentrations below about 0*0004. was determined by graphical extra- 
polation of smoothed curves drawn through the appropriate points in figs. 1 
and 2. We have omitted these curves from the diagrams, but the values 
deduced for Jcq are given in Table I. 



Fig. 2. Ethylammonium cyanate. a Theoretical limiting slope. 


The kinetic factor F and the mean distance of closest approach of the 

reactant ions 

If Uq = h^F = ^ univalent ion according to the 

Debye-Hiickel theory, and /x = 1? logfc^ when plotted against 

V^average Ought to tend at low concentrations towards a straight line of a 
certain limiting slope. This is shown in figs. 1 and 2. At higher concen- 
trations F may be compared with the values of/^ derived from Gronwall, 
La Mer and Sandved’s equation. Since it is uncertain what value should be 
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assigned to the term a (see p. 207) we tested the theory as follows. Using 
the experimental data in Table I for concentrations above 0-0004M we 
calcnlated for various trial values of a the values of p corresponding to 
^average* That value of a, which for a particular cyanate at one tem- 
perature, led to the most nearly constant value of in the equation 
kc = k^p was accepted as being correct. The values deduced for a in 
Angstrom units, and for k^ are: 

Ammonium cyanate: a = 5-4 A, = 0*00311 (16°); a = 6*0 A, 

*0 = 0*0086 (24°); a = 7*4 A, k^ = 0*0207 (32°); 

Ethylammonium cyanate: a = 5*6 A, = 0*00291 (0°); a = 7*1 A, 
k^ = 0*0088 (10°); a == 11*1 A, *0 = 0-0224 (20°). 

In figs. 1 and 2 the broken lines represent the theoretical relationship 
between log kg and V^average based on the above values of Aq and a. It is 
evident that ammonium and ethylammonium cyanates, like methyl- 
ammonium cyanate, require values of a with high positive temperature 
coefficients. With the exception of the value at 20° for ethylammonium 
cyanate their magnitudes are of an acceptable order, and compare very 
favourably with the sums of the radii of the appropriate ions calculated 
from the conductivity data on p. 209 in conjunction with Stokes’s law. 
Eor ammonium and ethylammonium cyanates at 25° these are respectively 
7*5 and 6*8 A, and they are not subject to a large temperature coefficient. 

We have examined the literature for evidence of the temperature varia- 
tion of a in non-aqueous solvents. From electromotive force data for 
hydrochloric acid up to a concentration of 0* 02 M in 45 % aqueous dioxane 
Earned (1938) derived values of a that decrease 17|% for a 50° rise in 
temperature; in 70 % aqueous dioxane the corresponding decrease is less 
than 10 %. To such variations no significance was attached, and it would 
appear that our kinetically deduced values are unusual. A weak point in 
our deductions is that we have had to depend more on the higher than on 
the lower concentration data to which the Gronwall equation would 
normally better apply. 

Christiansen’s equation at infinite dilution 

Christiansen’s theory was applied to the experimental results in the same 
manner as for methylammonium cyanate (Miller 1935), the results for 
which are given for comparison in Table II. The fourth and seventh columns 
of the table show that there is no general agreement with the theory whether 
r is set equal to a or taken to be constant. E the energy of activation in 
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kilocalories is so variable with temperature that it cannot be a true energy 
of activation. 


Table II 


Temp. 

. . calc. , 

rin A E r in A 

E 

Icq calc. 



Jcq exp. 


Jcq exp. 



Ammonium cyanate 



16 

7.5} 

20-34 2 

24-15 

0-004 

24 

7*5 

6-0 



32 

7 . 5 } 

17-27 330 7 . 4 } 

23-61 

0-01 



Ethylammonium cyanate 



0 

6*81 

15-56 1200 

20-46 

0-07 

10 

6-8 

7-1 



20 

6.8r 

13-73 30,000 ii-if 

17-48 

40 



Methylammonium cyanate 



0-04 

6 . 2 ) 

14-87 3000 

18-76 

2 ’ 

9-98 

6*2 J 

7 . 6 J 



Finally E 

was 

deduced at the lowest temperature 

for each cyanate by 


substituting for r in the appropriate equation the corresponding value of a. 
Assuming E to be independent of temperature we then found the values of f 
required to give agreement between experiment and theory at the higher 
temperatures to be as follows: 

Ammonium cyanate: (5*4), 5-6, 6*2 A; 

Ethylammonium cyanate: (5-6), 6*8 A, indeterminate. 

Hence r requires a positive temperature coefficient distinctly lower than that 
found for a. 


The factors Ej^ and A of the Arrhenius equation 

The velocity constants of a great many reactions in solution may be 
represented by Arrhenius’s equation, h = Ae'^^A^^ where Ej^, the critical 
increment, and A are constants. A is commonly factorized into PZ, Z in a 
bimolecular reaction being the number of encounters between the reactants, 
as given by the kinetic theory of gases, and P, a probability factor which 
may range in value from 10~® to 10®. So-called “normal” reactions are 
associated with probability factors of about unity. 

The data in Table III have been derived by inserting in Arrhenius’s 
equation values of Icq obtained from the smoothed curves referred to on 
p. 210. Miller’s data for methylammonium cyanate in the same solvent are 



Rates of transformation in ethyl alcohol 213 

included. For each cyanate is given the theoretical value of log Z referred 
to a collision diameter based on conductivity data (p. 211), and the lowest 
experimental temperature; it does not vary much with moderate changes in 
a and T. Ej^ is given in kilocalories. 


Table III 



Temp. 





Cyanate 

range 

0 = 0-0004 

0*005 

0*015 

0*03 

Ammonium 

16-24° 

E^ = 2h6 

22*7 

22*7 

22*0 

log^= 11‘9 


logA= 13-7 

14*3 

14*1 

13*5 


24-32° 

Ej_ = 19-2 

19*6 

21*3 

22*0 



logA = 11-9 

12-1 

13*1 

13*5 

Ethylammonium 

0-10° 

= 17*2 

17*2 

18*0 

18*6 

log ^=11-7 


log^ = 11*1 

10*9 

11*4 

11*8 


10-20° 

Ej^ = 15*2 

16*1 

17*5 

18*7 



log A = 9-6 

10-1 

11*0 

11*8 

Methylammonium 

0-10° 

Ej^ = 16-3 

17*0 

17*2 

17*6 

log 11-6 


log A = 10*7 

11*0 

11*1 

11*2 


Considering the data as a whole there are no highly abnormal values of 
Ej^ and log A, showing that the reactions are probably not complex. At the 
highest concentration only, for ammonium and ethylammonium cyanates, 
is the Arrhenius equation satisfied. Except for ammonium cyanate between 
16 and 24° Ej^ and log A increase throughout with increase in concentration, 
the rate of increase increasing as temperature rises. As Ej^ changes with 
concentration, with temperature, and from one cyanate to another, log A 
varies in the same direction, but not always to the same extent. Such 
parallel variations are by no means uncommon. The maximum deviation of 
log A from log Z, approximately ± 2, is not excessive. It has been shown 
by Moelwyn-Hughes (1936) that in a bimolecular reaction involving ions P 
will differ from unity, being greater at ordinary temperatures and low 
concentration when the reactants are oppositely charged. His formula 
for two univalent ions at a concentration of 0-0004M gives for 98*1 % 
aqueous ethyl alcohol at 10°, and a coUision diameter of 6-8 A, log P = 1*77. 
Only the result for ammonium cyanate between 16 and 24° satisfies this 
condition. 


The variation of Ej_ and log A with concentration 

According to Moelwyn-Hughes’s theory cited above, which is based on the 
fulfilment of the Bronsted-Debye-Hiickel theory, and log A should 
decrease as concentration increases, when the ionic reactants are of opposite 
sign, and increase if they are of the same sign. Our results show almost 
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entirely the reverse of the predicted effect. Further, the divergences from 
the theory increase as temperature rises. 

For ammonium cyanate in water and in 28-3 % aqueous methyl alcohol 
Svirbely and Warner (1935) and Svirbely and Schramm (1938) show values 
of Ej^ that change in the predicted manner, when (7 = 0 and 0*0376. This is, 
however, bound to occur, because the values of and k^ from which the 
corresponding values of are deduced are related by means of the formula, 

kQ=^kJl + 2 A lll + 2 A^G being Scatchard’s (1930) formula for 
based on the Debye-Hiickel theory. We have very carefully 
examined a few unpublished experiments of Miller for methylammonium 
cyanate in water at 50°, and we consider that, there too, Ej^ tends to increase 
slightly with increasing concentration (0‘05-0*08M), just as it does in ethyl 
alcohol. Consequently we are of the opinion that the effect we have noted is 
real, and associated with the non-fulfilment of the Bronsted-Debye-Htickel 
theory (a constant). 

The variation of E^ and log A with tem^perature 

LaMer (1933) pointed out that Tolman’s statistical development demands 
in general that Ej_ must be a function of temperature. Our results for 
ammonium and ethylammonium cyanates show for Ej^ and log A large 
negative temperature coefficients at low concentrations and none at the 
highest — 0-03M. At still higher concentrations it would appear that tem- 
perature coefficients might become positive. In the literature there is a lack 
of kinetic data, suitable for comparison purposes, for ionic reactions in 
solvents like alcohol at several temperatures and ionic strengths, but the 
following may be of interest, v. Kiss and Bossanyi (1935) show for a 
reaction between two negative ions in 30 % aqueous ethyl alcohol at one 
ionic strength (0*005) a small negative temperature coefficient for For 
the same reaction in aqueous solution at an ionic strength of 0*02 La Mer 
and Kamner (1935) find negative temperature coefficients for Bj (9 cal./° C) 
and log A. Percival and La Mer (1936) found in a catalytic reaction in 
aqueous solution at 0-40°, involving a positive and a negative ion, that, at an 
ionic strength of 0*2, Ej^ and log A have positive temperature coefficients 
[dEJdT = 63 cal.). 

Our temperature coefficients for low concentrations are very high com- 
pared with those cited. La Mer and Miller (1935), having surveyed the litera- 
ture, state ‘‘that reactions which have so far demonstrated a marked tem- 
perature dependence of Ej^ fall roughly into two classes; namely, those 
involving a halogen compound and those which are either a hydrolysis or a 
proton change Lowry (1934) has suggested that the migration of a proton 
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from an ammonium ion to a cyanate ion, forming ammonia and cyanic acid, 
and then urea, 

X - /OH 

NH4 + NCO^NHs + HNCO^HN = 0< 

\NHo 

may explain the transformation of ammoniun cyanate. Walker and 
Hambly (1895) found, however, that added ammonia had very little 
influence on the transformation. 


The relative rates of transformation of the cyanates and 
the solvent effect 

Owing to the temperature variation of Ej^ and log A a discussion of the 
relative rates of reaction of ammonium, methylammonium and ethyl- 
ammonium cyanates, bringing in these factors, cannot be entirely satis- 
factory, more especially since all the data cannot be referred to one tem- 
perature range. Nevertheless some interesting facts emerge in considering 
Table IV wherein we have collected, in addition to our latest results, aU the 
relevant published data (as far as we know). Ej. in Mlocalories and log A 
refer mainly to zero concentration and to temperature ranges as close as 
possible to the temperature associated with 

Table IV 

Temp, interval 
to which 
and log A 


Solvent 

Cyanate 

^0 

Ea 

log A 

refer 

Water 

AmmnuTiim 

0-000130 (32°)*1 

23-6 

13-0 

30-70° 


Methylammonium 

0-000362 (40°)* j 
0-0024 (60°)t 
0-00046 (40°)t 

22*6 

12-4 

40-50° 

28-3 % CH3OH 

Ethylammonium 

Ammonium 

0-0022 (60°)t 
0-0014 (60°)t 
0*00032 (32°)§ 

22-4 

12-6 

30-60° 

+ 71 - 7 %H 30 
gS-lo/oQHjOH 

Ammonium 

0-00128 (10°)|i 

22-0 

14-1 

16-24° 

+ 1 - 9 %H 30 


0-0202 (32°) 

19-1 

12-0 

24-32° 


Methylammonium 

0-0154 (10°)Tf 

16-4 

10-8 

0-10° 


Ethylammonium 

0-0085 (10°) 

17-0 

11-0 

0-10° 


* Svirbely and Warner (1935). Result at 32 ° interpolated, 
t Walker and Appleyard (1896). Values very approximate, 
t Miller (1934). and log A refer to a concentration of 0 - 082 M, 
§ Svirbely and Schramm (1938). Result interpolated. 

II By extrapolation from the data at 32 - 16 ° in this paper. 

^ Miller (1935). 



216 


C. C- Miller and J. R. Nicholson 


The three cyanates react at similar rates in water {Icq at 40 and 60°). 
Only for ammonium and methylammonium cyanates can we compare Ej^ 
and log A, both of which are slightly greater for the ammonium salt. When 
the solvent is changed to ethyl alcohol, in which the rates of all three cyanates 
are increased, and the rates compared at 10°, the most striking feature is that 
ammonium cyanate reacts about ten times more slowly than the other 
two cyanates, which bear to each other much the same relationship as they 
do in water (60°). E^^ and log A are markedly less for methyl- and ethyl- 
ammonium cyanates than they are for ammonium cyanate. A comparison 
of rates at one temperature (32°) in three solvents is possible only for 
ammonium cyanate; as increases log A and Ej^ concomitantly decrease. 
According to Ogg and Rice (1937), if the same reaction may take place 
either with solvated or with unsolvated reactants then Ej^ and A will be 
greater and h less for the former. In reactions such as ours, where polar 
reactants form much less polar activated complexes and final products, 
extensive solvation of the reactants may be expected to occur, and to a 
different extent in different solvents. The changes in Tcq, Ej^ and A for 
ammonium cyanate in water and ethyl alcohol may then be explained on 
the basis that the degree of solvation is less in alcohol than in water. Now 
the sizes of the ionic reactants as deduced from conductivity data and 
Stokes’s law are much greater for alcoholic than for aqueous solutions, 
which might be taken to indicate a higher degree of solvation in alcohol. 
There is, however, considerable doubt as to the meaning of the large sizes 
so calculated for non-aqueous solvents (Davies 1933). We note that Verhoek 
(1934) studying a reaction in water and ethyl alcohol involving an ionic 
reactant, explained similar changes in Ej^ to ours by assuming a higher 
degree of solvation in water. Since the heat of solvation is usually positive 
one would deduce for Ej^ a negative temperature coefficient. For ammonium 
and ethylammonium cyanates in ethyl alcohol this has already been shown 
for low concentrations (p. 214). 

As cyanate ions are common to the three reactions under consideration it 
seems justifiable to associate the differences in rates with the cations, the 
mobilities of which in water and 98 % aqueous ethyl alcohol at 25° are 
approximately as follows: 

Water: NH4+, 75 ; CH3NH3+ 62 ; C2H5NH3+, 50 ; 

Alcohol: NH4+, 19 ; CH3NH3+ 27 ; C3H5NH3+, 23 . 

It is at once noted that NH4+ undergoes a relatively much greater decrease 
in mobility than the others in the change from water to alcohol. If it is 
permissible to assume some sort of relationship between ionic mobilities 
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and the extent of solvation then, if the three ions are similarly solvated in 
water, presumably NH4+ is relatively more solvated than CH3NH3+ and 
C 2 H 5 ]SrH 3 + in alcohol. Since Aq, and A for ammonium and methylam- 
monium cyanates are similar in water one might therefore expect to find the 
rate for ammonium cyanate in alcohol less than that for methylammonium 
cyanate, and Ej^ and A considerably greater. This is actually observed. 
As Ej^ and A for methylammonium and ethylammonium cyanates are 
similar in alcohol, and the relative changes in mobility of CH 3 ]SrH 3 + and 
C 2 H 5 NH 3 + in passing from alcohol to water are similar, one would predict 
for methylammonium and ethylammonium cyanates in water similar values 
of ^Q, E ^ and A . . 

It is interesting to find that the order of the rates of the reactions of the 
three cyanates in alcohol at 10° is given by the values of a required to satisfy 
the Bronsted-Gronwall, La Mer and Sandved theory (p. 211), namely: 
ammonium cyanate, 5*0A (extrapolated from the 32-16° data); methyl- 
ammonium cyanate, 7*6 A; ethylammonium cyanate, 7-1 A. The signifi- 
cance of this is not apparent. 

We are indebted to Messrs Imperial Chemical Industries, Ltd., and to the 
Trustees of the Moray Fund for grants for the purchase of apparatus. 


SUMMAEY 

The rates of transformation of ammonium cyanate to urea at 16, 24 and 
32° C, and of ethylammonium cyanate to ethylurea at 0, 10 and 20° C 
have been found over the concentration range 0*0002-0*04 M in ethyl 
alcohol containing 1*9 % of water, and compared with those for methyl- 
ammonium cyanate at 0 and 10° C in the same solvent. 

On the supposition that ammonium (or alkylammonium) and cyanate 
ions are the reactants, the applicability of the Bronsted-Gronwall, La Mer 
and Sandved theory to the results has been tested by assuming its validity, 
and calculating the values of a, the mean distance of closest approach of the 
ions, required to give agreement. For all three cyanates a has been found 
to have a high positive temperature coefficient. A simphfied form of Chris- 
tiansen’s equation for ionic reactions is not generally satisfied at infinite 
dilution, whether r the distance between colliding and reacting ions is 
taken to be constant or set equal to the temperature-variable a values. 

The Arrhenius equation {k = is not fulfilled, except at the high- 

est concentration. Ej^ and A vary in a parallel manner from one cyanate to 
another, and with change of concentration, temperature and solvent. An 
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attempt has been made to explain the relative rates of transformation of 
the cyanates in water and ethyl alcohol at infinite dilution by supposing 
that the solvation of the reactants plays an important part. 
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The use of a vertical pipe as an overflow 
for a large tank 

By a. M. Brisr3sriB 

{Communicated by B. V. Southwell, F.B,S. — Received 30 June 1938) 

[Plates 3-6] 

1. Il!TTKODTJCTION 

This paper describes small-scale experiments made on the flow of water 
from a large tank through a vertical pipe projecting upwards through the 
bottom for a considerable distance. Under these conditions the discharge is 
greatly affected by the type of flow existing at the entrance to the pipe, and 
at certain heads considerable volumes of air are carried down the pipe with 
the water. 

The literature of the subject appears at present to be scanty. The classical 
researches of Borda (1766), which are described in text-books on hydraulics, 
were carried out on uniform pipes projecting inwards for a short distance 
only. He distinguished two types of flow from the bottom of a tank in 
which the water was sensibly at rest : (a) jfree flow, in which a vena contracta 
was formed at entrance to the pipe and the jet was steady and of the same 
diameter as the vena contracta; (6) full flow, in which the stream, after 
passing the vena contracta, expanded to fill the pipe and issued as a tur- 
bulent jet. Later writers — e.g. Bilton (1908), Smith and Walker (1923) — 
have determined experimentally the coefficients of discharge and contrac- 
tion for varying pipe diameters and heads. 

Mathematical hydrod3niamics affords little assistance. The only similar 
problem that has been solved (Lamb 1932) concerns the flow in the absence 
of gravity of an inviscid liquid through a two-dimensional mouthpiece. 

Unfortunately the artifice of conformal representation, which is em- 
ployed, cannot be extended to deal with a chcular pipe. The power of en- 
training air possessed by water falling down a vertical pipe has been used 
to operate hydraulic air compressors, and several large examples of plant 
of this kind were described by Peele (1930). 

In recent years vertical pipes of bell-mouth form at entrance have been 
used instead of weirs as overflows for large reservoirs. W. J.E.Binnie (1937) 
explained the advantages of this type of overflow, reviewed examples from 
different parts of the world and detailed his own work on the subject. His 

[ 219 ] 
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observations, which were carried out on large models, were in some cases 
checked by the performance of prototypes. These circular weirs (as they 
are sometimes termed) are usually operated at comparatively low heads and 
a vortex may be formed at inlet. His experiments demonstrated the im- 
portance of inserting radial ribs into the bell-mouth in order to minimize 
the effect of the vortex in reducing the flow. He also drew attention to the 
great volume of air sucked down by the vortex. 

The experiments to be described were designed to elucidate the different 
types of flow which are possible in a vertical overflow pipe. Provision was 
made for the insertion in turn into the apparatus of pipes of various sizes 
and shapes, and for the investigation of the flow under heads ranging from 
zero to those so great that the surface of the tank was undisturbed. 

2. Descriptioit of apparatus 

In order to reproduce as accurately as possible the conditions which 
prevail at points far from the sides of a large tank, every effort was made to 
ensure that the flow of water to the pipe inlet possessed no tangential com- 
ponent of velocity. The apparatus, which was constructed and used at the 
Engineering Laboratory, Oxford, is shown in fig. 1. The tank A, in which 
the pipe under test was inserted, was circular, 4 ft. in diameter and 2 ft. 6 in. 
in height. In the centre of the bottom a hole 5 in. in diameter was cut, and 
over this the brass casting B was bolted. The base of the casting was closed 
by the plate C, to which the pipe D under test was soldered. Water was 
supplied from a constant-level tank in the laboratory roof through a control 
valve to the 2 in. openings, diametrically opposite, in the casting JS. It 
then passed vertically upwards in the annular space between the casting B 
and the pipe under test, any rotational velocity about a vertical axis being 
eliminated by a honeycomb, not shown in fig. 1. After passing tlirough the 
bottom of the tank, it was constrained to flow outwards in a radial direc- 
tion by the disk E, 2 ft. 11 in. in diameter, which was supported on three 
small feet, 1| in. long and symmetrically arranged. The clearance between 
the disk and the pipe under test was sealed by a brass plate and a rubber 
ring, and thus the incoming water was prevented from disturbing the flow 
at the pipe inlet. 

The arrangement described above proved most successful in ensuring 
that the water reached the pipe inlet radially when seen from above. 
Floating particles dropped on the surface in the tank were invariably 
observed to travel in straight lines direct to the pipe inlet except when, as 
mentioned later, a vortex formed near the centre of the tank. 
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After passing through the pipe under test the water fell into a calibrated 
measuring tank. The level in the tank A was found by means of a hook- 
gauge placed near the circumference of the tank on a cross-bar. The effects 
of surface tension at the pipe inlet prevented the direct reading of the zero 
of this gauge. A subsidiary hook-gauge with its end formed to the shape 
shown in fig. 2 a was therefore mounted centrally on the cross-bar. The lower 
end of the hook was sharp or flat according as the end of the pipe under test 
was flat or sharp. With this gauge, two readings were taken, the first when 
the lower point was touching the top of the pipe. The lower end of the pipe 
was then closed by a cork and the water level in the tank raised a couple of 
inches. The second reading was made with the upper point in the surface, 
and the main hook-gauge was observed at the same time. The distance d 
between the two points of the gauge was known, and thus the desired zero 
was easily found. The subsidiary gauge, when not in use, was drawn up 
out of the water. 

3. Tests on a 1 in. uniform pipe 2 ft. in length 

The object of these tests was to determine the relation between the dis- 
charge Q and the head H of water above the top of the pipe. The procedure 
was to adjust the control valve in the supply pipe, and when conditions had 
become steady to measure simultaneously the discharge and the level of the 
surface in the tank. 

The first pipe to be tested was a stainless steel tube 2 ft. long, 1-J in. out- 
side diameter and wall thickness 0-064: in. (16 gauge). It was used, as 
supplied by the makers, in the fully softened and descaled condition Its 
top end, which was flat, was 1 If in. above the disk baffle, so that the effects 
of the tank bottom upon the flow may be considered negligible. Its bottom 
end just projected below the brass casting. 

In the first series of observations the opening of the control valve was 
successively increased by small amounts, producing what may be termed 
‘'normal rising flow”. The results are given by the curve on the right of 
fig. 3 : they were not all obtained on the same day, and their consistency 
indicated that there was no difficulty in obtaining repeatable results. The 
test was commenced at zero head. Owing to the effects of surface tension, 
there was no flow until the head was about 0-2 in., when the water flowed 
steadily down in contact with the surface of the pipe, leaving a central 
hole of air. At exit it formed an annular jet of glassy appearance, which in 
the course of a fall of 2 or 3 in. was pulled by surface tension to the pipe axis 
and broken up there. The flow being increased, the central hole was reduced 
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in size and the annular jet lost its glassy appearance. At a head of about 
0-45 in. the type of flow described above became unstable, and the central 
hole opened and shut at about J sec. intervals, producing a ‘'gulping ” noise 
and causing ripples in the tank. The jet at exit was disturbed in a similar 
periodic manner. The head being increased to 0-5 in., the sound produced 
from the central hole rose rapidly in frequency to a low snarling noise ; the 
jet remained irregular but the surface of the tank was undisturbed. At a 



Fig. 3. Tests of the flat-ended 1 in. uniform pipe, 2 ft. in length. 


head of about 0*75 in. the pitch of the noise emitted reached its highest 
value, and the jet became regular. A farther increase of head caused the 
noise to be choked. 

At a head of approximately 0* 93 in. a very marked change in the flow took 
place. The central hole flUed in, assuming a “fluttering ” form which caused 
ripples in the tank. Up to this point the flow in the tank appeared to be 
radial, and the motion of dust particles on the surface had no rotational 
component. It was difficult to see what was occurring at the pipe^ entrance, 
and therefore further experiments, to be described later, were carried out 
to elucidate this point. A slight increase of head above this stage caused 
the continuous central hole to disappear and the level in the tank rose 
enormously. As will be seen from fig. 3, a critical head was reached at 
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0*95 in., at higher heads the increase of water flow being very small. At 
first, when the head did not greatly exceed this value, a single circular 
vortex with an air core was intermittently formed, accompanied by con- 
siderable noise. But it usually persisted only for a short time and failed to 
cause any rotation of the surface of the tank outside a radius of a couple of 
inches. Above a head of 3 in. these vortices were rare: they sometimes 
attempted to form but did not develop into more than a small dimple on 
the surface. 

It should be noted that except in the brief stages of gulping and flut- 
tering the surface of the tank outside a radius of a couple of inches remained 
entirely steady. The ripples set up at the former stage were small, though 
occasionally gulping was sufficiently violent to project drops of water to a 
height of 2 or 3 in. Fluttering at the critical head was rather more serious ; 
circular ripples were formed and the level of the surface was not absolutely 
steady. Thus at this point the head could not be measured with quite the 
same precision which was easily obtainable at all other heads. On the 
steeply rising portion of the curve the tests were extremely tedious. The 
slightest opening of the control valve caused such a great increase in the 
head that conditions did not become steady until the lapse of an hour or 
more. 

A series of readings was then obtained for falling values of the head. The 
tests were begun at the highest measurable head and the control valve was 
progressively closed. It might have been thought that the curve obtained 
would show some tendency to cut the sharp corner of the normal rising flow 
curve in the region of the critical head. No trace of this, however, could be 
detected ; the falling curve was throughout the whole range identical with 
the rising. 

On two occasions, when normal flow at a head of about 2*5 in. was under 
investigation, the flow changed suddenly of its own accord to Bordafree flow. 
The issuing stream assumed the appearance of a thin fixed glass rod pro- 
jecting from the centre of the pipe but not touching it, the noise of impact 
of the jet in the measuring tank ceased, and the level in the tank A imme- 
diately rose. It was therefore necessary to investigate this type of flow, and 
a method of producing it at will was devised. A cork (to which a rod was 
attached as a handle) was inserted at the top end of the pipe and the head 
in the tank was raised to about a couple of inches. The cork was then care- 
fully withdrawn by hand in a truly vertical direction. About half the 
attempts resulted in the immediate production of Borda free flow. 

This type of flow was found to be possible under heads ranging from the 
greatest value which could be measured down to a lower limit of about 
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1*5 in. This lower limit varied slightly in different tests. The observations of 
head and discharge are given on the left of fig. 3, whence it will be seen that, 
for any head, the discharge compared with normal flow is very greatly 
reduced. Throughout this series of tests the surface in the tank remained 
flat and undisturbed except on one occasion when the head was slightly 
greater than the lower limit. A noisy vortex was then formed with an air 
core which extended down through the glassy jet and was visible in the jet 
underneath the tank; this caused the jet to break up into drops about 2 ft. 
below the bottom of the tank. Borda free flow was found to be surprisingly 
stable. The water in the tank could be agitated with sufficient violence to 
break up the jet so that a splash was momentarily heard in the measuring 
tank, yet the jet would reform itself and soon settle down into a state of 
complete quiescence. 

As explained above, there was a lower limit of head below which Borda 
free flow was impossible. If the head was reduced below this limit the type 
of flow known as Borda full flow occurred of its own accord. Here the stream 
after contracting at entrance to the pipe expanded to fill the pipe and issued 
as an extremely turbulent jet. The surface in the tank remained undisturbed 
and flat. The observations on this type of flow are also shown on fig. 3. They 
were continued down to very low heads, when the central hole appeared 
and conditions were similar to those observed in the initial stages of normal 
rising flow. They were not, however, quite identical because a small ring of 
air was seen to be entrapped round the inner edge of the top of the pipe. 
This was not present with normal flow. 

Observations of Borda full flow were also made with increasing values of 
the head. Full flow was first obtained by reducing free flow below its lower 
limit and then the control valve was progressively opened. It w^as found 
that the head could be increased to about 2*5 in. before the flow changed 
of its own accord to free flow. Thus there is an overlap of about 1 in. of head 
between the curves of free and of full flow. Between the limits 2*5 and 1*5 in. 
of head both types of flow were possible; which type occurred depended on 
the previous history of the flow. 

It is not difficult to understand why Borda flow at any head caused such 
a great reduction in the discharge as compared with normal flow. Under 
free flow the discharge was independent of the length of the pipe and was 
small because the diameter of the jet was small. Under full flow the avail- 
able potential energy of the stream was dissipated in a jet which was 
observed to be exceptionally turbulent, so unsteady that drops of water 
were flung out laterally and descended into the measuring tank clear of the 
main jet. 


15-2 
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The top end of the pipe was then sharpened (fig. 2b) and the experiments 
described above were repeated leading to results (fig. 4) which are the same 
in general form as those obtained for the flat-ended pipe. The accompanying 
phenomena of noise, vortices, etc., were the same as before. The normal 
rising flow curve is almost identical with that determined for the flat-ended 
pipe, except that the critical head w^as reached at about 0*92 in. instead of 
0*95 in.; hence the steep portion of this curve lies to the left of that pre- 
viously obtained. Again, there was no appreciable difference between rising 
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and falling normal flow. The Borda flow curves are also moved to the left. 
Borda free flow was possible down to a head as low as about 0*8 in., and full 
flow up to a head of about T2 in. Thus free flow was facilitated by sharpening 
the end of the pipe, the zone of overlap being reduced and brought much 
lower. 

An explanation of the steepness of the normal curve above the critical 
head may be attempted on the assumption that the pipe ran full throughout 
its length. It follows that the gross head producing flow was {24: + H) inches 
and that in the absence of losses the flow Q should vary as (24 + H)^, Now 
the velocity through the pipe and therefore the losses in and at entrance to 
the pipe did not greatly alter with the head, hence for the present purpose 
the coefficient of discharge may be regarded as constant and thus may be 



Water flow Q (cu. in./sec.) 

Tests of the sharp-ended 1 in. pipe, 2 ft. in length. 
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neglected in this comparison. This view may be tested by analysing eight 
tests conducted at such high heads that disturbances were rare. The necessary 
figures are set out in the table below, the last line but one in which 
shows the flow Q in tests (ii)-{viii) calculated on the supposition that it 
could be predicted firom test (i) in the maimer described above. The agree- 
ment between the observed and calculated values of § is seen to be as close 
as cotdd be expected. 


Sharp-ended 1 in. ijnieorm pipe. Inch-second units 


Test 

(i) 

(ii) 

(iii) 

(iv) 

(V) 

(vi) 

(vii) 

(viii) 

H (observed) 

2-17 

2-66 

3-10 

3-315 

3*99 

4-26 

5-075 

5-83 

[24: + H)^ 

5-116 

5-163 

5-206 

5-226 

5-291 

5-316 

5-392 

5-462 

Q (calculated) 

— 

72-1 

72-8 

73-1 

73-9 

74-3 

75-4 

76-4 

Q (observed) 

71-5 


72-4 

72-7 

73-85 

74-0 

75-4 

76-4 



Water flow Q (cu. in./sec.) 

Fig. 5. Tests of the sharp -ended 1 in. uniform pipe, 2 ft. in length, 
with central plate. 


As mentioned above, it was uncertain whether the normal flow at entrance 
to the pipe under heads below the critical was rotational or not. The motion 
of the surface surrounding the pipe was seen to be radial but it was im- 
possible to observe the flow inside the pipe itself. To throw light on this 
question, a sheet of brass, 0-0345 in. thick, 4 in. long and 1 in. wide, was 
jammed vertically and symmetrically in the sharp-ended pipe (as shown in 
fig. 26), so that it protruded 2 in. into the pipe and projected 2 in. above it. 
The cross-section of the pipe was thus divided into two equal portions. 
Observations of head and discharge were then conducted in the usual 
manner. The results, which are displayed in fig. 5, were unexpected. 
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When the test was carried out in the customary way with small increases 
of the head, at first the quiet central hole was formed as before, although 
now divided by the plate. A further increase of head caused the hole to fill 
m, the surface of the tank was flat and undisturbed, and the flow was 
noiseless. This type of flow persisted up to the maximum head of in. 
which was measured, the observations lying on the steeply rising branch of 
the curve on the left of fig. 5. The flow appeared to be of the Borda full 
type, modified somewhat because the curve lies further to the right of that 
obtained without the plate than can be attributed to the small reduction 
in cross-section due to the plate. This view was supported by the excep- 
tionally turbulent nature of the jet, which closely resembled that produced 
by Borda full flow without the plate. 

If, however, the head was raised suddenly from zero, the familiar noisy 
normal flow with a central hole set in, giving the flat branch of the curve on 
the right of fig. 5 which was identical with that obtained without the plate. 
The central hole was seen to be divided symmetrically by the plate. A 
critical head was reached at much the same value as before. 

It is therefore clear that, in the unobstructed pipe, normal flow below the 
critical head was not rotational. The noise was produced by a high-frequency 
form of gulping, the central hole opening and shutting with great rapidity. 
It was this action which caused considerable volumes of air to be carried 
down the pipe. 

An attempt was made to determine the air flow by placing a bell jar over 
the top of the pipe and connecting it to a measuring device. But no measure- 
ment of air flow could be carried out without causing a small pressure 
variation in the bell, and this greatly disturbed the water flow. The air 
measurements had consequently to be carried out at the lower end of the 
pipe. The 2 ft. pipe projected below the brass casting for too short a distance 
for any air-measuring device to be connected to it: It was therefore later 
replaced by a longer pipe which gave ample space for the necessary appa- 
ratus. The experiments with this are described in the next section. 

In order that the air flow down the pipe might be studied, the steel pipe 
was replaced by a flat-ended glass tube as nearly as possible of the same 
dimensions. A camera, directed vertically downwards, was fixed on the cross- 
bar near the edge of the tank A , and beneath it a large flat mirror was held 
submerged in the tank atan angle of 45° to the horizontal. In this way, views 
of the glass tube were recorded similar to those which would be obtained 
by an observer stationed with his eye under water and looking horizon- 
tally. The photographs, which are reproduced in fig. 6, Plate 3, indicate 
clearly the different types of flow. At a very low head a vena contracta was 
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formed, and the water adhered to the pipe, leaving an undisturbed central 
hole of air. This is shown in (a), which can be interpreted when it is noted 
that the pipe filled and surrounded by water appears white except at the 
edge. When filled with air but surrounded by water it appears black except 
for a central band of white. The inverted image at the top of the photo- 
graph is due to reflexion from the under side of the water surface. The 
distance between the top of the pipe and its image gives an indication of the 
prevailing head, and the water surface lies between them. This photo- 
graph was taken with an exposure of 3 sec. Various stages in the process of 
gulping at constant head are shown in 6 (i), (ii) and (iii), which (like the 
remainder of the photographs) were given an exposure of 1/500 sec. These 
demonstrate that the air was taken down by blocks of water almost com- 
pletely isolated from one another. Photographs (c), (rf) and (c) show the 
flow at successively greater heads ; in (c) flow attended by low frequency 
noise had just commenced, [d) was an intermediate stage, and in (e) the 
noise had begun to die away. These photographs indicate that what occurred 
was a high-frequency form of gulping, taking place with increasing rapidity. 
Fluttering and the accompan 3 ring ripples are shown in {/), a transient 
vortex in {g), and the base of a high-head transient vortex in (A). 


4. Tests on a 1 nr. tjotfoem pipe, 5 ft. in length 

As mentioned in the previous section, the 2 ft. pipe was so short that 
air-measuring apparatus could not be attached to its lower end. It was 
therefore replaced by a pipe of the same material and diameter but 5 fb. in 
length. This was fixed in the tank so that its top, which was sharpened as 
shown in fig. 26, occupied the same position as before. The air-measuring 
device (fig. 7) was arranged at the lower end of the pipe. The water after 
leaving the pipe fell into the open tank P, one edge of which was cut away 
to form a long weir. Thus the level in this tank remained almost constant 
whatever the flow. After passing over the weir, the water dropped into a 
calibrated measuring tank. The air which passed down the pipe with the 
water was trapped in the beU Q, 19| in. high and measuring 12 by 12 in. 
in plan. The weight of the bell was carried by four adjustable feet resting 
on the bottom of the tank P, and a gland was provided where the pipe under 
test passed through the top of the bell. The air pressure in the beU was 
measured by the water U -gauge R. The air was led from the top of the bell 
through the large vessel S, which served to steady the flow, to the calibrated 
gas meter T. To overcome the frictional resistance of the piping and the 
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meter, the ejector fan V was connected to the meter outlet; and by ad- 
justing this fan, the air pressme in the bell could be kept steady at any 
value. It was found necessary to hang the plate X below the,end of the 
pipe in order to break the fall of the water. * 

It was desired (as in the previous tests) to measure simultaneously the 
head and the water flow and at the same time to determine the air flow 




Fig. 8. Variation of air flow with back pressure. 


with the pressTixe in the bell exactly atmospheric. But before this could be 
done with confidence, it was essential to show that the air flow was not 
altered by undetectable variations in the back pressure in the bell. Two 
tests were therefore carried out with constant water flow, and in each the 
head and the air flow were measured when the back pressure was varied 
between wide limits. The head was found to remain constant, except for a 
just perceptible rise of 0*1 mm. when the back pressure exceeded 2 in. of 
water. The variation of air flow with back pressure for the two tests is 
shown in fig. 8, from which it will be seen that the air flow was comparatively 
insensitive to the back pressure. Without difficulty the back pressure could 
be maintained atmospheric within 1/40 in. of water, and it was therefore 
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Fig. 12. Photographs of the flow tlirongh the pipe with a short rounded entrance. 
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concluded that the proposed method of measuring the air flow was satis- 
factory. 

Tests on normal rising flow were then performed, yielding the results 
shown in fig. 9, where, on a common base of water flow Q, the values of the 
head H, the air flow and the volumetric ratio R of air flow to water flow are 
plotted. The effects on the water flow of increasing the pipe length from 2 
to 5 ft. may be seen by comparing these results with fig. 4, At low heads 
there was no change in the readings, but with the longer pipe the flat por- 
tion of the curve persisted further, the critical head being increased to 
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Fig. 9. Tests of the sharp -ended 1 in. uniform pipe, 5 ffc. in length, 
i? = air fiow/water flow. 


about 1*02 in. It was found impossible to obtain a satisfactory reading 
when the head was slightly greater than the critical. The transient vortices 
which were formed were sufficiently powerful to obstruct the water flow; 
and although the water supply to the tank A was kept constant, the head H 
was seen to surge by as much as J in. Air flow suddenly began when 
gulping commenced at a head of 0-42 in., and instantly attained the con- 
siderable magnitude of 18*3 cu. in./sec. It increased slowly to a maximum 
of 26*0 cu. in./sec. at a head of 0*785 in. and a water flow of 54*4 cu. in./sec., 
and then fell away to zero Just before the critical head was reached. The 
vortices formed above the critical head were so transient that the air flow 
induced by them could not be measured. 
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5. Tests on a 1 in. uniform pipe fitted with a trumpet- 
shaped ENTRANCE 5 IN. IN DIAMETER 

To discover what improvement could be effected by fitting a trumpet- 
shaped entrance to the pipe, the top of the 1 in. uniform pipe (mentioned 
in the previous section) was cut off and replaced by the conical trumpet 
shown in fig. 10. This was a machined brass casting, geometrically similar to 
that shown by full lines in fig. 9, Plate 2, by W. J. E. Binnie (1937). Its top 
edge was placed at the same height above the bottom of the tank as that of 
the pipes previously tested, and the overall length of the pipe and trumpet 
remained 5 ft. Tests, similar to those described in the previous section, 
were then carried out in this arrangement, the results being plotted in 
fig. 11. 

At low heads, up to 0*35 in., the water ran quietly down the surface of 
the trumpet and pipe, leaving a central hole of air. The only noise was that 
due to splashing at the lower end of the pipe. At this stage the air flow was 
considerable but was extremely sensitive to the back pressure. The water 
U-gauge was therefore replaced by a differential U -gauge, containing benzyl 
alcohol and a solution in water of calcium chloride, which gave a magnifica- 
tion of 7-95. The air flow at zero back pressure for various heads was then 
deduced from curves of the same form as those shown in fig. 8. The air flow 
was thus found to range from 24*5 cu. in./sec. when the head was 0-18 in. to 
17*4 cu, in./sec. at a head of 0*30 in., but these results have not been added 
to fig. 11 because they were so sensitive to minute changes in the back 
pressure. At a head of 0*36 in. and a water flow of 49-0 cu. in./sec., low- 
frequency gulping occurred, the water apparently running down the surface 
of the trumpet with sufficient velocity to leap clear of the pipe into the 
central hole. The air flow rose to 41*4 cu. in./sec., which was the maximum 
observed, both absolutely and relatively to the water flow. At this and 
higher heads the air flow was found to be insensitive to the back pressure. 
A slight increase of head to 0*38 in. caused the gulping to increase in fre- 
quency, a loud noise was produced, doubtless accentuated by vibrations of 
the trumpet itself, and the air flow fell to 35-1 cu. in./sec. Further rises of 
head caused the noise first to increase in violence and frequency and then to 
die away as the critical head was approached. This was reached at about 
0*60 in. and was as sharply marked as in the tests on uniform pipes. At a 
head of 0*59 in., there was still a small air flow but signs of incipient gorging 
were apparentln slight splashing at the bottom of the trumpet. When the 
head was increased by 0- 1 mm . , the smallest change which could be measured, 
the water level in the trumpet rose to within a couple of inches of the top 
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Fig. 10. The 5 in. trumpet-shaped entrance to the 1 in. uniform pipe. 



Fig. 11. Tests of the 1 in. uniform pipe with 5 in. trumpet-shaped entrance. 

= air fiow/water flow. 


Air flow (cu. in./sec.) 
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edge. Its surface was agitated but there were no signs of the stable vortices 
and vertical surges described by W. J. E. Binnie (1937, photographs nos. 5, 
6 and 7). An increase of 1 cu. in./sec. in the water flow caused the head to 
rise to 0*72 in. when the trumpet was completely submerged; a vortex 
feebly attempted to form but was defeated by fluttering. At greater heads 
the water surface was undisturbed except for small dimples which never 
quite developed into vortices. At heads above the critical, small variations 
in the head were observed when the water flow was kept constant, but they 
were less marked than those which were noticed when the 1 in. uniform 
pipe was under test. No doubt they were caused by the dimples mentioned 
above, which (although small) could cause considerable disturbance to the 
head at this stage when the variation of head with water flow was so great. 

A comparison of fig. 11 with fig. 9 shows that a considerable but not 
immense improvement in the performance of the overflow was effected by 
the trumpet-shaped entrance. The water flow at the critical head was 
increased from 93 to 116 cu. in./sec. a gain of 26%, but, perhaps more 
significantly, the critical head was reduced from 1*02 to 0-60 in. The air 
flow was much increased, attaining its maximum value at almost the same 
water flow as before. This point, however, does not appear to be of great 
importance because this maximum air flow occurred when the water flow 
was less than half its value at the critical head. 

At various heads attempts were made by stirring the water in the tank to 
initiate a stable vortex, but all were unsuccessful. It appears possible, 
therefore, that this can only be produced when, as in reservoir practice, an 
inclined tail piece is attached to the vertical portion of the pipe. Alter- 
natively, the absence of a vortex may be due to some unexplained property 
of this shape of entrance, which was found by W. J. E. Binnie (1937, §B2) 
to be particularly satisfactory. The only point of interest which was 
observed was that, when the trumpet was just awash, waves which broke 
over it caused a considerable volume of air to be trapped round the inner 
side of its top edge. 


6. Photographs of the flow through a glass pipe 

FITTED WITH A TRUMPET-SHAPED ENTRANCE 

It was found impracticable to make in glass a replica of the pipe with a 
trumpet-shaped entrance described in the previous section, but some photo- 
graphs were taken (at 1/500 sec. exposure) of the glass pipe previously 
examined when its top end had been drawn out to form a short rounded 
entrance. The photographs are reproduced in fig. 12, Plate 5, w’hich also 
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indicates the shape of the entrance. This type of entrance produced at high 
heads an exceptionally violent form of transient vortex, affording an oppor- 
tunity of examining in detail this kind of disturbance. Noisy flow at a low 
head is seen in (a) , which shows clearly the regular sequence of the air bubbles 
passing down the pipe. Fluttering (with its accompanying ripples) near the 
critical head is shown in (6), and a thick low-head vortex in (c). The re- 
maining photographs (d), which were taken at the same high head, disclose 
successive stages in the formation of a transient vortex. The first sign of 
disturbance was a dimple {d, i), which ejected small bubbles of air into the 
pipe. This developed into a thin column {d. ii) of slightly irregular diameter. 
The swellings then increased in size (c?. iii) and, if growth persisted, amal- 
gamated into one large cavity {d, iv). This in turn became larger {d. v) and 
finally {d, vi) reached down the tube, emitting a harsh and violent noise and 
drawing down a considerable volume of air. The process of dying away was 
usually much more rapid; the vortex decreased in diameter and quickly 
vanished. 


7. COKCLTJSIOKS 

The results of the experiments may be summarized as follows : 

(i) Through the four arrangements which were tested, normal water flow 
increasing from zero caused at first only a small rise of head. This stage was 
accompanied by the noisy entrainment of air bubbles. Above a certain 
critical head the increase of water flow with head almost ceased. The values 
of these critical heads and the corresponding flows of water are given in the 


table below: 

Critical head Water flow 
Overflow in. cu. in./sec. 

{a) Flat-ended 1 in. pipe, 2 ft. in length 0-95 75 

(6) Sharp-ended 1 in. pipe, 2 ft. in length 0*92 68 

(c) Sharp-ended 1 in. pipe, 5 ft. in length 1*02 93 

(d) 1 ia. pipe with 5 in. trumpet, 5 ft. in 0*60 116 

overall length 


The relation between the head and the water flow was found to be the same 
whether the head was rising or falling. At heads slightly greater than the 
critical the flow was sometimes disturbed by transient vortices. 

(ii) At heads below the critical, the maximum air flow with overflow (c) 
was 26*0 cu. in./sec. and with (d) 41-4 cu. in./sec. 

(iii) With overflows (a) and (6), Borda free and full flows were found 
greatly to reduce the water flow. 



236 


A. M. Binnie 


How far these results may be used to predict the performance of larger 
pipes cannot be decided with certainty. In these experiments the surface 
exposed in the pipes to high-velocity water was comparatively small and 
viscosity is likely to have had no great effect. But the principle of simi- 
larity demands also that the consequences of surface tension should be 
negligible, and here (apart from its influence at extremely low heads) sur- 
face tension was perhaps important in controlling the size of the air bubbles 
entrained by the water. Since the flow was found to be comparatively in- 
sensitive to the back pressure, it seems probable that the addition of a short 
inclined tail piece of large diameter would not have caused much change in 
the flow. But, if the tail piece offered serious resistance to the passage of 
air and water, the flow would be radically altered. These points could not 
be studied experimentally at Oxford, since the necessary facilities of 
space and water w^ere not available. It is to be hoped that similar 
experiments, but on a much larger scale, may be made elsewhere to 
elucidate them. 

The author wishes to express his thanks to his colleagues Mr V. Belfield, 
M.A., and Mr A. N. Black, M.A., for taking the photographs; to Mr D. G. 
Christopherson, B.A., for assistance in measuring the air flow; and to the 
Gas, Light and Coke Company for the loan of a calibrated gas meter. 


Summary 

The performance of vertical pipes arranged as overflows in a tank was 
studied experimentally on a small scale with special apparatus, which 
ensured that the water reached the pipe inlet with no tangential com- 
ponent of velocity. 

Under normal conditions, the change of head with discharge was small 
at low heads. At this stage the flow was not rotational, but a considerable 
volume of air was drawn down the pipe in the form of bubbles. Above a 
sharply marked critical head, the pipe ran full and a large rise of head 
caused only a slight increase in the discharge. The effects on the critical 
head of lengthening the pipe and of sharpening its inlet end were com- 
paratively small, but the insertion of a trumpet-shaped mouthpiece greatly 
improved the performance. 

The types of flow described by Borda as free and full flow were possible 
with overflow pipes of uniform diameter, and they resulted in a serious 
reduction in the discharge. 
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Specific heat-temperature curves of some 
age-hardening alloys 

By N. Swindells, B,A., and C. Sykes, D.Sc. 

{Communicated by W. L. Brngg^ F.R.S. — Received 5 July 1938) 

1. Inteoddction 

In a recent paper Gayler (1937) has dealt with the various theories of age- 
hardening and has put forward the view that ageing takes place in two 
stages: in the first stage the solute atoms diffuse to planes about which 
precipitation proper will ultimately take place, and this gives rise to an 
increase in resistance to deformation and an increase in electrical resistivity 
without change in lattice parameter. The second stage follows the first and 
takes place nearly simultaneously. Some of the diffusing atoms will form 
molecules with neighbouring atoms of the solvent or themselves, and these 
molecules gradually form groups which will tend to produce a gradual 
decrease in resistivity and a diminution in the rate of hardening. When 
the molecular groups have grown to such an extent that the parent sohd 
solution can no longer withstand the stresses set up, release of these stresses 
is caused by rejection of the groups, i.e. precipitation proper takes place. 
Once precipitation has set in then, according to Gayler’s view, softening 
should begin. 

This theory tends to combine the ‘‘Knot’’ theory (Gayler and Preston 
1932), which states that age-hardening occurs due to the formation of 
clusters or groups of atoms inside the parent lattice (the first stage, according 
to Gayler), and the precipitation theory (Merica and others 1919) which 
attributes hardening to the presence of large numbers of precipitated 
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particles,* probably nltramicroscopic in size, dispersed throughout the 
material. Naturally the formation of clusters or knots wiU occur at a lower 
temperature than precipitation, so that at low temperatures hardening will 
occur by the mechanism of the first stage. At high temperatures hardening 
may take place due to precipitation, the first stage being masked entirely. 
The question as to which of the two processes is likely to be more effective in 
any particular aUoy when heat-treated to give the maximum hardness 
obtainable in the hardening range is not specifically dealt with by Gayler, 
although it is stated that the experimental evidence available suggests that 
the second stage is, in general, more important. The work of Cohen ( 1936 ) 
on the silver-copper alloy containing 7-5 % copper supports this contention, 
smce his results show^ that the hardening due to knot formation even at low 
temperatures (100-150° C) is very small indeed. 

Experimental verification of any theory of age-hardening is difficult; any 
knot or molecular group is not readily detected by the X-ray methods at 
present available, and it is generally agreed that the size of the precipitated 
crystallites corresponding to maximum hardness is too small to be visible 
by normal microscopic examination. Consequently the location of the 
solute atoms in an age-hardened material has had to be settled by inference, 
a state of affairs which is not entirely satisfactory. 

When precipitation takes place from a supersaturated solid solution heat 
is evolved, and it appeared that if sufficiently sensitive measurements of the 
heat of precipitation could be made, they could be used as an additional 
criterion of the extent to which precipitation had occurred in any material 
after a given heat treatment. 

One of the authors (N. S.), working at Cambridge under the direction of 
D. Stockdale, attempted to follow the changes occurring during age- 
hardening by recording thermal changes in copper-aluminium and beryl- 
lium-copper alloy s.f The experimental results were definitely promising and 
it was thought worth while to apply to the problem the technique developed 
for the investigation of the thermal effects associated with order-disorder 
transformations. As one of us (C. S.) had the necessary apparatus the present 
collaboration was arranged. It was realized that the investigation should 
include a study of a number of different age-hardening alloys in view of the 
probability that the changes occurring vary considerably from case to 
case. 


* Particles having a lattice parameter typical of the second phase and not the 
parent solid solution. 

t Using the apparatus of Quinnev and Taylor (1937) kindly lent by Professor 
G. I. Taylor, F.II.S. 
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The present paper records thermal and hardness measurements on five 
t3^ical age-hardening alloys. No elaborate examination of any particular 
alloy has been attempted; the aim has been to determine the state of pre- 
cipitation in each aUoy when hardened under normal conditions of heat 
treatment (i.e. as for commercial use). The experimental methods have 
proved quite adequate for this purpose and the results, in general, indicate 
that much useful information is likely to be forthcoming ficom the apphcation 
of this technique to the study of age-hardening. 

2. Experimen’tal arrangements 
(a) Method 

The experimental methods have been described in full in prior publica- 
tions (Sykes 1935; Sykes and Jones 1936). The principle is as follows: the 
specimen in the form of a closed hollow cylinder is placed inside and 
thermally insulated from a second closed cylinder of copper. The outer 
cylinder is heated by means of a resistance furnace, whilst the specimen is 
heated independently by means of a small auxiliary heating coil. By suitable 
adjustment of the heating currents the two cylinders can be held at about 
the same temperature and heat transfer consequently minimized. From 
the knowledge of energy input to the specimen and the resulting rate of rise 
of temperature, the instantaneous specific heat can be obtained as the tem- 
perature is continuously varied. The specific heat-temperature curve, sub- 
sequently referred to as the ST curve, consists of the normal specific heat- 
temperature curve called the SCpT curve with the thermal effects due to 
precipitation etc. superimposed. Since the ZCpT curve in the absence of 
precipitation or allied phenomena can be obtained with reasonable certainty 
either by calculation or experimentally from the annealed specimen, the 
thermal effects due to precipitation can be obtained by difference. All the 
ST curves were obtained using a heating rate of about 2° C/min.; it varied 
from 1*6 to 2*1° C/min. as the temperature increased from 100 to 600° C. 

(6) Production of specimens 

Silver-copper alloys, 7*5 and 8*9 % Cu. These were prepared from high 
purity silver containing 99*9 % silver, and electrolytic copper containing 
99*98 % copper. The alloying was carried out m a high-frequency furnace in 
a vacuum of about 0*05 mm. The ingots were forged and then homogenized 
at 770° C for 50 hr. in vacuo. 

Aluminium-copper alloy, 4*8 % Cu. This was prepared from electrolytic 
copper and high purity aluminium (99*8 % aluminium). The melting was 
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carried out in air, and the alloy cast in a chill mould. The ingot was ham- 
mered out and then heat-treated at 525° C for 50 hr. in air. 

Aluminium-magnesmm--silicon alloy, 0*75% Mg, 0*51% Si. This was 
prepared from high purity aluminium, magnesium (99*98 % Mg) and silicon 
98 % pure. The alloy was melted in air, and homogenized for 15 hr. at 
525° C. 

Oopper -beryllium alloy, 2*6 % Be. This material in the form of bar 3 cm. 
diameter, was kindly supplied by Dr W. J. P. Rohn of the Heraeus-V acuum- 
schmelze G.m.b.H., Hanau. 

Duralumin, This was standard material kindly supplied by Mr S. J, 
Nightingale of Messrs James Booth and Co., Birmingham, and had the 
following nominal analysis (5L. 1. Specification): 


Cu 

3-5-4-5% 

(4-1%) 

Si 

<0-7% 

(0-49%) 

Mg 

0-4-0-7 % 

(0-59%) 

Fe 

<0-7% 

(0-49%) 

Ti 

<0-3% 

— 

Mn 

0-4-0-7% 

(0-69%) 

A1 

Remainder 

— 


The values in brackets are the results of analysis. 

All the above materials were prepared in the form of bar, having a 
diameter of Ijin. 

X-ray powder photographs obtained from filings taken over the surface 
of the specific heat specimens indicated that no noticeable segregation was 
present in any of the samples. 

(c) Hardness measurements 

The hardness specimens were cut directly from the bars from which the 
specific heat specimens were machined without any additional forging 
treatment. Measurements were made using a Vickers machine, with a 
diamond pyramid and a 50 kg. load. 


3. Experimental results 
{a) Silver-copper alloy, 7*5 % Cu 

Fig. 1 shows ST curves obtained on this alloy after various heat treat- 
ments. If the specimen is cooled at 80° C/hr. from 600° C practically all 
the copper is precipitated. The ST curve taken on heating is given in fig. 1 a 
the circles being the experimental points. Using the values of Gp for silver 
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(Moser 1936) and copper (Jaeger and others 1932) we have calculated the 
specific heat of the alloy assuming it to be a pure mixture (Kopp -Neumann 
Rule). The results are plotted (X) in fig. 1 6 , giving the so-called ZCpT curve, 
which should be a reasonable approximation to the true ST curve of the 
alloy when no change in atomic configuration is taking place. 



Up to about 400 ° C the two curves are in agreement within the limits of 
experimental error ± 2 %. Above 400 ° C the curves diverge, the apparent 
specific heat, S, of the alloy being higher than that calculated for the pure 
mixture, Cp. The difference is the “chemical energy’' of heat of solution 
required to dissolve the precipitated copper which is gradually going back 
into solution. 
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Fig. Ic is the ST curve for the alloy as quenched from 760° C in water. 
Up to 180° C (.4), it does not differ appreciably from la and 16. The 
apparent specific heat then drops rapidly until at 250° C {B), it is zero. In 
this region the supersaturated solution is giving up its chemical energy. 
From 250 (B) to 280° C (G) the rate of heat evolution, at the heating rate 
employed, viz. 2° C/min., is sufficient to heat the specimen without any 
additional external means, so that the apparent specific heat is either zero 
or negative. From 280 (C) to 300° C(jD) the apparent specific heat rises 
very rapidly, then it remains fairly constant to 380° C (E) and finally 
rises gradually, crossing the ZCpT curve at F. 

We can associate the evolution of heat directly with precipitation; 
consequently it is reasonable to conclude that, under the experimental 
conditions used for fig. Ic, precipitation sets in at about 180° C, and 
gradually accelerates with increasing temperature along AB. The shape of 
the curve corresponding to diminishing rate of precipitation CDEF is 
rather surprising, as it contains a marked point of inflexion at or about D\ 
only at F is the nett thermal effect, of the processes taking place in the alloy, 
zero. It appears therefore that the release of energy takes place in two 
stages; ABGD due to precipitation and DEF, As the second phase which 
is precipitated in this alloy is substantially pure copper, it is unlikely that 
heat evolved in the stage DEF is produced by any reaction in the solid and 
we therefore associate it with the surface energy released by the gradual 
growth of the precipitated particles. (In a subsequent section an estimate 
of the size of the precipitated particles will be made from a consideration of 
the energy evolved along DEF,) It will be noted that 1 c crosses the EGpT 
curve at a higher temperature and a greater angle than la. Re-solution 
should commence in 1 c not later than 1 a since the precipitate will be smaller. 
The apparent anomaly arises due to the fact that the ST curve Ic only 
shows the nett effect of the reactions in the specimen; i.e. re-solution is 
occurring along DEF, but is more than counterbalanced by heat evolution 
due to growth, at F the effects of the two processes are equal but opposite. 

From 500° C upwards to 600° C the values of S obtained in la and 1 c 
are the same within the limits of experimental error, indicating that solution 
is taking place at the same rate, and further that the precipitated particles 
are now so large that any energy evolved as a result of growth is negligible 
to a first approximation. 

Fig. 1/ is a hardness-temperature curve obtained as follows: a number of 
specimens were heat treated at 760° C and quenched in water. They were 
then heated at 2° C/min. and quenched at appropriate intervals and the 
hardness determined. The conditions are thus directly comparable with 
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those used during the determination of fig. Ic. Hardening commences at 
about 200° C, i.e. when a small amount of heat has been evolved — pre- 
cipitation started and is a maximum when the second stage of heat evolution 
has just set in, viz. 300° C, and when the major* portion of the chemical 
energy has been released, i.e. precipitation complete. 

Fig. Id is the 8T curve of the alloy age-hardened at 300° C for 30 min. 
after quenching in water from 760° C. The Brinell hardness number was 126. 
The pronounced initial dip associated with precipitation is absent, but the 
particles are still small enough for their subsequent growth to release an 
appreciable amount of energy, i.e. the curve from 300 to 400° C is below the 
SGpT curve, in spite of any re-solution which may be taking place. 

Fig. 1 e is an /ST curve of the alloy age-hardened at 200° C for 13 hr. after 
quenching in water from 760° C. The Brinell hardness number was 126. The 
result is very similar to fig. Id, there being only a slight trace of the initial 
dip. 

We conclude that high values of hardness produced by the normal ageing 
processes, i.e. in the temperature range 200-300° C, are typical of a state 
of the alloy in which the major portion of the chemical energy available in 
the original supersaturated solid solution has been released, i.e. precipitation 
has taken place. 

Experiments carried out using a silver-copper alloy containing 8-9 % 
copper also gave results in complete agreement with those recorded in fig. 1. 


(6) Copper -beryllium alloy, 2*6 % Be 

Fig. 2 shows a number oi 8T curves obtained on this alloy. Fig. 2a refers 
to the alloy as cooled at 1° C/min. from 600° C. Up to 450° C the curve is 
identical within the limits of experimental error with the SGpT curve, 
fig. 26, obtained by calculation using the specific heats of pure copper 
(Jaeger and others 1932), and pure beryllium (Jaeger and Rosenbohm 
1936). Above 450° C the experimental curve diverges due to re-solution of 
the second phase. 

Fig. 2c was obtained on the alloy as received (in the quenched state); the 
heat treatment given by Heraeus consisted in heating up to 750° C and 
quenching in water. The hardness was 160. The general behaviour is very 
similar to that recorded in fig. 1 c. Evolution of heat sets in at about 1 60° C 
and is very rapid from 260 to 300° C; the second stage associated with the' 
growth of the precipitated particles sets in at about 330° C and at 425° C 
the curve crosses the EGpT curve, and rises rapidly as the precipitated 
particles redissolve. 
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Comparison of fig. 2 c with the hardness-temperature curve taken at 
2° C/min., fig. 26, indicates that maximum hardness, which occurs at a 
temperature of about C, corresponds to a state of the alloy in which the 

energy in initial dip has been released. 



Fig. 2 d is the S T curve obtained on the material as quenched from 860*^ C 
and aged at 300° C for 150 min. and then cooled slowly to room tem- 
perature. The Brinell number was 370. This curve confirms the conclusion 
derived from figs. 2 c and 2e, that maximum hardness is obtained after pre- 
cipitation. 

Whilst the copper-beryllium alloy and silver-copper alloy behave in a 
similar manner in that hardening proceeds in parallel with precipitation, 
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there are certain differences in the 8T curves. The second dip is more 
pronounced in fig. 2c than in Ic, and in fig. 2d the 8T curve rises above 
the EGpT curve before the heat, evolved as a result of the growth of the 
precipitated particles, becomes appreciable. 

According to Hansen (1936), at temperatures above 576° C the /? phase 
in equilibrium with the a, face centred solid solution of beryllium in copper 
is body centred and disordered. Below 576° C this phase decomposes into 
cc and y, 7 being an ordered body centred phase of the approximate com- 
position CuBe. None of the 8T curves taken on the copper-beryllium alloy 
shows any discontinuity at 576° C, indicating that no transformation takes 
place in our material at this temperature, and there is therefore disagree- 
ment between our results and the equilibrium diagram published by 
Hansen. On extending the specific heat measurements to 700° C we have 
found a marked increase in specific heat at 626° C which corresponds, 
presumably, to the transformation temperature. 

If the second phase undergoes a transformation in the solid state, then the 
8T curve obtained on heating the supersaturated solid solution is likely to 
be more complicated than that obtained for the silver-copper alloy in which 
the precipitated phase is substantially pure copper. The heat of solution of 
1 g. atom of beryllium in copper is about 3600 cal.,* whereas the energy 
involved in disordering an equivalent amount of CuBef is 900 cal. (which is 
of the same order). If the precipitated particles are ordered when released 
from the sohd solution then we should expect the 8 T curves at temperatures 
up to 600° C to be very similar to those of the silver-copper alloy. However, 
in view of the probable small dimensions and high state of strain of the 
particles it seems likely that they will be precipitated in the disordered state, 
and at some stage in their subsequent growth ordering will take place and 
energy will be released which will augment that given out as a result of the 
reduction in surface energy of the particles. It is probable that the equili- 
brium degree of order may depend not only on the temperature but also on 
the size of the particles. 

The experimental work is not yet sufficiently far advanced to enable an 
explanation to be put forward for the differences in the 8T curves of silver- 
copper and copper-beryllium alloys, in particular the initial maximum in 
fig. 2d\ for the present we wish to emphasize the similarity in behaviour 
namely that the hardened state is one in which the major portion of the 
chemical energy has been released, i.e. precipitation has taken place. 

* By calculation from the variation of solubility with temperature. 

t Corresponding to a critical temperature of 627° C. 
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(c) Aluminium-copper alloy 

Fig. 3 gives a number oi ST curves obtained on this material. Fig. 3a 
is the S T curve on the slowly cooled alloy which had the following treatment ; 
20 hr. at 370° C, 24 hr. at 310° C, 24 hr. at 270° C, 24 hr. at 230° C, 48 hr. 
at 160° C, 24 hr. at 110° C, and then cooled to room temperature at 
30° C/hr. It is in reasonable agreement at low temperatures with the 
EGpT curve, fig. 36. Above 300° C the curves diverge indicating that 
solution is taking place. 



Fig. 3 
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Fig. 3 c is the ST curve on the alloy as quenched from 525° C in cold 
water, and aged at room temperature for 32 days; the hardness was not 
measured on the specimen in this particular case, but experiments on 
material from the same cast show that hardening occurs at room tem- 
perature. The Brinell number would be greater than 80. This curve differs 
in several important features from fig. Ic and 2 c. At temperatures from 
100to220° C J.~>5,the)8y curveliesa6o2;cthei7(7p7^ curve. The maximum 
difference is small ( 6 % ) , but it is greater than the experimental error ( ± 2 % ) , 
whilst the relative error which may affect the shape is not likely to be more 
than 0-5 %. 

From 240° C onwards energy is evolved, rapidly attaining a maximum 
at about 300° C, indicating that precipitation is taldng place, but the ST 
curve rises well above the SCpT curve, i.e. to S before any sign of a second 
change of heat evolution appears (cf. Figs. 1 c and 2c). 

Along DEFO re-solution is taking place, as may be demonstrated from 
fig. 3d. In this case the specimen was quenched from 525° C into cold 
water reheated to 380° C, i.e. point E (fig. 3c), at 2° C/min., and then 
quenched. On reheating (fig. 3d), the material dissolved along DE (fig. 3c), 
has reprecipitated in the temperature range 200-300° C. 

Reverting to fig. 3 c from F onwards the apparent specific heat rises 
rapidly to (?, and then diminishes approaching the ZCpT curve again, 
indicating that complete solution, of the material precipitated along jBC 7, 
has taken place. (Measurements have not been made above 520° C since, 
according to the equilibrium diagram, melting of the material is likely to 
take place. Experiments undertaken with an alloy containing 4 % Cu, where 
complete solution takes place below 520° 0, confirm the above interpre- 
tation for the maximum at G.) 

Fig. 3e is the ST curve for the alloy as quenched from 525° C and age- 
hardened at room temperature for 3 days. This curve is included to show 
that the same general features are present as in fig. 3 c, and in particular 
that at temperatures up to 200° C the ST curve lies above the SCpT curve. 
Superposition of figs. 3e and 3c indicates that the excess energy supplied 
up to 200° C is higher in 3 c than in 3e, a result which is attributed to the 
longer ageing period. 

Fig. 3^. is the hardness-temperature curve taken at 2° C/min. im- 
mediately after quenching from 525° C. The Brinell hardness of the material 
at the commencement of the experiment was 65. There is an increase in 
hardness up to about 140° C. In marked contrast with the results obtained 
with the silver-copper and copper-beryllium alloys softening occurs prior 
to and during precipitation, i.e. at 260° C; when precipitation is pro- 
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ceeding rapidly the hardness is 63, which is about the same as that of the 
freshly quenched material. The hardening accompanying precipitation is 
relatively small and softening commences before precipitation is complete. 

This marked difference in behaviour is also evident in the ST curves of 
the hardened materials. Fig. 3/ is the ST curve on the copper-aluminium 
alloy as quenched from 525° C aged at 110° C for 15 hr. The Brinell hard- 
ness number was 100. Pig. 3gr is the ST curve on the alloy as quenched 
from 525° C and aged at 140° C for 22 hr. (Brinell hardness number 110.) 

In both cases the ST curves are characterized by the fact that the first 
large dip associated with precipitation is still present (cf. figs. Id and 2d), 
i.e. the hardening produced in the sample was not accompanied by pre- 
cipitation. In both cases, also, there is no doubt that the ST curve hes 
well above the SGpT curve in the range 150-210° C; in fact, this is the 
noteworthy characteristic of the hardened alloy. 

Fig. 3i is the hardness temperature curve taken at 2° C/min. on material 
water quenched from 525° C and aged at 140° C for 22 hr. (Brinell number 
106.) This curve is directly comparable with 3g. The hardness decreases 
from 180° C onwards and the minimum occurs at 260° C, which corre- 
sponds to a temperature at which the rate of precipitation is almost a maxi- 
mum. There is a small maximum in hardness at 280° C which could be 
associated with precipitation hardening, but softening sets in before pre- 
cipitation is complete. 

We may summarize the main results in fig. 3 as follows: high values of 
hardness can be produced by ageing at low temperatures, i.e. up to 200° 0, 
.without precipitation. The ST curve of the hardened alloy exhibits a 
marked maximum before the minimum associated with precipitation is 
reached; i.e. extra energy has to be supphed before the energy of precipita- 
tion can be released. 

It will be noticed that the ST curves of the aluminuim-copper alloy, 
fig. 3c, etc., are quite different from figs. 1 c and 2 c in that there is no second 
minimum immediately subsequent to the large initial dip attributed to 
precipitation. It is true that an additional minimum occurs at F after 
considerable re-solution has taken place, but the form of curve in this 
region is not what we should expect by comparison with figs. Ic and 2c. 
In this connexion it is also necessary to bear in mind that according to 
Wasserman and Weerts (1935) the precipitate from the supersaturated solid 
solution is not CuAlg but an intermediate phase. The minimum at F may 
result, due to the breakdown of this intermediate phase, into stable CuAlg. 
If such is the case, then the growth of the precipitated particles produces no 
noteworthy effects on the ST curve, and the particles as precipitated must 
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be very large. This would be in agreement with the experimental fact, 
fig. that the increase in hardness immediately subsequent to, or during, 
precipitation is relatively quite small. 

Frenkel (1933) has taken a number of differential heating curves on a 
4 % aluminium-copper alloy at a heating rate of 6-10° C/min. Comparison 
of these curves with those recorded in fig. 3 shows that whilst the positions 
of the maxima and minima differ to some extent, due probably to differences 
in material and technique, the same general shape is obtained. Frenkel 
concluded that no marked precipitation occurred during the normal ageing 
treatment given to this alloy. 

{d) Alurniniurn-rmgnesiu'm-silicon alloy 

Fig. 4 gives a number of 8T curves obtained on this material. Fig. 4a 
refers to the alloy slowly cooled, the annealing treatment being identical 
with that given to the aluminium-copper alloy (cf. fig. 3 a). Fig. 46, in- 
cluding the points marked x , is the ST curve of pure aluminium, which 
should be a very near approximation to the EOpT curve for the alloy since 
the additions are very small. Comparison of figs. 4a and 46 suggests that 
re-solution commences at about 380° C. Fig. 4c is the ST curve of the 
alloy as quenched from 525° C and aged at room temperature for several 
days. Brinell hardness number 50. Up to 200° C, A-B, the curve whilst 
slightly higher is a very near approximation to the EOpT curve; energy is 
then released very rapidly, BG, and a second minimum appears at 
followed by a third minimum at G. (Two sets of points x , O, are given on 
this curve. They refer to two different experiments using different specimens, 
and show that the results are reasonably reproducible.) 

The second minimum at E occurs in the same place with respect to the 
first minimum as the second minimum in the curves for the silver-copper 
and copper-beryllium alloys (figs. Ic and 2c), and might therefore be 
associated with growth; consequently this alloy might be expected to 
harden appreciably on precipitation. (It is, of course, also possible that the 
magnesium and silicon precipitate separately, giving rise to two minima, 
or that the second minimum is due to combination of magnesium and 
silicon precipitated along BCD.) On the other hand, the fact that the ST 
curve rises above the SGpT curve and then falls very rapidly suggests that 
the material may harden prior to precipitation as in the case of the copper- 
aluminium alloy. 

Fig. 4/ is a hardness -temperature curve taken at 2° C/min. on material 
immediately after quenching from 525° C (Brinell hardness 29). There is 
a fairly rapid rise in hardness up to about 120° C, then a small drop. Once 
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precipitation sets in (200° C) the hardness rises rapidly to a maximum at 
250° C, corresponding to the point D on the ST curve (fig. 4c). 

Fig. 4^ is a similar hardness curve on material aged at room temperature 
for several days and is comparable with fig. 4c. There is a slight drop in 
hardness before precipitation sets in, then a rise to a maximum at or about 



260° C. It appears therefore that this material can either be hardened prior 
to precipitation like the aluminium-copper alloy, or after as is the case in 
the silver-copper alloy. 

Fig. 4d is the ST curve of the alloy after ageing at 106° C for 16 hr. 
Fig. 4:h is the hardness temperature curve obtained on material treated in 
the same way (Brinell number 67). Softening occurs prior to precipitation 
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and is followed by hardening on precipitation. There is, however, no 
marked maximum on the ST curve prior to precipitation (cf. figs. 3/ and 

39^). 

Fig. 4e is the ST curve obtained on the alloy after ageing at 240° C for 
100 min. (Brinell number 65). In this case although the material is hard all 
the energy in the first dip has been released by the ageing process and only 
the remains of the second dip are observed, i.e. the material is hard after 
precipitation has occurred. These results are therefore in agreement with 
those deduced from the ST curve (fig. 4c), and the hardness-temperature 
curve (fig. 4d). 

(e) Duralumin 

Fig. 5 a is the ST curve of duralumin after cooling at 15° C/hr. from 
480° C, and fig. 55 the ZGpT curve calculated assuming it to be a pure 
mixture of its constituents. Fig. 5c is the ST curve after full ageing at 
room temperature (Brinell number 115). It is clear from the presence of 
the large initial dip that no appreciable precipitation has taken place 
during the hardening at room temperature. As in the case of the aluminium - 
copper alloy no well-marked second minimum is present and we might 
expect therefore that the amount of precipitation hardening would be 
relatively small. 



Fig. 5 
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Fig. is the hardness-temperature curve taken at 2° C/min. on material 
immediately after quenching from 490° C. The increase in hardness during 
precipitation is small. Fig. 5e is a similar curve obtained on the material 
fully hardened at room temperature. As in the case of the aluminium-copper 
and aluminium -magnesium-silicon alloys, there is a drop in hardness before 
the increase due to precipitation hardening takes place. Softening, however, 
sets in before precipitation is complete, i.e. in this respect duralumin is 
similar to the aluminium-copper alloy and different from the aluminium- 
magnesium-silicon alloy. 


4. Heats of solution 

In the previous sections we have discussed in a qualitative manner a 
number of ST curves which refer to the precipitation of a second phase 
from a supersaturated solid solution. The heat of solution can be deter- 
mined from such curves and in this section we shall compare the values so 
obtained with those calculated from the solid solubility curve using the 
well-known thermodynamic theorems. 

Let us consider the equilibrium between a solid solution of two metals A 
and B and a second phase G composed of A and j8, A being the major 
constituent of the solid solution. We shall consider two cases : one when the 
second phase is substantially pure B, i.e. the silver-copper alloy; and the 
other when the second phase is fully ordered, i.e. CuAlg in the aluminium- 
copper alloy. Let the concentration of the solid solution in equilibrium with 
the second phase be c at a given temperature T, the concentration c being 
expressed in gram atoms of solute per gram atom of the alloy. 

Then the condition for equihbrium is that 

Q^RT[logcl (1) 

Q is the heat of solution, i.e. the heat required ijo dissolve 1 g,-atom of the 
second phase in an infinitely large amount of the solid solution of con- 
centration c. It is equal to the change in internal energy occurring when 
1 g.-atom of the second phase passes into solution. Q may vary with the 
concentration, unless the solution is very dilute. 

The heat absorbed, Hs, when the concentration is increased from 
to Cg is 

j&s = J? f T[log c] dc. (2) 

J Cl 

The relation between T and c is given by the solid solubility curve and Bs 
can therefore be evaluated using (2).- 
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The derivation of equation (1) involves the assumption that the solid 
solution has an entirely random arrangement of atoms on the lattice sites 
at all temperatures. 

Table I gives the solubility of copper in silver as a function of temperature. 
The values, taken from Hansen (1936), are the mean of the results of Stocks 
dale, and Ageew and Sachs. 

Table I. Solubility of coppee ik silvee. Wt. % 

Temp. ° C 779 750 700 600 500 400 300 

Solubility % 8-8 7-2 5-5 3-3 1-8 1-0 0*65 

The solubility of silver in copper is less than 1 % at 400 ° C, so that the 
deposited phase is practically pure copper. 




Fig. 6 


Using the above experimental data Q = J?T[log c] has been plotted as 
a function of the concentration c. (c is the number of gram atoms of copper 
dissolved in 1 g.-atom of the solid solution.) Fig. 6a: it is seen that Q 
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diininishes as c increases, as one would expect. Before Hs can be evaluated 
it is necessary to decide on the limits for the integration. Our specimens 
were quenched from 760° 0 at which temperature silver holds 7*5 % copper 
in solution, c = 0-12. This concentration is therefore the upper limit. The 
lower limit has also to be chosen with due regard to the experimental 
procedure if rehable comparison with the 8T curves is to be made. The 
lower limit was fixed at 400° C as this is the temperature at which re- 
solution becomes appreciable on the annealed material (cf. fig. la). Con- 
siderable variation in the lower limit does not affect the magnitude of Hs 
appreciably as the change in solubility with temperature is small at 400° C. 
Hs was therefore evaluated over the range 400-750° C and the value so 
obtained is 4-70 cal./g- 

The solid solubility curve of the aluminium-copper alloys was taken 
from Hansen (1936) (see Table II). 

Table II. Solubility of copper in aluminium. Wt. % 

Temp. ° C 648 430 400 350 300 

Solubility % 5*65 2-0 1*4 0*95 0*34 

The identity of the phase deposited from the alumirdum-copper solid 
solution in our experiments is not very certain. For the purposes of the 
estimation we have assumed it to be ’CUAI2 (the concentrations are so sm^ll 
thatyit does not make any material difference to the answer what con- 
stitution is assumed for the second phase provided its molecular weight is 
of the same order as CuAlg). The particular aUoy used contained 4*8 % Cu, 
c = 0*022, corresponding to complete solution at 525° C, so that these 
values were taken for the upper limit of the integration. The lower limit was 
taken at 300° C. The values of Q as a function of c are shown in fig.. 66, 
there is a considerable amount of dispersion amongst the points indicating 
that the values are not too reliable. The value of Hs between the limits 
specified is 4*24 cal./g. 

Experimental determination of Hs. Copper-silver alloy 

If the specimen is quenched from temperature T to temperature as 
a homogeneous solid solution and no changes take place in the atomic 
configuration during quenching then the total heat given out is 

H=\’C'pdT. (3) 

If the specimen is then reheated from to T the energy absorbed must also 
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be equal to H. If, on the other hand, the annealed specimen is heated from 
Tq to T the energy required is 


= CpdT+Hs. 


( 4 ) 


Consequently Hs is given by the difference in the energy required to heat 
the quenched and annealed specimens over the temperature range Tq to T, 
the experiment being carried out in such a way that both specimens pass 
through temperature T in equilibrium. 

Calorimetric measurements at temperatures up to 800° C have not yet 
attained sufficient precision to enable Hs to be determined accurately in 
this way. The value of H for the silver-copper alloy from 100 to 800° C is 
45 cal./g. and for the aluminium-copper alloy from 100 to 525° C about 
100 cal./g., so that an error in if of 1 % produces an error in Hs of from 
25 to 50 %. (The errors in H arise chiefly in the temperature range from 
500° C upwards where difficulties are encountered due to lack of repro- 
ducibility in thermocouples. Our measurements are limited to a maximum 
temperature of 600° C.) There are, however, methods of arriving at a fairly 
reliable value of Hs from the 8T curves. 

In the case of the silver-copper alloy the ST curves of the annealed and 
quenched specimens agree very well over the temperature range from 
520° C upwards, indicating that at 520° C the specimens are in the same 
condition. The difference in energy from room temperature to 520° C can 
therefore be put equal to Hs. A number of experiments on the alloy con- 
taining 8*9 % Ou gave a difference of 4-4 cal./g. The value obtained for the 
7*5 % Cu alloy was 4*42 cal./g. The probable error is ± 4 %. 

The evaluation of Hs for the aluminium-copper alloy cannot be carried 
out satisfactorily by the above method for two reasons: {a) the specimens 
change appreciably after quenching and before the measurements can be 
made: (6) the total energies required to heat the specimens from 100 to 
525° C is very large compared with the heat of dilution. A good approxi- 
mation can be obtained by integrating the energy between the ST curve 
and the CpT curve over the temperature range in which precipitation takes 
place, i.e. Bio D (fig. 3 c). This has been done for the curves 3 c, 3 e, 3/, 3^. 
The values found vary from 4*10 to 4-40 cal./g. (This variation of ±0*15 
cal./g. is less than 1 % of the total energy absorbed over the temperature 
interval, i.e. it is of the same order as the experimental error. Within these 
limits the heat evolved during precipitation is the same irrespective of the 
hardening treatment.) 

If the material precipitated from the solid solution is some intermediate 
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phase as isolated by Wasserman and Weerts ( 1935 ) and not CuAlg then 
especially good agreement with the theoretical result is not to be expected. 
It is conceivable that the minimum at F is associated with the formation 
of CuAlg from this intermediate phase and this additional energy of 
M cal./g. should be added to the experimental value of 4-2 cal./g., giving 
5*3 cal./g. 

The experimental values of Hs obtained for the two alloys are in reason- 
ably satisfactory agreement with those calculated theoretically, indicating 
that variations in apparent specific heat attributed to precipitation have 
been correctly chosen. Similar comparisons have not yet been made for the 
other alloys used in this investigation. 

5. The ST curve for the silver-copper alloy, pig. 1 c 

We have suggested that the precipitation process can be split up into 
two parts; one giving rise to the large evolution of heat represented by the 
area ABCDHA, and the other which we have ascribed to the growth of the 
particles and represented by HDEFH (neglecting any effects due to re- 
solution). 

We might expect the precipitation process to proceed somewhat as 
follows: first, segregation of copper atoms will take place at certain selected 
positions on the silver lattice, this will diminish the entropy and heat will be 
evolved. Secondly, when sufficient copper atoms have collected together 
they will break away from the silver lattice and take up a lattice spacing 
roughly equal to that of normal copper. This will reduce the strain energy 
in both copper and silver and heat will be evolved. There will still be con- 
siderable strain in the vicinity of the boundaries of the precipitated particles, 
which will be released as growth proceeds giving rise to further heat evolu- 
tion, this third stage sets in at D, Whilst the first two stages may proceed 
simultaneously to a great extent it is of interest to point out that the ST 
curve shows no trace of any discontinuity which could be attributed to the 
inception of the second stage and it is doubtful whether any details as to the 
precise mechanism of precipitation proper, i.e. the second stage, are likely 
to be forthcoming from specific heat data. (It might be argued that the 
area HDEFD represents the heat given up when the copper atoms break 
away from the silver lattice. This is very unhkely since in the case of the 
aluminium-copper alloy we should arrive at the conclusion that pre- 
cipitation did not take place in our experiments until a temperature of 
380° C was attained. This is not in agreement with other experimental work 
on this alloy.) 
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In order to make an estimate of the size of the particles corresponding to 
the state of maximum hardness, point D, fig. 1 c, we shall assume that the 
particles are equal in size and cubic in shape. Then provided the linear 
dimensions are reasonably large compared with one atomic distance, the 
central portion of the particle will take up the normal lattice spacing of 
copper and the strain will be confined to the boundary atoms. We shall 
assume that all the strain is located in the surface layer of atoms and that 
these take up some intermediate spacing between that of cop]3er and silver. 

If d is the linear dimension of the particles in atomic distances and N 
their number per gram of silver-copper alloy, then the number of copper 
atoms deposited from 1 g. of the alloy is 

Nd^ = 0*06x 6 X 1023/63*6 

(0*06 g. of copper being precipitated per gram of alloy). 

The number of atoms in the surface of the particles is 

eNd^ 

These atoms will fit neither the silver lattice nor the copper lattice and 
may be described as being in an amorphous state since they possess no 
specific crystalline pattern. The extra energy per gram atom will be of the 
same order as the latent heat of melting, viz. 2700 cal. 

Consequently the strain energy per gram of silver-copper alloy is 

CNd^ X 2700/6 x lO^^. 

This, according to our interpretation of the ST curves, is equal to the energy 
represented by the difiFerence in area of the curves, figs. Ic and la from 
300° C upwards. This is 0*7 cal./g. i.e. 

6Nd^x2700 

6x1023 • 

These two relations involving N and d, enable N, the number of particles 
to be eliminated and d is found to be about 20 atomic distances. 

The above assumptions are, of course, a very crude approximation. When 
the copper is precipitated the lattice dimensions of the silver will change 
and ‘slip may occur; some energy will therefore be stored in the silver lattice. 
If the strain energy is not restricted to the surface of the particles the 
estimated value of d, viz. 20 atomic distances, will be too small. 

Turthermore, it is unlikely that the disturbance at the boundary of the 
particle is restricted to a monatomic layer and this would mean that the 
magnitude of d had been underestimated. Similarly the precipitation of 
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thin plate-like particles would give a larger value for the average volume of 
the particles. 

It appears, therefore, that a linear dimension of 20 atomic distances, viz, 
75 A, is a lower limit of size for the precipitated particles corresponding to 
maximum hardness provided the interpretation given to figs, la and Ic 
is the correct one. 

6. The effect of ageing on the 8T cuhve of the aluminiijm- 

COPPER alloy 

As mentioned in § 3 (d) the S T curve of the hardened alloy is characterized 
by the fact that it rises above the ZCpT curve in the temperature range 
150-220° C. 

The variation in apparent specific heat with temperature over and above 
that expected in accordance with the ZCpT curve is produced by changes 
in the atomic configuration of the specimen; and the areas enclosed between 
the 8T curve and the SCpT curve are a measure of the energy absorbed or 
released by these changes, e.g. the area BCDB (fig. 3c), is a measure of the 
energy evolved during precipitation. From 140 to 210° C (fig. 3/), energy 
is absorbed when the hardened alloy is heated through this range of tem- 
perature, and it is of interest to consider what changes in the atomic arrange- 
ment of the solid solution are responsible for this absorption of energy. 

The material as hardened is in a metastable state, the equilibrium state 
being that in which the major portion of the copper is precipitated as 
CuAlg, consequently the free energy, F, of the hardened alloy at room 
temperatee is not a minimum. Any changes which take place in the 
material will tend to reduce the free energy.* The relation between the 
free energy, the internal energy U and the entropy 8 is given by 

F^U-T8, (5) 

where T is the absolute temperature. As the temperature dependent parts 
of jP, U and 8 are taken care of by the GpT curve, we shall consider that the 
various parameters in (5) are affected only by changes in the state of the 
alloy. 

Referring to fig. 3/ we see that on heating from room temperature the 
internal energy U is increasing since the apparent specific heat s is greater 
than Cp\ consequently since F cannot increase the entropy 8 must also be 
increasing. The maximum entropy of a solid solution is obtained when the 

* We consider the free energy instead of the thermodynamic potential since the 
volume changes are very small. 
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solute atoms are arranged at random; it follows therefore that in the 
hardened alloy the copper atoms are not arranged at random, i.e. some 
segregation has taken place. In the aUoy as quenched it is highly probable 
that a random arrangement exists, the hardening process is therefore ac- 
companied by a rearrangement of the copper atoms into a state of lower 
entropy. Such rearrangement will give rise to the evolution of heat and 
this has been observed in the case of the age-hardening of duralumin at 
room temperature. Swietoslawsld and Czochralski ( 1936 ) reported a heat 
evolution of 0*47 cal./g. during ageing for duralumin quenched from 510° C. 
Czochralski and others ( 1937 ) have recently improved the technique of 
measurement of such small heat evolutions and find a value of 1-67 cal./g. 
The heat evolved during ageing should be equal to or greater than the 
extra energy put in before precipitation occurs. According to fig. 5c this 
extra energy is 1*4 cal./g., which is in fair agreement with the findings of the 
Polish workers. 

The nature of the ‘"'ordered’’ or hardened solid solution cannot be 
deduced from the ST curves; two dimensional segregation along planes 
(Desch 1934 ) or the formation of clusters of copper atoms in the solid 
solution would lead to the required diminution in entropy. 

It can be argued that some rearrangement of the copper atoms must take 
place on the aluminium lattice before precipitation can occur, e.g. in the 
case of the silver-copper alloy clustering of copper atoms must occur on the 
silver lattice prior to precipitation if it is conceded that the copper cannot 
be precipitated in the form of single atoms but as particles of finijp size. The 
interesting point in connexion with the copper aluminium alloy is that some 
or all of these clusters disperse again before precipitation sets in. If this were 
not the case then the ST curve for the hardened copper-aluminium alloy 
would always be below the ECpT curve (cf. fig. Ic) for the silver-copper 
alloy, until complete precipitation had been effected. Perhaps a little 
speculation on this point may be permitted. Let us consider the process of 
precipitation and assume that a stable particle cannot be precipitated unless 
it contains a finite number of atoms. The chance of such a particle forming 
depends amongst other factors on the rate of atomic interchange and the 
number of atoms of solute in solution which can take part in the interchange. 
In the case of the aluminium-copper alloy the precipitated phase has a 
complicated structure and it is conceivable that the smallest particle which 
can be deposited is relatively large, say, compared with those deposited from 
the silver-copper alloy. The chance of such a particle forming and pre- 
cipitating is therefore very small, and an intermediate stage of free energy 
lower than that of the random solid solution yet higher than that corre- 
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spending to true equilibrium may be reached which will remain quite stable 
at low temperatures. This state corresponds to the hardened state, in which 
some segregation has occurred, and in order to picture the processes 
occurring on heating we shall assume that the copper atoms have grouped 
themselves into a large number of small clusters which stiffen up, i.e. harden 
the aluminium solid solution. These clusters will be surrounded by material 
which contains only a very small amount of copper corresponding to a first 
approximation to the solid solution saturated at room temperature. When 
the temperature is increased the solid solubihty also increases so that some 
copper atoms will be absorbed by the solid solution until it is saturated again, 
i.e. softening will occur. At the same time the large clusters will also tend to 
grow at the expense of the small ones, and this will give rise to hardening. 
The former process involves movement of copper atoms over distances 
appreciably smaller than the latter so that one might expect that when a 
piece of aluminium-copper alloy hardened at a low temperature is heated it 
would first soften and then harden. No claim is made that the mechanism 
postulated above is entirely responsible for the well-known phenomenon of 
dehardening” of duralumin, etc.; the general argument is given to show 
that specific heat measurements may lead to a better understanding of the 
phenomenon. 

As mentioned in a previous section of the paper, the energy evolved 
during precipitation represented by the area BCDB (fig. 3c), is not affected 
appreciably by short period ageing (cf. figs. 3/ and 3 g)\ further, the hardness- 
temperature curves show a minimum hardness at about 260° C which is 
practically the same as that of the freshly quenched material. Consequently 
it appears likely that clusters disperse almost completely before precipitation 
sets in. If this conclusion is correct then the energy evolved during ageing 
should be equal to that represented by the area enclosed by the ECpT curve 
and the ST curve prior to precipitation, i.e. A BOA (fig. 3/). Suitable 
experiments will enable this to be checked. At low temperatures the 
clusters do not disperse completely, provided precipitation does not occur, 
and consequently the material does not soften completely before re- 
hardening. 


7. Geneeal 

G. I. Taylor and his collaborators (Quinney and Taylor 1937) have shown 
that the energy bound up with lattice distortion in highly cold-worked 
metals is of the order of 0‘2~0-5 cal./g. The experimental results on the 
age-hardening alloys used in this investigation show that the chemical 
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energy available in the supersaturated solid solutions is about 5 caL/g-, i.6. 
roughly ten times that which can be stored in the material as a result of 
lattice distortion. Consequently the ‘‘'transfer” efficiency in age-hardening 
need not be particularly high. Any mechanism which enables some of the 
chemical energy to be stored in the form of lattice strains will produce 
hardening. Previous experimental work has given rise to the view that 
there are at least two processes which produce strains during age-hardening; 
one by the formation of knots or clusters of solute atoms in the parent 
lattice, and the other by the formation of a large number of finely divided 
particles of the second phase. Gayler has proposed, and hardness measure- 
ments tend to confirm, that both processes may take place in the 
same material at constant temperature, the second process following the 
first. 

The experimental work described in the present paper shows that in the 
case of the silver-copper alloy maximum hardness is associated with a state 
of the alloy in which precipitation has taken place, i.e. the second process is 
operative. The hardness-temperature curve shows no maximum which 
could be attributed to knot formation. This is not surprising in view of the 
very small effects found by Cohen. On the other hand, the 8T curves on 
the aluminium-copper alloy prove conclusively that knot formation takes 
place, and is accompanied by appreciable hardening on ageing at low tem- 
peratures. The increase in hardness on precipitation is however relatively 
small. The experiments on the aluminium-magnesium-silicon alloy and 
duralumin confirm the conclusion that hardening can take place both prior 
to and after precipitation, although much further work will be necessary 
to determine to what extent and at which stage each particular type of 
solute atom contributes to the hardening. 

It appears, therefore, that Gayler’s view that both processes occur 
during age-hardening is essentially correct. The present work, however, 
provides no definite proof that both processes always occur in a given alloy 
at the same temperature the one following the other. Gayler’s theory is based 
primarily on ageing experiments carried out at constant temperature, 
whereas our experiments are made at the temperature increases at a con- 
stant rate, and this difference must be considered in correlating the results. 
For example, whilst it is clear that the aluminium-magnesium-silicon alloy 
can be hardened at 100° C, i.e. by the first process, and also at 240° C by 
the second, it is quite likely that the second process will not set in at 100° C 
in a finite time, and it seems highly probable that the room temperature 
hardening of the aluminium alloys is due entirely to the first process. At 
higher temperatures prolonged heat treatment should lead to precipitation 
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and hardening by the second process will take place. This will necessitate a 
diminution in the number of knots or clusters in the solid solution and the 
nett effect may be a softening. 

The statement by Gayler that softening should set in once precipitation 
proper starts is not in agreement^' with the experimental results on the 
silver-copper aUoy, since in this case maximum hardness occurs only when 
precipitation is complete. 

The maximum values of hardness obtained on the silver-copper and 
copper-beryllium alloys are produced by precipitation hardening. In the 
aluminium-copper alloy and duralumin hardening by cluster formation is 
certainly as ejBFective if not more effective than hardening on precipitation. 
The experimental work at present available is not sufficient to enable any 
reliable conclusions to be drawn as to the reasons for this variation in 
behaviour. Various factors suggest themselves and some have been dis- 
cussed briefly in §§ 4 and 6, but further experimental work is necessary 
before the effects of these factors can be correctly ascertained. 

The strain energy stored in the alloys in condition of maximum hardness 
is quite small (cf. figs. Ic and Id), and specific heat measurements of higher 
precision than those recorded in this paper will be necessary to establish 
the relation between stored energy and hardness. In the case of alloys 
which harden by cluster formation it is not clear how the strain energy can 
be determined by specific heat measurements alone, since the heat evolved 
or absorbed is the difference between the change in internal energy produced 
by the atomic rearrangement and the strain energy set up by this rearrange- 
ment. Some independent method, of arriving at the change in entropy will 
have to be developed before the strain energy can be determined from the 
ST curves. 

In the preceding sections we have dealt only with the features which 
could be interpreted with reasonable certainty, and have been ])rimarily 
concerned in demonstrating that maximum hardness may occur either 
before or after precipitation. A detailed study of the effect of a wide range 
of heat treatments on the ST curve of each particular alloy suitably corre- 
lated with measurements of other j)hysical properties, such as crystalline 
structure, mechanical strength, electrical conductivity, etc., is desirable 
before a reliable and complete interpretation of the ST curves recorded in 

* It is possible that the meaning we attribute to precipitation is different from that 
implied by Gayler. Precipitation is complete, according to our view, when the 
majority of the copper atoms have taken up their correct spacing, but the particles 
are still connected to the silver lattice at the boundaries. If by precipitation Gayler 
visualized particles free from strain then our results do not conflict with her views. 
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this paper can be given. For this reason a number of peculiar features in the 
ST curves of the various alloys have received little or no discussion. 

Acknowledgements 

We are indebted to Mr P. Leech, B.Sc., for his expert assistance in the 
determination of the many specific heat measurements recorded in this 
paper. 

One of us (N. S.) is indebted to the Department of Scientific and Industrial 
Research for financial assistance, the other (C. S.) is a member of the 
Research Panel responsible to the British Iron and Steel Federation for 
research on the structure of alloys. 

The work has been carried out partly in the Metallurgical Department of 
the University of Cambridge, under the direction of Professor R. S. Hutton, 
M.A., D.Sc., and partly in the Research Department of the Metropolitan- 
Vickers Electrical Co., Ltd., Traiford Park, Manchester, under the direction 
of Dr A. P. M. Fleming, C.B.E. 

We thank Professor W. L. Bragg, F.R.S., Professor R. Peierls and Dr D. 
Stockdale, for their kind interest in the investigation. 


Summary 

The changes in atomic configuration taking place during hardening affect 
the apparent specific heat of age-hardening alloys. Specific heat-tem- 
perature curves and hardness measurements have been obtained on five 
typical age-hardening alloys. 

The results show that in certain cases, e.g. the silver-copper and copper- 
beryllium alloys, maximum hardness is attained when the major portion of 
the chemical energy associated with the supersaturated solid solution has 
been evolved, i.e. precipitation has taken place. In other cases, duralumin 
and aluminium-copper alloys, maximum hardness is associated with segre- 
gation of the solute atoms in the parent lattice prior to precipitation. 
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The classical equation of state of gaseous helium, 
neon and argon 

By R. a. BtrcKiNGHAM, Ph.D. 

Queen's University, Belfast 

(Communicated by J. E. Lennard- Jones, F.R.S. — Received 11 July 1938 ) 

The deviations from the equation of state for perfect gases which are 
observed in all known gases result from the interactions of their constituent 
atoms or molecules. The excess pressures observed at all but the lowest 
temperatures show that the dominating factor is the strong repulsion 
between atoms at close range, due to the interpenetration of complete 
electron shells. Little is known about these repulsions, and that is readily 
summarized. Between atoms with spherically symmetrical distributions 
it is likely that the repulsive potential is accurately represented by a function 

P{r)e-^lp, ( 1 ) 

where r is separation of the atomic nuclei and P{r) a polynomial in r. 
Quantum theoretical calculations made by Slater {1928) for helium atoms 
(with a closed shell of two electrons) and by Bleick and Mayer (1934) for 
neon atoms (with a closed shell of eight electrons) show that an adequate 
expression may sometimes be obtained if the polynomial is replaced by 
a constant. Some confirmation of this (though over a very restricted range 
of r) is given by Born and Mayer (1932) and Huggins (1937), whose work 
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on ionic cubic crystals shows that their elastic properties are admirably 
correlated when the repulsive potential of two ions of rare gas type is repre- 
sented by an exponential function* be'~^^^, with a range of about one atomic 
diameter. 

Between neutral atoms the more important interaction at larger distances 
is the attractive van der Waals’ force arising from the mutual polarization 
of the atoms. The van der Waals’ energy can be represented according to 
quantum theory by a series 

- -h dr-8 _|_ g^-iQ + . . . (2) 

in which c, d, etc., are constants; although at distances of two atomic dia- 
meters or more the only important term is that in r“®. The expression (2) 
is usually assumed to be valid outside a sphere equal in volume to the 
polarizability of the atoms concerned. Now there is an intermediate range 
of r, which includes the zero and minimum of the interatomic potential and 
throughout which the penetration and polarizability effects are of com- 
parable importance. It is not readily possible in this region to predict the 
form of the potential energy function, for it is probable that the two kinds 
of interaction are not even approximately independent and in any event 
the expansion (2) is here of doubtful validity. Since evidence by direct 
calculation can be obtained only with great labour, and is restricted by 
the accuracy of available atomic wave functions, any information which 
can be deduced from experimental data is welcome. For this purpose the 
study of gases is more fruitful than that of solids, yielding information over 
a wider range of r, or more precisely, it enables the restricted information 
obtainable from the properties of solids to be extended to a wider range. 
In the first part of this paper we shall follow the method of approach of 
Lennard- Jones (1924) to this subject, and then introduce some further 
developments. 


The second vibial coefficient 
The equation of state of a gas may be written as 

where V is the volume of a gram-molecule, and B is a function of temperature 

* However, a general study of these properties has led J. A. Wasastjema (1932) 
to conclude that at the distances concerned the dominant term is that in r’^e^lP, 
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and of the intermolecular energy. For a spherically symmetrical field E(r), 
the classical formula for B is 

B = '2nNpr\ I - dr, (3) 


when V is measured in gram-molecular units at N.T.P.'*' 

'Now quantum effects are likely to be important only at low temperatures 
and for light atoms such as helium, as shown for example by Uhlenbeck 
and Beth (1936), If we wish not merely to obtain an empirical expression 
for E{r) which gives good agreement between the observed values of B 
and those calculated from (3) over the widest possible range of temperature, 
but rather to learn something of the true interaction, it is important to 
exclude those temperatures for which the classical formula is certainly 
invalid. Bor this purpose it is permissible to use the classical formula, even 
for helium, provided that as little weight as possible is attached to low tem- 
perature observations. Thus for helium we shall neglect experimental data 
below 70° K, though indeed quantum deviations are appreciable even at 
300° K and it is necessary to discuss the consequences of their omission. 

If the potential E(r) is known, it is a simple matter to evaluate the virial 
coefficient from (3). However, this paper is concerned with the problem 
of deducing the form of E{r) from the observed virial coefficients, and no 
progress is possible unless a fairly simple form is adopted for E{r), One 
which has often been used is 


E{r) = (4) 

in which 5 is a constant greater than 6, and the positive term is intended to 
represent the short range repulsive field discussed above. If A and are 
slowly varying functions of r this function is sufficiently flexible to re])resent 
the true interaction accurately over the whole range. To assume this at 
once however leads to great analytical difficulties, and as a first approxima- 
tion it is necessary to assume that A and are both constant, in which 
case the problem is analytically soluble. It then appears that (4) is an 
adequate representation over a small range of r only, and so as a second 
approximation we can increase the flexibihty of the function by allowing A 
to vary slowly {jll still being regarded as constant). At the same time, the 
formulae derived on the assumption that A is constant may still be taken as 
reliable over a short range of r. We thus obtain more precise knowledge of 

* Note that the numerical value of B given by (3) is 4*46 x times the value 
obtained when V is measured in c.c. 
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the repulsive potential. This is a rough outline of the procedure we shall 
adopt. 

As a beginning then, A and fi are assumed constant. The function ( 4 ) 
then has a similar asymptotic behaviour to the van der Waals’ energy (2), 
but it does not follow that the constant ji that we shall derive from the virial 
coefficient is comparable with the true van der Waals’ constant c. It may 
be expected to be greater than c, for two reasons. The main contribution 
to the virial coefficient made by the negative term in ( 4 ) arises from the 
region in which is appreciable ; the omission of the r”® term will therefore 
tend to be compensated for by an increase in the coefficient of Secondly, 

the inverse power function Ar“^ does not fall off as rapidly as one containing 
an exponential factor. It may happen that if s and A are such that the varia- 
tion of E{r) when positive is fairly well represented, then the contribution 
of E{t) in the middle region covering the zero and minimum of E{r) is unduly 
large. This also can be redressed by an increase in fi beyond the value which 
it should otherwise have, say beyond the minimum. On these grounds, the 
parameter must be regarded as no less empirical than 5 or A. 

With A and [i as constants, Lennard-Jones (1924) derived a closed formula 
for jB, which is as follows: 



( 5 ) 

where jP(;«/) = , 

(6) 

and ?/ is a function of temperature given by 


11 

■ 

( 7 ) 

The coefficients c„ are given by 



(8) 


These equations are subject only to the conditions 5 > 3 , t>Z, which 
are here fulfilled, since t represents the power of r in the negative term, set 
equal to 6 in ( 4 ). From them Lennard-Jones was able to derive values 
of the parameters A and which for various integral values of s gave good 

j 

over a wide range of temperature. His method of doing this, which we need 
not describe in detail,* was simple and convenient and entailed only the 

* It is described in the original paper by Lennard-Jones (1924) and by Powler 
(1936)- 
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superposition of the theoretical and experimental curves of log B against 
log T. The chief disadvantage is that the observations at lower temperatures, 
and especially those below the Boyle point temperature, are given an 
importance which, in view of remarks above about the validity of the 
classical formula, is quite contrary to what we desire. This criticism, of 
course, applies mainly to helium, which has a Boyle point at about 23° K; 
for the heavier gases, it matters little. However, the difficulty can be over- 
come by usin g a different method to derive the parameters A, p, which does 
not depend upon the inclusion of low temperature observations of B. 

As a first approximation we aim at finding average values of A and p 
{for given 5 ) which lead to good agreement over a fairly wide range of tem- 
perature. Let new quantities X and Y be defined by 

X = (A//i)3/(«-o, Y = {p^/M)y(»-i>, 
and equations (5) and (7) rewritten in the form 


log X = log 2 ^^ B log F(y), 

( 9 ) 

s 

log F = — -logy + log kT. 

5 ““ r 

(10) 


By definition logX and log Y are also related to log A and log/i by the 
equations 

log A = l-s log A -I- log F, (11) 

log p = log X 4- log F. (12) 

For a given temperature B can be taken from the observations and its value 
inserted in (9). Equations (9) and (10) then determine a relation between 
logX and logF in parametric form (the parameter being y), since F{y) 
is a known faction, s and t being given. This relation can be shown as a curve 
in the (log X, log F) plane. The intersection of two such curves for observed 
values of B at two temperatures determines logZ and log F, and therefore 
log A and logp, uniquely. In practice one requires a series of values of B 
at regular temperature intervals. If the form Ar-*— /{r"' for the chosen 
values of s and t were an adequate representation of E{r), and if the values 
of B contained no experimental errors, all the curves would pass through 
a point; actually most of the intersections will lie within a fairly well-defined 
area. By taking the median values of the ordinates and abscissae of all 
the intersections one gets suitable average values of log X and log F, and 
thence by equations (11) and (12) log A and logp. 
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Turning now to the application of this procedure to the rare gases, we 
make use of the extensive measurements made by Holborn and Otto 
(1924-6) of the virial coefficients of helium, neon and argon. Some of their 
results are given in Table I, and included also are a few values for hehum 
(marked N) due to Nijhoff, Iliin and Keesom (1928). 

Table I. Obsebved values oe the second virial coefeicient 
Helium Neon Argon 


T°K 

HxlQs 

T°K 

BxlO^ 

T^K 

BxW 

71-5N 

0-458 

65-1 

-0-935 

173 

-2-871 

89-9 N 

0-481 

90-5 

-0-365 

223 

-1-687 

90-0 

0-473 

173 

0-288 

273 

-0-986 

126-5 N 

0-553 

223 

0-406 

323 

-0-492 

169-7 N 

0-589 

273 

0-475 

373 

-0-192 

273 

0-529 

373 

0-529 

423 

0-O52 

323 

0-523 

473 

0-582 

473 

0-208> 

373 

0-510 

573 

0-614 

573 

0-501 

473 

0-493 

673 

0-612 

673 

0-683 


573 0*469 

673 0-454 


These have been used in the manner described to obtain the results shown 
in Table II, which contains A and /i for five integral values of s between 
8 and 14 (i^ having the value 6 throughout).* For any of the three gases 
considered, all the forms derived for JS(r) lead to fairly satisfactory values 
of the virial coefficients over the temperature ranges covered by Table I, 
showing that the experimental data do not determine, except within wide 
limits, the most suitable value of the parameter 5. Moreover, as s increases 
from 8 to 14 the form of U(r) given by (4) changes markedly, and it is clear 
that little physical significance can be attached to the evidence afforded 
by virial coefficients alone about the atomic interactions, at least as far as 
the classical theory is concerned. 

This difficulty led Lennard- Jones (1931) to consider the rare gases in 
their solid crystalline forms, as the lattice constants and energies of these 
crystals depend upon the depth and position of the minimum of the inter- 
action energy JS(r). With additional evidence about this point it is possible 
to pick out from Table II the energy function for each gas which has most 
physical importance as follows. 

* Except for helium, the results in Table II do not differ much from those published 
by Lennard- Jones (1931), although the values of A and /c vary more regularly with 
5 as a result of the different method of derivation. For comparison Lennard- Jones’ 
values for 5=12 are included in the table. The author is greatly indebted to Professor 
Lennard -Jones for the use of many of his original calculations. 
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Table II. Avebagb values of A and fi derived 

FROM THE VIRIAL COEFFICIENTS 
Helium Neon Argon 


s 

A X 

fJL X 10®® 

A X 

/^x 10 «® 

Axl 0 «(«-<i^ 

{i X 10®® 

8 

0-00304 

3*70 

0*0183 

20*7 

0*315 

237 

9 

O-OO5I0 

2*37 

0*0350 

14*5 

0*768 

170 

10 

0*00948 

1*73 

0*0732 

11*4 

2*05 

137 

12 

0*0356 

1*04 

0*355 

8*32 

16*2 

103 

14 

0*139 

0*76 

1*82 

6*78 

136*5 

86*7 

L.-J. ( 1931 ) 
12 

0*0380 

1*24 

0*36 

8*45 

17*7 

108*3 


Value of A in erg. cm.-% and of ji in erg. cm.® 


Neon and argon are known to crystallize in the face-centred cubic form. 
Let us consider a unit cell containing four atoms in a face-centred cubic 
lattice in which the shortest distance between atoms is a. We will assume 
that the interaction of any atom with its six nearest neighbours is repre- 
sented by (4), but that for more distant neighbours the asymptotic form of 
the field is vahd, i.e. 

E{t) (cr“® + 


The potential energy per unit cell at 0° K is then 




24A 24c 2((76-12 )c 2(Cs-l2)d 


(13) 


where Cq and Cg are constants evaluated by Lennard-Jones and Ingham 
(1925) and having the values 


Q = 14-454, Cs = 12-802. 


There is a departure here from the practice of Lennard-Jones in that (4) 
is not assumed to lead to the correct asymptotic form of the field. Now the 
equilibrium value of a, say a^, corresponds to the minimum of whence it 
follows that 


sA 


-f- l-227c“i- 


0-534d 


(14) 


and the corresponding energy of a crystal containing N atoms is 

(15) 

Thus given s, A, c and d equations (14) and (15) determine the values of 
Uq and Uq. The van der W aals’ constants for the rare gases have been discussed 
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elsewhere by the author (Buckingham 1937a, 6), and it is believed that the 
values given in the following table are of the right order of magnitude: 


Table III. Van dbr Waals’ constants 

Helium Neon Argon 

c 1-28 6*1 60 X erg cm.® 

d 2-75 8-8 180 X 10“’® erg cm.® 

The contents of this table and of Table II for neon and argon have been 
apphed to give Table IV, which contains the calculated values of % and 
for the different values of s and also the observed values for 0° K estimated 
by extrapolation. The observed values of — Uq include not only the observed 
heat of evaporation (extrapolated to 0° K) but also the zero-point vibra- 
tional energy (calculated from ^Nk0j^), since it is the sum of these quantities 
which must be compared with the crystal energy calculated from (15). 

Table IV. Values oe (in A) and Uq (in cal./mole) 

FOR NEON AND ARGON 
Neon Argon 


s 


-Uq 


-Uq 

8 

3-33 

351 

4-09 

1150 

9 

3*22 

412 

3-98 

1340 

10 

3-13 

470 

3-88 

1520 

12 

3-00 

569 

3*75 

1820 

14 

2-92 

655 

3*66 

2075 

Exp. 

(3*20) 

590 

3*81 

2030 


The experimental values of Uq are taken from Clusius (1929) for Ne, F. Born (1922) 
for A. The value of for Ne may be slightly less than 3-20 A, which is the measurement 
of de Smedt, Keesom and Mooy (1930) at about 4*2° K. Some writers have used 
3*04 A at 0°K, but this seems too small. The value 3-81 A for argon is extrapolated 
from 3-82 A at 21° K (de Smedt and Keesom 1926) and 3*83 A at 40° K (Simon and 
V. Simson 1924). 

It appears from Table IV that it is not possible to choose s to give good 
agreement between the calculated and observed values of the lattice constant 
and also of the crystal energy. Thus the values for 5 = 9 for Ne and 5=11 
for A are in fair agreement with the measurements of ci&q, but equally good 
agreement for Uq is only possible if 5 is rather greater than 12 for neon 
and rather less than 14 for argon. This contradiction may arise because the 
function ( 4 ) is unable to represent the interatomic energy over a range so 
wide as the properties of the sohd and gaseous forms of the elements require. 

However, it seems preferable to use the crystal energies to determine s 
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as they are more sensitive to changes in s. The calculated values of (Xq are 
then too small, the deficit for neon (for s = 12*5) being about 7 % or slightly 
less, and for argon (5 == 13*6) about 3| %. It is interesting also to compare 
the corresponding values of /i, as given by Table II, with the van der Waals’ 
constants. One should compare pu with the '‘effective” van der Waals’ 
constant defined by 

c' = c + 

which allows for the magnitude of the term in the neighbourhood of the 
minimum of the crystal energy function. For neon, [i has the value 7*7 
compared with 7*0 for c'; whilst for argon the respective numbers are 90 
and 75. So that in both cases pu is the larger, and the expectation of this 
result is seen to be justified. Indeed, but for the fact that we have chosen s 
as large as is consistent with the crystal data, the differences would be even 
greater. Owing to the lack of data for crystalline hefium* it is not possible 
to determine the best value of s for helium with any precision, but it will 
be seen later that 12 is very nearly correct. 

The conclusion reached so far is that the comparison of the observed 
virial coeflSicients with the theoretical formula (3), using the form (4) for 
E{r), does not lead to an energy function which is even an approximate 
representation of the actual potential energy of two atoms, although with 
the help of crystal data we can derive a function which may have such 
significance in the middle range (including the zero and minimum of the 
energy) which makes the decisive contribution to the integral (3). This 
function however has not the correct asymptotic form for large r, nor in all 
probability does it represent adequately the asymptotic behaviour of the 
interaction for small r as given by (1). These discrepancies arise because 
the energy represented by (4), with [i and A both constant, is too inflexible. 
Accordingly we introduce the second approximation in which A, but not /^, 
is allowed to vary slowly with r. We notice that if the virial coeflaciont at 
any one temperature is known, if pc and s are given particular values, then A 
is uniquely determined by equations (5), (6) and (7), and can be estimated in 
the following simple way. When logZ and log 7 in equation (12) are 
replaced by (9) and (10) respectively, one obtains 

3J5 8 

log/i = 21og^+logA:r + — log 2 /- 21 og {t = 6) 

* However, recent measurements by Keesom and Taconis (1938) suggest that the 
solid helium has a closely packed hexagonal structure, which may provide a useful 
basis for detailed calculation. 
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which may be rewritten as 


(16) 

Now the left-hand side of this equation is a function of y and s only and for 
a given value of 5 can be plotted without difficulty. The right-hand side is 
a numerical constant, since fi, B and T are assumed known; hence the value 
of y which satisfies the equation can be read at once from the graph of the 
left-hand side. It follows also from (7) that 

logA = |(log/«-logy)-?-^logA:!r, (17) 

and so when y has been obtained as above, log A can be evaluated. 

The question arises whether this value of A has any significance. It has 
been assumed that A is a slowly varying function of r, whereas equation (5) 
was derived on the assumption that A is constant. Now if we examine the 
classical formula for B, it appears that the integral can conveniently be 
divided into two parts according as r is less or greater than where r = 
is the zero of E{r). When r < Tq, E{r) is positive and so is the integrand, and 
when r>ro, E{t) and the integrand are both negative. At temperatures 
below the Boyle point therefore, when B is negative, the second half of the 
integral is the larger, and one can state roughly that the attractive part 
of the field is the more important in determining the virial coefficient. 
Conversely at temperatures above the Boyle point the repulsive part of the 
field is relatively more important than the attractive. Thus at different 
temperatures different parts of the atomic field are effective in causing the 
deviations from perfect gas behaviour and, when we consider a particular 
temperature as above, the value of A deduced is that which gives a good 
representation of the potential field over the range in which B is most sensitive 
to changes in the field. This region may be expected to lie near to but outside 
the classical distance of closest approach; on either side of it B is much less 
sensitive to inaccuracies in E(r), so that in the first approximation A may 
be assumed to have the same value at all points. Nevertheless, because the 
critical range depends upon the temperature, moving inwards as the tem- 
perature rises, we may find that A is a function of temperature and in fact 
this is generally the case. Thus if s and ji are taken from Table II, the values 
of A tend to increase in most cases with temperature, showing that the 
repulsive potential is more accurately represented by a term Ar“® in which A 
is a decreasing function of r. 
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The next step is to investigate this variation of A with r . Let ns return to 
consider the results at a particular temperature. We will suppose that the 
mutual potential of two atoms is accurately represented, except at large 
distances, by 

E{r) = 6(r)— (18) 

in which b{r) is the repulsive potential. Then when A is determined from (17) 
for given s, pu and y, the expression Ar”® is an approximation to 6(r) valid 
over a limited range of r characteristic of the temperature concerned. Within 
certain limits however there is no reason for preferring one value of s to 
another, and the analysis may be repeated with a second value, say s', 
leading to an expression AV“®' which is another approximate form for b{r) 
valid over the same range of r. It is then not unreasonable to expect that 
the intersection of the two curves Ar""® and AV”®' lies within the range and 
is a point on or near the true curve 6(r). If r is equal to x at this point, then 

Aa;-« = A'a;-®' 

or (s' — s) log X = log A' — log A, (19) 

and the corresponding value of the energy, by the above hypothesis, 

E{x)=^Xx-^—jux~^. (20) 

Now we have seen that x and E(x) are both functions of temperature; 
consequently if the procedure is carried out for different temperatures 
a series of points should be obtained which are on or near the true energy 
curve, and these would provide an idea of the form of this curve, at least 
within certain hmits of r. Calculations on these lines have therefore been 
made for helium, neon and argon, and we shall proceed to describe the 
results. 


Helium 

The experimental data of Holborn and Otto, Nijhoff and others (Table I) 
are found to give information about the interaction of helium atoms in 
a range 2*2~2*6 A, which lies just within the zero of the energy function. 
Two facts emerged in the course of the calculations; first, that the curve 
for E(x) given by (20) is almost independent of the choice of s and s', as it 
must be if the method is to be useful. It is not evident from (19) that the 
intersection x does not depend on this choice, but actually the variation is 
small. Thus calculations were made for 5 = 9 and for two values of s' viz. 
8 and 12, and it appeared that log A'/A, considered as a function of s', varies 
almost linearly. Secondly, the dependence of the curve for E{x) upon the 
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choice of [i is more marked, but the variation when [i is allowed to vary 
within reasonable limits is not too great to prevent some definite conclusions 
about the true energy curve. A description of the calculations will indicate 
the extent of this variation. The following values were chosen for /jl: 
1*63 X 10”"®^, which is the upper limit to the van der Waals’ constant c, 
derived from the polarizability of helium (Buckingham 1937a), and also 
the ‘‘effective” van der Waals’ constant hkely to prevail near the minimum 
of the energy function; 1*47 x 10"“®®, which is the value adopted by Slater 
(1928); and a smaller value 1*35 x 10“®® cm.®. For each of these three values 
a series of points was obtained by applying equations (16)-(20). These 
did not lie on smooth curves, owing to experimental errors in the virial 
coefficients. However, it was found that the points obtained by plotting 
\ogb{x) as a function of x are quite adequately represented by a straight 
line, so it was assumed that 

6(r) = (21) 

The most probable values of the constants b and p were then derived by 
the usual statistical formulae for linear regression. These are shown in 
Table V, together with the constants for the repulsive potential deduced 
by Slater (1928) using quantum mechanics. It will be seen that for the 
value of p chosen by Slater, the agreement for p is extremely good, but the 
value of b is somewhat greater than Slater’s. 

Table V. Repulsive poteisttial constants eoe helium 



b X 1010 

P 

2»-„ 

0 

C9 

0 

I— 1 

X 

(ergs) 

in A 

in A 

1-35 

12*6 

0-208 

1-48, 

1-47 

8-71 

0-216 

1-468 

1-63 

6-06 

0-229 

1-42, 

Slater 

1-47 

7-7 

0*217 

l-44j 


Note. The quantity 2ro in this table is defined by h(r) = 10-12 which 

is the form used by Born and Mayer (1932). 

Another aspect of the results is shown in fig. lA. The actual points 
obtained for E{r) using pu = 1*47 are there shown together with the smooth 
curves for /a = 1*35 and 1*63 calculated from the constants in Table V. 
Some of the low temperature points lie outside these limits, and generally 
speaking the experimental results between 70 and 200° K seem rather 
unreliable. Nijhoff’s result for 170° K is particularly bad and was rejected 
in the calculations for h and p. However, for our purpose this matter is not 
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important as the classical formula is itself less reliable at temperatures 
below 200*^ K. The main point is that between 2-2 and 2*4 A, which excludes 
these lower temperatures, the curve for E{r) is fairly well defined and indi- 
cates a somewhat larger repulsive potential than is contained in the 8 field. 
In fig. IB the field corresponding to pi = 1*47 (curve B) is shown beside 
Slater's. 



Fig. 1. Interaction of helium atoms. A. Interaction at small distances. Crosses + 
represent points obtained from experimental data with = 1*47 x lO'"®^. B. Com- 
parison of the following potential functions: 

BZB?cMngham} = 1-47 x lO-"". 

L.-J. — ^Lennard- Jones 1 rr, ^ ^ 

H.E.R.— Hirsohfelder, Ewell and Roebuck / ‘ 

E{r) is measured in units of 10~i® erg and r in A. 

In discussing the available evidence for the true energy function two 
points must be remembered. First, the direct calculations of the second 
virial coefficient by Kirkwood and Keyes (1931), using the classical formula 
and the Slater field, led to results less than Holborn and Otto’s observed 
values, the deficit being 5 % at 250° K and 7 % at 350° K. This in itself 
suggests that the 8 field underestimates the repulsive potential at short 
distances. But secondly, it is necessary to take account of the quantum 
correction to the classical formula, which is almost certainly positive above 
100° K. As this correction is not known with any certainty, especially 
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below normal temperature, it has not been allowed for in our calculations, 
though it is desirable to do so. If we accept as roughly correct the estimates 
made by Uhlenbeck and Beth (1936), the correction is about 3| % at 250 
and 2-| % at 350° K, so that at these temperature the Slater field values are 
too low only by 1|^ and 4| % respectively, although at higher temperatures 
the difference may increase more rapidly. On the other hand, the fields 
deduced in these papers may be expected to give results which are too 
positive by an amount equal to the quantum correction. If 2-4 A is taken 
to be the distance of greatest importance at 250° K it seems likely that the 
true interaction energy in this neighbourhood lies nearer to the 8 field than 
to field B (fig. IB). At shorter distances it approaches nearer to B, but 
beyond 2*4 A it probably falls below the 8 field at a point within the energy 
zero.* 

Turning now to the negative part of the interaction, it is certain that as 
a consequence of the classical formula being assumed accurate, the helium 
fields in Tables II and V underestimate considerably the attractive potential 
between 2-6 and 3*0 A. Moreover, the evidence obtained from the calcula- 
tions at very low temperatures of the viscosity and second virial coefficient, 
discussed in the accompanying paper, is that at greater distances the 8 field 
has an attractive potential which is too large. We believe that the asymptotic 
potential is more nearly given by 

E{t) - - 1*28 X lO-^Or-s, (22) 

the constant being that calculated by Baber and Hasse (1937) using 
Hylleraas wave functions; it is 87 % of the coefficient of r""® in the 8 field. 
Near the minimum of the field the dilGPerenoe is more than balanced by the 
r-® term, which has a coefficient probably not greater than 2-75 x 10”“^® 
erg cm.”'®, a likely value being about 2*0 x 10~'^®. The result is that the 
minimum is displaced inwards and is slightly deeper. 

This seems to give a fairly good picture of what the true interaction should 
look like, on the assumption that the repulsive potential can be represented 
by a simple exponential. It is interesting to see how it compares with other 
functions using the inverse power form, and for this purpose two other 
functions have been drawn in fig. IB, both involving One of these 
(marked L.-J.), viz. 

E{r) = 3*80 x 10-iOr-i2_ 1.24 x 10”iV-®, (r in A) (23) 

* This argument is based upon the Holbom and Otto data. The situation is more 
complicated if one takes into accoimt the observations of Oibby , Tanner and Masson 
( 1 929 ), who obtained virial coefficients between 300 and 450® K, 3 % less on the average 
than those of H. and O. These would require the true energy to be nearer to the 
S function. 
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was given by Lennard- Jones in 1931 as one of several functions which agreed 
equally well with the gas data, for at that time the many calculations since 
carried out bearing on the properties of helium were not available to indicate 
how any particular function might be in error. As regards (23), the potential 
barrier is slightly lower than in either of the fields {S and B) which use 
exponentials, and the negative potential outside the zero is also somewhat 
less. The asymptotic form for large r is however almost identical with (22). 
Actually between the rough limits 2-6 and 3*5 A the attractive field is smaller 
than it should be, because it was not possible then to take account of the 
quantum correction. The effect of this can be seen from the curve marked 
H.E.R., which represents 

E(r) = 4*39 X 1*522 x (24) 

This function was given recently by Hirschfelder, Ewell and Roebuck 
(1938) and is based on experimental Joule-Thomson coeificients, allowance 
being made for quantum effects by assuming the Uhlenbeok and Beth 
corrections to be accurate. The increased attraction is very marked. If 
in the H.E.R. function an exponential were used in place of one would 
expect a small increase in the potential barrier, combined with a minimum 
slightly deeper and sharper. 


Table VI. Repulsive potential constants and calculated 

CBYSTAL PROPERTIES FOR NEON AND ARGON 



11 X 10®® 

b X IQi® 

P 

2»-o 

ao 

Uo 

Neon 

7 

745 

0*175 

l-98„ 

2*92 

740 


10 

10*86 

0*259 

l-80o 

3*11 

550 


12 

3*90 

0*292 

1-74, 

3*19 

490 





Obs. 

(3*20) 

690 

Argon 

100 

224 

0*266 

2-66, 

3*74 

2050 


120 

26-0 

0*328 

2-58j 

3*85 

1740 


150 

4-18 

0*408 

2-465 

3*93 

1430 





Obs. 

3*81 

2030 


Neon and argon 

Similar calculations have been completed for neon and argon, using 
Holborn and Otto’s results in Table I. Various values of /i were assumed, 
and the appropriate parameters for the repulsive potential, expressed as 
a simple exponential, were derived in the same way as for helium. The results 
are shown in Table VI. For neon, the energy function corresponding to 
= 10 X 10~®o is based upon a series of points between 2*6 and 3*0 A and 
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covering energies between +10 and —4x10-^® erg; for argon with 
/( = 100 X the corresponding ranges are 3-4-3-6A and —4-5 to 

— 15-5 X 10~^® erg. For other values of [i similar but sHghtly different limits 
apply. 

The energy functions depend very much upon the value of fi, and the 
properties of the crystalline elements have therefore been considered once 
more to select the most probable form for each interaction. The values of 
the lattice constant and crystal energy in Table VI have been calculated 
from the energy per unit cell; 

0 = 246e-/P-i{6/i+l-227c+^:^j, (25) 

assuming as before that the interaction (18) applies only to nearest neigh- 
bours. The crystal energy is particularly sensitive to changes in fju, so we 
may assume that the most probable value of /i, and hence the most probable 
energy function, is that which gives a crystal energy of the order of the 
observed value. Thus for neon, the field for which /^ = 9 x 10“®® erg cm.® 

E{r) = 25-7 X l0“i® 9 x 10”i2r“® ergs (r in A) (26) 

(the constants being obtained by interpolation), gives = 600 cal. /mole and 

= 3*05 A, and may be regarded as giving the best correlation of the 
properties of gaseous and crystalline neon, so far as these are known at 
present. It must be remembered, however, that this function is intended 
only as an approximate form for the interaction between 2*6 and 3*1 A 
and that outside these limits its use is extrapolatory. It is illustrated 
(curve I) in fig. 2 A and compared with the function previously obtained 
with a repulsive potential (curve II, which may equally well be 

assumed to represent the function given by Lennard- Jones (1931)). The 
similarity between the two curves is of course partly due to the fact that they 
have been chosen to give roughly the same properties to the crystalline 
neon, but it also vindicates the use which Lennard-Jones made of the 
simple form (4) as a first approximation. One observes that the function 
with the exponential involves a slightly greater repulsion at small distances, 
balanced by an increased attraction further out. 

With regard to neon we should mention the repulsive potential derived 
by Bleick and Mayer (1934) ivom a priori calculations. They calculated the 
potential at three points, 1*8, 2*3 and 3*2 A, and fitted the results by an 
exponential in which b = 190 x 10“^® erg and p — 0*209 A. The value 
of p agrees reasonably well with that in (26). At 2*3 A the repulsive potential 
is two and a half times as great as that given by (26), though at 3*2 A it 
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is only 30 % greater. Bleick and Mayer used wave functions for neon which 
disregard electron exchange and tend to overemphasize the charge distribu- 
tion on the boundary of the atom. It is possible that the use of Hartree-Fock 
functions would reduce the calculated potential in this region. 

For argon, the most satisfactory function, judging by Table VI, seems 
to be 

E{r) = 1-69 X - 102 x ergs, (27) 



Fig. 2. Interaction of neon and argon atoms. 

A. Neon: I. jE7(f) = — (equation (26)). 

II. jE7(r) = (constants from Table 11). 

B. Argon: I. E{r) = he-^<P — (equation (27)). 

II. B{r) = (constants interpolated from Table II). 

H. Herzfeld interaction (equation (28)). 

E{r) is measured in xmits of erg and r in A. 

giving cjq = 3*76 A and TJq = 2000 cal./mole. The form of this is shown in 
fig. 2 B, and for comparison E{r) = (with constants interpolated 

from Table II), which leads to a similar value of C/q. The relation between the 
two curves is the same as that previously noticed for neon and helium. 
The figure also shows an interaction suggested by Herzfeld and Goeppert- 
Mayer (1934), of the form 


E{r) = 1*34 X 111 x ergs, 


(28) 
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and based upon the properties of crystalline argon. Using equation (25) 
one finds from it = 3*78 A and Dq = 1670 cal./mole, a lattice energy which 
is much less than that assumed here, as is obvious from the shallower 
minimum to E{r), The constant p = 0-345 is taken from Born and Mayer’s 
work on alkali halide crystals, but it is unlikely to be correct for neutral 
atoms. Yet as pointed out by Hirschfelder, Ewell and Roebuck (1938) 
this function, as well as that of Lennard- Jones for 5 = 14 (which is very 
similar to curve II in fig. 2B), is in excellent agreement with the observed 
Joule-Thomson coefficients for argon, a fact which emphasizes the uncer- 
tainty attached to these interaction functions when gas data alone are 
investigated. The ambiguity is removed only when the properties of the 
crystal are taken into account : hence the importance of knowing these as 
accurately as possible. 

From the use which has been made of a simple exponential to represent 
the repulsion potential it must not be concluded that this is the only or 
even the best function for the purpose. For example, over the compara- 
tively short range which covers the points from which these analytic func- 
tions are derived a function as suggested by Wasastjerna is equally 

as satisfactory as the simpler and so presumably is any combination 
of exponential and polynomial. Wasastjerna (1932) has correlated the 
properties of the rare gases and of crystals containing ions of similar 
structure, using for the repulsive potential of two atoms or ions 

(V3<|<2-7) (29) 

in which g + and cTg are structural constants for the atoms 

or ions deduced from their refractivities, and B, p are universal constants 
to which Wasastjerna gives the values 5 x (erg cm.) and 10 respec- 
tively.* 

We have considered the possibility of using such a function for neon and 
argon in place of the simple exponentials given above. The necessary 
parameters have been evaluated for different values of /^, and that value 
of /I selected which leads to the best agreement with the crystal data. In 

* In a later paper, Wasastjerna (1935) has pointed out that (29) is only a first 
approximation which neglects certain individual properties of the atoms. A more 
comprehensive expression is 

CTi + cr^ 

in which a is characteristic of the pair of interacting atoms or ions. 
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this way the following interaction energies have been obtained, valid for 
the same ranges of r as (26) and (27): 

Neon: E(r) = 2-40 x ^ 9*0 x (30) 

giving aQ = 3*07 A, Uq = 600 cal. 

Argon: E{r) = 2-11 x - 105 x (31) 

giving aQ = 3-79 A, Uq = 1990 cal. 

(r in Angstroms). Unfortunately these functions, almost identical in form 
with (26) and (27), cannot be combined in a general expression such as (29), 
which appears to be too crude to represent with sufficient accuracy the 
interactions of all the rare gases. The repulsive potentials given by (29) 
using Wasastjerna’s values for cr (0*56 for Ne and 0*80 for A) are far from 
satisfactory. Some improvement is possible by suitable increases in the 
cr values, but even if these are adjusted to give the same value of 10) 
for both Ne and A, the corresponding values of B are then inconsistent. 
The argon function gives the better agreement; assuming p = 10, one obtains 
from (29), cr = 0-90, B = 2*35 x 10“i^ 

In these calculations, the possible effect of quantum corrections to the 
classical formula for the second virial coefficient has been neglected. For 
argon the correction is almost certainly small, but for neon it may be 
appreciable at the lowest temperature (65° K) and might account in part 
for the discrepancy mentioned above. However, this point must be reserved 
for a later investigation. 

The writer would like to express his thanks to Professor R. H. Fowler 
for suggesting these calculations, to Professor J. E. Lennard-Jones for 
many discussions concerning them, and to the Department of Scientific 
and Industrial Research for a grant. 

Summary 

The problem of deriving the form of the interaction of rare gas atoms 
from their observed second virial coefficients is attacked by the method 
introduced by Lennard- J ones, using the classical equation of state and for 
the interaction energy 

E(r) = Ar“® — jLcr^K (1) 

The method of calculation used by Lennard-Jones for hehum, neon and 
argon, assuming A and [i constant, has been modified and then extended to 
allow for a possible slow variation of A with r. The bearing of the results 
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upon the true interaction of helium atoms is discussed, mainly in relation 
to the accuracy of the Slater field. For neon and argon it is emphasized 
that an unambiguous determination of the interaction energy requires an 
accurate knowledge of the properties of the crystalline form of these ele- 
ments. The description of the repulsive potential by analytic expressions, 
such as 66-^/^ and is considered, and parameters deduced which 

give the best correlation of gas and crystal data, on the assumption that (1) 
and kindred forms are valid for the interaction of neighbouring atoms only 
in the crystals. 
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The formation of negative ions by positive-ion 
impact on surfaces 
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Introduction 

The quantal theory of negative ions has now been developed con- 
siderably (Massey and Smith 1936; Massey 1938), but on account of diffi- 
culties of computing it is usually necessary to assume rather than to prove 
that a given ion exists, and then to discuss the probability of its formation 
by different processes. The work described here is a contribution to the 
experimental side of this subject. It had its origin in a projected attempt 
to measure the capture cross-section of mercury atoms for electrons, as a 
verification of Massey and Smith’s (1936) then unpublished theory of this 
process. In considering this it became clear that the experiment would be 
one of unusual difficulty. Before proceeding with it, therefore, it was 
decided to verify the existence of Hg“ as a stable entity, which is assumed 
in the quantal theory. This was in doubt since Stille (1933), in some careful 
experiments, had recently failed to obtain it from the plasma of various 
forms of discharge through mercury vapour, although it is known that 
negative ions tend to accumulate in such regions (Emeleus and Sayers 1938). 
Whilst one of us w^as repeating his experiments, with modifications which 
led to essentially the same results and will be described elsewhere, Arnot 
and Milligan (19366) reported that they had obtained Hg“' by boitxbard- 
ment of metal surfaces with Hg-^. A comparison of their work with our 
own showed only one essential point of difference, namely that the con- 
struction of their apparatus did not permit of degassing in situ, a condition 
satisfied with our tubes. Both for this reason and because of the intrinsic 
importance of their discovery it was thought desirable to repeat part of their 
work, with apparatus geometrically similar in electrode construction, but 
capable of being degassed in a furnace under vacuum. We were again unable 
to obtain Hg“ after the apparatus had been degassed and in operation for a 
short time, although initially a complex negative-ion beam with mass of the 
order of that of Hg” was obtained. There were, however, always present 
several light negative ions, which had the excess energies found by Arnot 

[ 284 ] 
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and Milligan (19366) with Hg“. The conditions under which these were 
formed led us to suppose that they were produced by bombardment of the 
metal surfaces by mercury positive ions (Press 1937; Sloane 1937) and not 
by capture of electrons by positive ions of the same species, the process 
suggested by Arnot and Milligan (19366). The existence of a process of this 
type, which may be conveniently termed “sputtering” (Sloane and Press 
1938), is also implied by some earlier work by J. S. Thompson (1931) which 
has, so far as we know, never been published in detail. It is, however, im- 
possible to decide definitely that a particular positive ion (e.g. Hg+) is 
liberating another kind of negative ion (e.g. CO“) when it hits the surface, 
so long as one is producing the negative ions on a metal surface in a plasma 
or ionization chamber. One cannot overlook the possibility of the negative 
ion being formed from its own positive ion, since the latter may be present 
in the plasma or ionization chamber, and CO'^’, for example, was in fact 
shown in our work to be there from the positive-ion mass spectra, although 
in quantity only a fraction of 1 % of Hg+. An unambiguous decision on 
this point can only be reached by first isolating a particular positive ion by 
a mass spectrograph, then bombarding a surface by this in a high vacuum, 
and finally making a mass spectrographic and energy distribution analysis 
of the resultant negative ions. We have built a double mass spectrograph 
for this purpose and find that negative ions of one kind possessing energies 
in excess of that imparted to them by the acceleratmg fields can be pro- 
duced by bombardment with positive ions of another kind (Sloane and 
Press 1938). 

An account of the experiments with the single mass spectrograph is given 
in §1. The experiments with the double mass spectrograph are described 
in §2. 


1. Pbodtjction of negative ions by positive-ion impact 
{a) Experimental arrangements 

The construction of the first tube used is shown in fig. 1. It consisted of 
an ion-generating system a magnetic defiexion chamber {T) and a 

detecting cylinder ((7), It was blown in pyrex, with tungsten seals for the 
electrode leads to permit of degassing. The ions were produced in the 
region O^A and accelerated to /Sg. All the electrodes here were made of 
nickel, except the two filaments F (one of which is shown) and their sup- 
ports, which were of tungsten and nickel-chrome respectively. The nickel 
and nickel-chrome had been subjected to preliminary degassing in a 
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vacuum furnace. The anode (A) was a cylinder closed at one end by a disk 
and covered at the other by a gauze Gi. A cylinder was welded to and 
reached nearly to the gauze which was welded to a second cylinder open 
on the left-hand side. The electrode was a short cylinder closed by a disk 
with a slit 2 by 8 mm. in the centre, and was pressed out of a single piece of 
nickel. On to this disk a nickel cylinder of smaller diameter was welded 



which served to cover the right-hand side of a nickel-chrome electrostatic 
screening channel connected to S^. The electrodes S^, G^ and were spaced 
by pyrex cylinders. The filaments were 0-2 mm. in diameter with a potential 
drop of less than 2 V across each. The cylinder containing pressed closely 
against the glass walls. The tube from 8^, to A was shielded magnetically by 
a close-fitting external jacket of soft iron, 0-7 cm. thick. The mercury 
vapour pressure to the right of 8y_ was controlled by the temperature of the 
mercury reservoir. 

The analysing chamber T was supported between the tapered pole pieces 
(/ cm. diameter) of an electromagnet, and was lined with a non-magnetic 
nickel-chrome cylinder, 4 cm. in diameter, with two slits {8^, 8^) 5-95 cm. 
apart, of dimensions 2-5 by 8 mm. and 2 by 8 mm. respectively. To main- 
tain a low vapour pressure in T and in the space between 8y_ and 8^, the 
lower end of T was immersed in liquid oxygen, while the upper end was 
cormected through a liquid oxygen trap to a three-stage mercury -vapour 
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pump. The whole tube was degassed under vacuum in a resistance furnace 
at 450'^ 0 for many hours. 

The electrical arrangements were such that a voltage Vq could be applied 
between F and a voltage between 0^ and 0^, and a voltage Tg between 
(rg and The energy of the ions entering T was controlled by the single 
voltage F3, applied between 8g, and 0^ or F, depending on whether 
positive or negative ions were being analysed. With these arrangements, 
whatever the interelectrode fields, the total energy given to the ions 
emerging from was measured by Fg. In operating the mass spectrograph, 
variation of Fg was usually preferred to a magnetic field variation. The ion 
currents to the Faraday cylinder connected to G were measured on a 
Compton electrometer which could be operated with ease at a sensitivity of 
10,000 mm./V, and was provided with auxiliary capacities and parallel 
resistances. 

The defiecting system was calibrated by beams of positive ions from a 
mercury- vapour discharge passing between F and A, and the calibration 
checked from the geometry of the apparatus and the fields. With a mag- 
netic field of a little over 3000 gauss, the maximum permissible with this 
design of apparatus because of the wide spacing of the pole pieces and the 
consequent large stray magnetic field, the Hg+ ion was brought into the 
Faraday cylinder with an accelerating voltage (Fg) of 20 V. We have con- 
sistently found Hg^ to be present, in agreement with Arnot and Milligan 
(1936a) as well as Hg+ and Hg++. The calibration was also of interest in 
showing the presence, in spite of the precautions taken, of some light ions. 
The most prominent, assuming they were singly charged, had masses of 
about 28 and 39. Although an observed complexity in the peak due to the 
former may indicate the presence of second-group hydrocarbons (CgH^), 
the metallurgy of nickel makes it probable that this peak was largely due 
to CO+. Results obtained by Aston (1933) for metal carbonyls make it 
almost certain that the heavier ions of mass about 39 are mainly CgH^. No 
light ion had an intensity greater than 0*3 % of that of Hg+, so that the 
discharge in FA must have been predominantly through mercury vapour. 

(6) Types of negative ions 

To generate negative ions either the gauze Gg, or the filament F and its 
supports, were bombarded with positive ions from the plasma in the 
ionization chamber FA, Fig. 2 show^ a typical negative-ion mass spectrum 
obtained by bombarding (?2 with the various positive ions present, using the 
arrangement of potentials shown on the figure. The temperature of the 
mercury was 18° C and the current from F 11*4 mA. There is no sign of a 
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peak in that range of values of Fg (20 V) which corresponds to an ion of mass 
comparable to that of Hg"*, which was explored repeatedly; a current of 
amp. could have been measured. Negative ions of this mass were only 
obtained from F and then only in small quantity, in the earlier runs. The 
beam was complex. It was not studied in detail because the maximum 
current never exceeded 2 x 10-“^^ amp. and had decreased to less than 
amp. permanently after the tube had been in use for a day. The peak 
current fell to half value in an hour with a discharge of 25 mA from F 
passing continuously, although no observable change took place in the 
discharge or its associated circuits.* 



Fg in volts 

Fig. 2. Negative ions from Gg. 


It is clear, however, from fig. 2 that light negative ions were present in 
our tube. Some of these have been identified as indicated, but the identi- 
fications are not quite certain in detail because of the poor resolving power 

* Under apparently comparable conditions of purity Stille (1933) found that the 
heavy ions reappeared on contaminating the mercury with hydrogen; this did not 
occur with our tube after hydrogen had been admitted through a palladium regulator. 
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of this form of mass spectrograph. For convenience the main ones will be 
referred to as 00 “* and CgH^. The C3H3 peak is higher than the CO” peak, 
whilst in the positive-ion spectrum the CO+ peak was much higher than the 
C3H J peak. The essential features of both positive- and negative-ion spectra 
were verified repeatedly, and it was immaterial whether they were obtained 
by variation of Fg or the magnetic field. The diffuse peaks in the region of F3 
from 50 to 80 V may be due to 0 r"“ and Ni“, a tentative identification 
rendered plausible by the heavy disintegration which the filament and its 
nickel-chrome supports were found to have undergone when the tube was 
opened. The mass number of the unidentified sharp peak to the right of 
these is about 104 . 

(c) Energy distribution and place of origin 

Arnot and Milligan (19366) found that a negative ion produced on a 
surface by bombardment by the corresponding positive ion might have an 
energy in excess of that imparted to it by the accelerating electric fields. It 
was found immediately that the light negative ions, which we suspected 
were being formed by bombardment of the surfaces with Hg+, had the 
same property. It is important for establishing any theory of this excess 
energy to be sure that it is not produced through any macroscopic property 
of the discharge, in particular through oscillations. The need for caution in 
this respect is emphasized by the well-known production of electrons with 
excess energy in this way (Penning 1926; Tonks and Langmuir 1929). We 
have given some attention to this point. 

For studying the excess energies we have used what is essentially the 
retarding potential method previously used by Arnot and Milligan ( 19366). 
Particles of a given kind differing in momentum, due to their leaving their 
place of origin with a range of initial velocities, can be brought on to the 
slit by variation of either the magnetic field {H) or the accelerating 
voltage (F3). Previous workers have varied H, but we have preferred to 
vary the accelerating voltage, thereby eliminating effects due to change in 
any stray magnetic field in FA. At the same time no electrical disturbance 
of sheaths in FA occurs, since F3 is varied by alteration of the potential 
difference between and S2 (fig. 2). The total number of ions approaching 
8 ^ which leave the source (F or G^) with more than any particular initial 
energy Vj. can be found by making the Faraday cylinder above Sq, Vj. volts 
negative to the source, and varying F3 so that the whole, imperfectly 
focussed beam moves across laterally. Arnot and Milligan found that the 
peak heights of the curves so obtained (in their case by variation of H) were 
proportional to the areas beneath the peaks, and we have assumed that the 
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same is true in our, case. The distribution curve for the initial energy of the 
ions is obtained by first plotting a curve showing peak height against 
and then differentiating this with respect to Examples of the various 
curves, which will be referred to again later, are shown in figs. 3, 4 and 7. 
Eig. 7 a shows a typical series of peaks obtained for various values of 1^, and 
demonstrates immediately the existence of excess energies up to at least 
30 V. Eig. 3 is an example of the first curve obtained from curves of the 
type of fig. 7 a, and figs. 4 and 76 are examples of the final energy distribu- 
tion curves. The energy distribution curves for positive ions can be obtained 
in the same way by appropriate reversal of fields. They tail off in the oppo- 
site sense because of a slight amount of scattering between FA and Sq. The 
amount of scattering in our tubes, as judged by the tail of the Hg+ curve, 
was about the same as in Arnot and Milligan’s case, although we have used 
much smaller accelerating voltages. The negative-ion distribution curves 
have also low energy tails, but the course of the curves on this side was 
erratic in some cases. Since both the CO~ peak in the mass spectrum (fig. 2 ) 
and, when plotted on a larger scale, the C 3 H 3 peak show a complex struc- 
ture, it is probable that overlapping of the low energy side of the main peak 
and the high energy tail of one due to a less massive ion was responsible for 
this irregularity. The particular retarding potential and energy distribution 
curves shown in figs. 3 and 4 respectively were obtained for C 3 H 3 ions 
generated on G 2 , but all the energy distribution curves obtained were 
similar wherever the ions were formed. 

The fact that ions are generated with excess energies at both 0^ and F, 
where the discharge conditions are entirely different, makes it improbable 
that plasma oscillations are responsible for the production of the excess 
energies. It leaves open, however, the possibility of another type of oscilla- 
tion coming into play. When ions are being generated at under conditions 
similar to those which gave the curves in figs. 3 and 4, all the positive ions 
passing through G^ are turned back by and, if they do not strike the side 
of G 2 facing the slit, are caused to describe orbits about the wires of G 2 , with 
which they ultimately collide. When the tungsten filament is acting as 
source, a similar orbital motion can take place around it. The orbital motion 
around the fiGlament is not readily controlled, but that around the gauze 0^, 
which is similar to that of electrons in a Barkhausen-Kurz type of oscillator,* 
can be controlled by the voltage Tg. Eig. 5 shows a plot of the positive-ion 
current to G^ against Tg when was held constant at 130 V. It shows that 
for less than 80 V the total positive-ion current to Gg was approximately 

* Very recently the possibility of devising an ionic oscillator of this type has been 
investigated by Kownacki and Ratcliffe (1938). 
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Voltage of Faraday cylinder with respect to 

Fig. 3. Retarding potential curve for CaH^ ions generated on 1^=85 volts, 
T^=130 volts, 1^=180 volts, and T5=103 volts when Tv zero. Current from 
F= 6*5 mA, Temperature of Hg= 18° C. 



Excess energy in volts 


Fig. 4. Energy distribution curve derived from fig. 3. 



292 


R. H. Sloane and R. Press 


constant, with a slight tendency to increase as Tg increased, which may be 
attributable to some positive ions reaching the edges of the cylinder of 
which the gauze was an end covering. For greater than 80 V the positive 
ions passing through were turned back to an extent depending on V^. 
With Tg greater than 130 V all the positive ions passing through Gq were 
turned back by and some were made to move in orbits about the wires. 
To examine whether the possibility of these oscillations was of significance, 
retarding potential curves were obtained under the conditions marked by 
a, y?, and y in fig. 5. The negative-ion currents with = 0*0 V were in the 
ratio 4:5:3. The energy distribution curves proved to be all of the same 
shape as that shown in fig. 4, which was obtained under conditions closely 
similar to y. We conclude that Barkhausen-Kurz oscillations of the ions are 
not responsible for the excess energies. 



in volts 

Fig. 5. Positive ion current to G^. Vo = 85 volts, 7^= 130 volts, current from 

F=4-75 mA, 

The formation of negative ions with excess energies on the gauze under 
the conditions a, when the positive ions were mainly passing straight through 
the gauze in the direction of raises the question as to whether the nega- 
tive ions are not produced exclusively by glancing blows of the positive ions 
on the wires. To examine whether negative ions can be formed by normal 
impact of positive ions and at the same time to confirm the absence of any 
effect of Barkhausen-Kurz oscillations the modified generating system 
shown in fig. 6 was built. The wire filaments of the first chamber were re- 
placed by two oxide-coated cathodes 0. These were welded to the nickel 
cylinder, in which they were enclosed, by short thin leads which simul- 
taneously provided good electrical contact and satisfactory thermal insula- 
tion. The spacing of the cathodes from the cylinder was such that under the 
conditions of operation the positive-ion sheath round the walls of the 
cylinder was continuous with those on the cathodes. For the generation of 
negative ions the electrode which contained was used as anode for the 
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discharge from ( 7 , and the disk D was bombarded with positive ions by 
application of a potential difference (T^) between it and S^, Theenergy given 
to the negative ions generated on D was that acquired from the potential 
difference Fg between and D. When D was held negative to the plasma the 
impact of the positive ions on it was normal except for a small current at the 
edges,* which were not opposite the slits, and there is no possibility of cir- 
culation of the ions round D, Fig. 7 shows the peak heights and energy 
distribution curve obtained in aretarding potential run for C 3 H 3 ions drawn 
off from D under the conditions stated. These results which are again almost 
identical with those obtained with the gauze and filament in the first tube 
seem to eliminate finally the possibility of any macroscopic electrical effects. 



Fig. 6 . Ionization chamber for generating negative ions on a flat disc. 

We do not feel justified from our results in making any estimate of the 
efficiency of production of negative ions in terms of energy of the positive 
ions. In the case of generation at the gauze G^, since appreciable negative- 
ion currents are recorded imder conditions a (fig. 5), it does not appear to 
us justifiable to assume, as has been done by previous workers, that the 
effective positive-ion current under conditions y is half of the total current 
to the effective part of 0^. In the case of generation at D again we do not 
know what fraction of the recorded positive-ion current generates the 
negative ions removed through the shts. 

2. Double mass spectrograph 
(a) Significance of 'previous results 

Arnot and Milligan (1936 b) suggested that a negative ion is formed by a 
positive ion capturing two electrons from a surface, and rebounding with 
part of its initial energy, in some cases with molecular dissociation (Arnot 

* The shape of the positive -ion sheath on a negatively charged disk of finite size 
has been described by Langmuir and Mott-Smith (1924). 
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1937a). R. A. Smith. (1938) has succeeded recently in fitting a quantal 
theory to this process. We felt that this was unlikely to be the explanation 
of the origin of the light negative ions in our apparatus, particularly since 



1^ in volts 

Pig. 7. (a) Peak currents for CgH^ ions generated on the disk D (fig. 6). The number 
against each peak gives the potential in volts of the Faraday cylinder with respect 
to jD. Fj=: 175 volts, are potential 1^ = 26 volts, arc current =160 mA, positive ion 
current to D = 8-67 x 10”^ amp., and temperature of Hg= 34° C. 

(b) Corresponding energy distribution curve, uncorrected for contact potential 
difierence. 

the mass spectrum showed that Hg+ was present in far greater concentra- 
tion than any other ion. A more probable process seemed to us to be that 
bombardment of the surface by the Hg+ (and as later work showed H[g++) 
ions was liberating material occluded there in the form of electronegative 
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films (Sloane and Press 1938). This view received some support from Arnot 
and Milligan’s curve showing the negative-ion yield as a function of the 
energy of incidence of positive ions, which is generally similar to the curves 
showing the rate of sputtering of neutral cathode material in terms of the 
energy of the positive ions (Langmuir and Kingdon 1923). This does not 
precltide a given positive ion from producing its own negative ion, by 
sputtering, nor indeed the existence of Arnot and Smith’s process as an 
alternative mode of origin of negative ions. 

With regard to the existence of Hg“, Arnot and Milligan’s experiments 
certainly provide strong evidence for its reality, but we feel that this point 
caimot be decided definitely without an investigation of the negative mass 
spectrum with an instrument sufficiently precise for an accurate determina- 
tion of mass and particularly for the resolution of the isotopes. 

In absence of a more detailed knowledge than it seems possible to obtain 
about the constitution of the plasma in FA (fig. 1) and the relative yields of 
different negative ions, it appears to be impossible to decide, beyond all 
doubt, with any such generating apparatus, that one positive ion incident 
on the surface can give rise to a negative ion of different species.* This can 
only be done with certainty by the double mass spectrograph. 

(6) Experimental arrangements 

The apparatus is necessarily more complicated than that previously 
described, but it could be designed with confidence for normal bombard- 
ment of a disk in view of the behaviour of the tube of fig. 6. Its essential 
features are shown in fig. 8. 

Since we were primarily interested in the process of formation and 
not in the types of ions, and were moreover analysing both beams, it 
was considered unnecessary to construct it so that it could be degassed. 
The rectangular deflexion box, 9 mm. wide, was made of a chromium- 
plated brass frame with massive iron faces which served as pole pieces 
for the electromagnet. The surfaces between the brass and iron were 
ground accurately, held together with set screws, and made vacuum tight 
with Apiezon grease. Five iron ground joints were screwed into the brass 
frame as shown. The two lower were connected to the pumps and a liquid 
oxygen trap respectively. Of the three upper the centre one supported the 
positive-ion generating system, the left-hand one the nickel-chrome disk to 
be bombarded, and the right-hand one a Faraday cylinder for detection of 
negative ions from the disk. Slits, baffles, internal and external guard rings 

* See, however, Arnot and Beckett (1938). 
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and electrostatic screens were provided as shown. A mercury reservoir 
which is not shown was attached to the centre tube. The iron ground joints 
also served as magnetic shields and were so arranged that they did not 
complete the magnetic circuit of the electromagnet. There was a further 
external magnetic shield for the middle system. Water could be circulated 
between the lower part of this and the middle ground joint to keep the 
latter cool. The positive-ion generating system consisted of four indirectly 
heated oxide-coated cathodes (two of which are shown) with heaters con- 
nected in parallel to F and emitting surfaces attached to a cylinder, as in 
the tube of fig. 6, and connected to G. A discharge was passed, at potential 
difference 1^, between the cathodes and the central gauze cylinder connected 
to A, Positive ions, generated inside the last-mentioned cylinder, were 
withdrawn by the application of a negative potential V-y between A and a 
flat gauze connected to G, and were further accelerated through the slits 
beneath this. The positive ions were deflected on to the disk D in the left- 
hand tube and the current to D was measured by the electrometer triode 
with a flexible parallel resistance circuit. The energy of the positive ions 
in the deflexion chamber was controlled by and was usually of the order 
of 100 V. They were further accelerated by a potential difference of up 
to 4000 V between the slit of the left-hand tube and D, so that the latter 
was bombarded by positive ions of energy 1^ = + potential dif- 

ference together with any initial energy possessed, determined the 
energy with which negative ions from the disk passed downwards into the 
deflexion chamber. Their subsequent path to the right-hand tube where they 
were collected in the Faraday cylinder is indicated. The current to the 
cylinder was measured by the Compton electrometer used before. With 
this apparatus it is essential to have the deflexion box earthed since it is 
connected to the electromagnet. The electrometers and associated circuits 
must therefore be all at a high potential with respect to earth and operated 
by remote controls. 

The energies possessed by the positive and negative ions are not inde- 
pendent since they must traverse the same magnetic field. The procedure 
adopted, in view of this fundamental limitation, was as follows : Setting the 
magnetic field to a convenient value between 6000 and 10,000 gauss, T 2 was 
adjusted so as to bring any desired positive ion to the sht of the left-hand 
tube. To discover if this could generate a given negative ion on the disk the 
accelerating potential within the left-hand tube had to be set at such a 
value that the negative ion would be swung round in the fixed magnetic 
field to the Faraday cylinder in the right-hand tube. To obtain a negative- 
ion spectrum, had therefore to be varied, which meant that the bom- 
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barding energy of the positive ions could not be held constant without 
elaborate readjustment of fields. 

On dismantling the tube the focus spot on D could be seen as a dis- 
coloured spot in the shape of a sharply defined elongated ellipse. 

(c) Results 

This type of apparatus opens up a wide field for investigation. So far we 
have co nfin ed our attention mainly to showing with it that negative ions of 
one kind can be produced by bombardment of the disk D with positive ions 
of another kind. The positive ions used have been Hg+, Hg++ and a com- 
plex beam with mass of approximately 28, presumably mainly CO+. Each 
ion has been found to produce a spectrum of negative ions. Both Hg+ and 
Hg++ produced several ions with masses between 18 (lighter have not yet 
been studied) and 120. Using Hg+ a careful search was made for Hg^* with 
a negative result. The most prominent negative ion produced by Hg+ and 
Hg++ had mass 28 and was presumably CO“. This and other ions were also 
produced by CO+. The negative-ion spectra produced by Hg+ and Hg++ 
were very similar; the spectrum due to CO+ has not yet been mapped in 
detail. 

If the negative ions are being formed on D by bombardment with positive 
ions as supposed, then the current of negative ions of a given species into 
the Faraday cylinder should be proportional to the positive-ion current to 
the disk, at least when the latter is small. For larger positive-ion currents 
the electro-negative film might be removed by bombardment at the focus 
spot at a greater rate than it could be renewed by diffusion from other parts 
of the surface or the body of the metal, and the efficiency of production 
might fall. Some typical results for formation of CO"" are shown in fig. 9. 
The positive-ion current was varied in each case by variation of conditions 
in the ion-generating tube. It was measured with applied, and therefore 
includes any secondary electron emission which may occur from i); this 
may however be expected to be proportional to the positive-ion current so 
long as the energy of the positive ions is constant. The bombarding energy 
of the Hg+ ions was 2630 V, that of Hg++ 2560 V and that of CO+ 3068 V. 
In each of these cases there is proportionality between the two currents. 

Since the bombarding voltages were not greatly different these curves 
give a rough idea of the relative efficiency of production of 00“ by the 
different positive ions. Ignoring differences in secondary electron emission 
from D, which may be different for different ions, the yields per incident 
particle are approximately in the ratios 1 : 0-5 : 0-1 for Hg+, Hg++ and 
CO"*". It must be remembered however that each Hg"*"^ ion has appro xi- 



Formation of negative ions by positive-ion impact 299 

mately twice the energy of an Hg+ ion. The construction of the apparatus 
does not allow of any reliable estimate of the absolute probability of forma- 
tion of a negative ion by a given positive ion. 



Fig. 9. Proportionality between bombarding positive ion currents and resultant 

negative ion currents. 

{d) Retarding potential measurements 

Further verification that these negative ions are produced on the disk is 
provided by showing that they have excess energies. To obtain the energy 
distribution of the negative ions as they are emitted from the disk, a re- 
tarding potential (fig. 8) was applied between the disk and the Faraday 
cylinder, as with the earlier tubes. The requirements for obtaining good 
energy-distribution curves with this apparatus are exacting. Since the 
negative-ion currents recorded near the tail of the peak are only of the order 
of 10“"^^ amp. and less, the Compton electrometer must be worked near its 
maximum sensitivity. This increases the time required to get each reading, 
with the result that a considerable time is required to get a full retarding 
potential run. During this time all fixed fields and currents must be main- 
tained accurately constant. 

The energy distribution of the CO~ ions produced by bombardment of D 
by a current of 4*33 x 10“8 amp. of Hg+ at 2570 V was investigated by this 
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method. It was found that the current of negative ions to the Faraday 
cylinder was 1-6 x 10-^^ amp. with zero retarding potential, 2*4 x amp. 
with 14 V retarding potential and 6*0x10”^^ amp. with 18 V retarding 
potential. These measurements show that some negative ions leave D with 
initial energy and that their energy distribution has approximately the 
same form as the curve of fig. 7. 

The CO”- ions produced by bombarding with Hg^^ have not yet been 
investigated in this way. It has however been noticed that the position of 
the peak is slightly displaced towards lower values of in the mass 
spectrum when Hg++ is substituted for Hg+, conditions being otherwise 
the same except for the small difference in bombarding voltage consequent 
on the change in necessary to bring Hg++ into the slit below D. This 
indicates that the majority of the CO“ ions produced under these conditions 
by Hg^"^ have appreciable excess energy, provided that the displacement is 
not due to a change in the type of negative ion.* 

These results seem to leave no room for doubt that bombardment of a 
metal surface by positive ions of one kind can liberate from it negative ions 
of another kind. 
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Dr H. S. W. Massey for their interest in this work ; to Mr J. Wylie, B.A., and 
Mr Buick for constructing the Compton electrometer and electromagnet, 
and the metal work of the double mass spectrograph to our specification; 
to Dr J. D. Cockcroft for the loan of the patterns for the electromagnet ; and 
to Dr C. C. Paterson, Director of the Research Laboratories of the General 
Electric Company for the oxide-coated cathodes. One of us (R. Press) also 
acknowledges gratefully the award of a maintenance grant from the 
Government of Northern Ireland. 


Summary 

It has been found that when a hot-cathode discharge is passed through 
mercury vapour, light negative ions are produced from surfaces exposed to 
positive-ion bombardment. The negative ions include some with energies 
greater than could be imparted to them in the existing electric fields. 
Experiments are described which eliminate the possibility that the excess 
energies could be produced through electrical oscillations. The conditions 
under which the negative ions appear indicate that they are produced 


* Or, just possibly, to interaction between the two beams near 
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mainly through, sputtering of occluded electronegative films under the 
action of mercury positive-ion bombardment, but data from experiments 
of this type cannot be interpreted unambiguously. The existence of this 
process has been shown directly by a double mass spectrograph in which 
beams of positive ions of known kind are allowed to impinge normally on a 
metal disk in high vacuum and are found to produce a spectrum of negative 
ions, with properties similar to those of the negative ions obtained in the 
previous experiments. The existence of Hg“ as a stable entity seems to be 
still in doubt. 
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Plastic flow in metals 
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By Professor W. L. Bragg, P.R.S. 

A perfect metal crystal is extremely weak, yielding to a vanishingly 
small shearing force. As deformation proceeds the perfection of the crystal 
structure is destroyed, and the resistance to shear is increased. After severe 
cold-working in aU directions the metal attains a steady state, with random 
orientation of the crystal grains, and characteristic mechanical properties. 

Yield takes place along definite crystalline planes, and parallel to definite 
directions in these planes (e.g. [Ill] and [110] in crystals with a face- 
centred cubic lattice). A rod under tension develops slip-bands parallel to 
these planes. Deformation is not uniform, but is concentrated in bands of 
macroscopic dimensions separated by undeformed portions, more slip- 
bands being formed as extension proceeds. 

These characteristics of plastic flow, revealed by the work of Andrade, 
Polanyi, Schmid, Taylor, Orowan and others, must be explained by theory ; 
the theories hitherto put forward are admittedly incomplete and diverge 
widely in their nature. The contrast between a brittle material and one 
which undergoes plastic flow can be explained in a qualitative way. The 
cohesion of a brittle material depends upon the juxtaposition of certain 
atoms in the structure arranged in a definite way, and if this arrangement 
is destroyed the scheme of the crystal is broken down. In a metal, on the 
other hand, the metal ions are held together by the common free electrons. 
Any scheme of arrangement in which the metal ions are approximately 
equidistant and closely packed satisfies the main conditions for cohesion ; 
the many alternative “phase structures” in aUoys is evidence of this. 
Hence, when the metal is distorted the atoms can pass through a con- 
tinuous series of transitional configurations without breakdown of the 
whole structure. Some such process must be taking place on a slip-band, 
and it leaves the structure less perfect than before. What we should like to 
have is more precise information about the atomic movements when slip is 

[ 302 ] 
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taking place. The conception of atomic planes slipping over each other is 
probably far too simple. All theories agree in supposing that some kind of 
dislocation appears at one point in the crystal and travels across it. What is 
the nature of this dislocation? Is it centred around a point, or along a line, 
or, as is more probable in the author’s view, is it a dislocation over a surface ? 
When the metal is severely cold-worked, and has reached a state with 
characteristic mechanical properties, what determines this final state? 
Various lines of evidence point to a mosaic of crystallites of dimensions 
1 - 5 /^ inside each crystal grain. How do these crystallites confer hardness 
on the material? Can we develop a quantitative theory to explain the 
observed values of the mechanical characteristics ? These are the problems 
before us. 


Dr C. H. Desch, F.R.S. When a mass of metal is plastically deformed, 
the deformation is frequently greater in some regions than in others, pro- 
ducing such effects as Luders lines and the '‘deformations banales” of 
Osmond. The direction of these deformed zones is determined by the 
direction of stress only, and is independent of the crystal structure. In an 
aggregate of crystal grains, similar effects are seen within the grains. A 
specimen of cupro-nickel (an a-solid solution with face-centred cubic 
lattice), after being reduced 80 % by rolling, shows when etched a number of 
dark lines, in some grains parallel with the direction of rolling, in others 
inclined at about 40 ° (Adcock 1922). These bands are regions of greater 
strain, as shown by their greater chemical activity and by the fact that new 
crystal grains originate solely in them on annealing. Dark bands also 
appear in /?-brass on compression, and these have sometimes been found to 
disappear in the course of years by healing of the deformed region. They 
appear to be distinct from the very straight bands produced in the same 
alloy by deformation, which have been identified (Greninger and Mooradian 
1938) as formed by transformation to the a-phase by strain. In both in- 
stances, however, a localization of strain is indicated. Similar effects are 
produced during fatigue. A polished surface shows an increasing number of 
slip-bands as fatigue proceeds, and in the later stages accumulations of such 
bands are seen at wider intervals. True slip-bands disappear on polishing 
and etching, but such accumulations leave a permanent effect, shown by 
the more rapid attack of the reagent. These markings were originally 
described as cracks (Ewing and Humfrey 1902), but they are revealed by 
etching before the stage of cracking is reached. The conclusion is drawn 
that the plastic flow of a grain in a metallic aggregate (observations on 



304 


C. H. Desch 


single crystals do not seem to be available) is localized, certain bands, the 
direction of which depends on that of the applied stress, being much more 
highly deformed than the neighbouring parts of the crystal. The spacing of 
such bands is wide in comparison with that of slip-bands, and therefore very 
large compared with the lattice dimensions. It is suggested that this fact 
should be taken into account in any theory of plastic flow which involves 
the breakdown of the crystal lattice into small fragments. The breakdown 
in the bands must be either greater, or the lattice deformation greater, to 
account for the increased chemical activity. 


Professor G. I. Taylor, P.R.S. The geometry of the mechanism con- 
templated in W. L. Bragg’s model, i.e. the movement of a boundary between 
two crystals at slightly differing orientations, is identical with that of a 
plane of dislocations, all of the same sign, moving across a crystal. The 
stress in the material on either side of the plane is not that which would be 
calculated by adding together the stresses due to each of the dislocations 
as if it existed alone. This is because in Bragg’s model the whole material 
on one side of the plane is rotated relative to that on the other. In a single 
crystal a plane of dislocations, as in Bragg’s model, could move across a 
crystal producing the same resulting plastic strain as that which would be 
due to the passage of randomly distributed dislocation, which was the 
arrangement contemplated in my model. The elastic strain energy asso- 
ciated with Bragg’s model is very much less than in my model, and this is 
a feature which is much in favour of the former, because the energy calcu- 
lated as necessarily associated with my model is greater than is observed 
when the internal energy associated with plastic strain is released on heating. 
On the other hand it is difficult to imagine how the displacements of the 
material which are necessarily associated with Bragg’s model could accom- 
modate themselves so that boundaries of crystal grains would remain in 
contact during plastic straining. 


Professor N. P. Mott, P.R.S. Resistance to glide in alloys. 

The object of this note is not to present any new results about the theory 
of plastic flow in metals. It is rather to suggest a line of experimental and 
of theoretical work which, it is hoped, might lead to more precise informa- 
tion about the forces resisting plastic flow, and hence about hardness. 
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We start' from a consideration of Taylor’s theory of strain hardening 
(Taylor 1934a). In this theory the following assumptions are made: 

(1) That slip takes place by the motion through the crystal of 'disloca- 
tions” (fig. 1). For our purpose it does not matter whether the dislocations 
exist already in the crystal, or whether they are formed under the action of 
the strain at external or internal surfaces. The important assumption is 
that in a crystal free from internal strain, a dislocation will start to move 
under a very small external strain. 



Fig. 1 Fig. 2 

(2) That the cause of hardness in crystals is the existence of internal 
strain. In fig. 2 (a) ABCD represents a solid possessing internal strains, so 
that a small block of the material PQBS, which would take the form of a 
cube if cut out of the block, has the distorted form of a parallelogram shown 
in the figure. Clearly, if a stress is applied as shown by the arrows, no dis- 
location can travel along the dotted line until the strain is sufficient to 
bring PQBS back to the form of a cube (fig. 2 (6)). 

We shall adopt this hypothesis here, and shall not discuss the rival 
hypothesis that hardness is due to surfaces of misfit between small crystals 
which, according to this hypothesis, are supposed to obstruct the passage of 
a dislocation. 

(3) In the strain hardened crystals the hardness is due to the strain 
caused by the dislocations themselves, which travel only a certain distance 
and then become stuck. As the strain increases, so does the number of 
stuck dislocations. The strain due to these impedes the motion of further 
dislocations. 

Of the assumptions made by G. I. Taylor, the third has probably the 
least general validity, since internal strain could be produced in many 
other ways during the process of slip, e.g. by local melting and recrystal- 
lization. The first two assumptions, on the other hand, may well be valid 
not only for strain hardened, but for age hardened materials, and for alloys 
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in general. It is the purpose of this note to examine the possibilities of 
extending the theory in this direction. 

It is believed that in an age hardened alloy consisting, for instance, of 
two metals A and JS, atoms of £ initially in soKd solution in A form aggre- 
gates in the crystal lattice of the original alloy A+£. These aggregates wiU 
tend to contract or expand to the atomic volume characteristic of the 
metal B, and so set up a state of strain in the surrounding medium. If one 
knew the size of a given aggregate, and if one made some assumption about 
its shape, it would obviously be possible to calculate this state of strain. 

If a metal were a two-dimensional aggregate of atoms one could then 
deduce the hardness. One would have to consider all the “lines” along 
which the metal could slip ; along any one of these lines the strain would 
vary in an irregular way, and the passage of a dislocation could not take 
place until the external strain were so great that the internal strain were 
everywhere in the same direction. But in three dimensions the state of 
affairs is more complicated. A Taylor dislocation (fig. 1) has the form of a 
line in the plane of slip perpendicular to the direction of slip. In fig. 1 the 
dislocation must be thought of as extending right through the crystal in a 
direction perpendicular to the plane of the paper. Now if we consider the 
average internal strain in an age hardened alloy along any such line, it will 
certamly be zero ; at some points of the line the strain will be in one direc- 
tion, and will tend to help the passage of the dislocation; at other points it 
will be in the opposite direction, and will tend to hinder it. Thus if we use 
the Taylor theory in its present rather two dimensional form, we cannot 
correlate internal strain and resistance to shear. 

It seems to us, however, unlikely that dislocations, of atomic dimensions 
in the direction of slip, wiU be formed extending for a distance of the order of 
miUimetres in the perpendicular direction. It seems more probable that 
slip starts at crystal surfaces by the motion of dislocations of finite length 
only. The type of deformation envisaged* is shown in fig. 3, which is drawn 
in the slip plane. The shaded area is supposed to have slipped a distance 
equal to one atomic diameter. We assume that, once slip of this type has 
started, the length I of the dislocation increases, and eventually perhaps 
the heat generated allows a sMp of macroscopic dimensions of the observed 
type to begin. 

If now we knew the length I that a dislocation must have if macroscopic 
slip is to start, then we could correlate the hardness of a material with its 
internal strain. The only way to find this out seems to the author to be by 
means of theoretical and experimental work on age hardened alloys. In the 
* I am indebted to Dr Orowan for discussions on this point. 
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neighbourhood of one of the aggregates referred to above, the internal 
strain will be large, and will fall off with the distance. The maximum mean 
strain that can exist along a line I will thus depend markedly on the length Z. 
By relating the observed external strain necessary to produce slip to the 
calculated mean internal strain, it ought to be possible to obtain an 
estimate of Z. 



Dr E. Oeowak. The rate of plastic flow as a function of temperature. 

Information about the mechanism of a chemical reaction can be derived 
from the temperature dependence of its velocity. If a is the energy barrier 
that must be overcome in an elementary reaction, the velocity of the 
macroscopic reaction is given by 

(7e-a/fcT^ (1) 

G being independent of temperature or very much less dependent than the 
exponential factor. 

From this formula the energy barrier or its molal value, the activation 
energy A = iV'a, can be obtained if the velocity as a function of temperature 
is known. 

There is a close analogy between chemical reactions and plastic deforma- 
tion. In any kind of solid, amorphous or crystalline, plastic deformation 
proceeds in distinct steps in which only a relatively small number of atoms 
are involved, and these elementary processes of deformation are activated 
by thermal agitation. Thus from the temperature dependence of the rate of 
plastic flow the activation energy can be obtained ; the dependence of the 
activation energy upon the stress gives, on the other hand, valuable infor- 
mation concerning the mechanism of the plastic flow. This may be demon- 
strated by some examples. 

(1) Amorphous plasticity. This type of plastic flow is not restricted to 
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amorphous bodies but includes also, for example, the intergranular plas- 
ticity of poly crystalline metals. Its mechanism consists of changes of place 
within groups of two or more molecules or atoms. Such atomic rearrange- 
ments give rise to elastic strains in the body that cause minute changes of 
its external shape. In the plastic range of temperature rearrangements take 
place incessantly, without respect to whether the body is under external 
stress or not. In the unstressed state the changes of the external shape pro- 
duced by different rearrangements wiU cancel. If, however, the body is 
stressed, then the probability of a rearrangement increases if its contribu- 
tion to the macroscopic strain agrees with the external stress, and decreases 
in the opposite case. Consequently, plastic flow will set in. 

Let n be the number of all possible rearrangements ; the energy barrier 
of a particular rearrangement denoted by the number i; = 6^-(r the per- 
turbation of cLi under the influence of the external stress cr (b^ is a constant, 
since in practical cases cr is of a lower order of magnitude than the cohesive 
stresses) ; the change of a certain strain component due to the rearrange- 
ment i; and ds/dt the time rate of the strain component in question. Appli- 
cation of (1) leads then to the formula 


representing Newton’s law of viscosity for amorphous solids. 

If the activation energies are densely grouped around a mean value a, 
this formula can be approximated by 


ds const. 


( 3 ) 


Thus the activation energy of amorphous flow is practically independent 
of stress. 

(2) Crystalline 'plasticity. In crystals the atoms interact very strongly 
with each other and stable plastic displacements, however small, must 
affect a great number of atoms. Correspondingly, in the unstressed state 
the energy barrier is very high, and plastic deformation cannot set in unless 
the barrier is lowered by applying a shear stress. Thus the activation energy 
is here a steep function of the external stress. An approximative expression 
representing the activation energy of plastic gliding, given by R. Becker 
(1925; cf. Orowan 1934) is 

2G ’ 


( 4 ) 
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here 0*0, V and G are constants and or is the shear stress in the glide plane 
resolved parallel to the glide direction. 

(3) Creep. The scientific study of creep began with the work of Professor 
Andrade (1910, 1914) who found that the rate of creep contains two com- 
ponents, one dying away with time (‘^primary creep”), the other being 
independent of time (“secondary creep”). He attributed the primary 
creep to the deformation of the crystal grains, the secondary (or “viscous”) 
creep to an amorphous kind of deformation. 

Now recent researches have shown that it is the time rate of gliding but 
not the glide strain itself that is determined by the stress. In other words, 
plastic gliding in crystals is, as well as the flow in amorphous bodies, of an 
essentially viscous nature; that this had not been recognized long ago, was 
due to the fact that, in the case of gliding, the “viscosity” increases in 
course of the deformation, sometimes very rapidly, by strain hardening. 

Consequently, the viscous component of creep cannot be ascribed imme- 
diately to amorphous flow and further evidence is necessary for ascertaining 
its mechanism. 

A study of the rate of secondary creep as a function of stress cannot 
decide this question, since there is neither proportionality to the stress, nor 
any similarity to the plastic behaviour of the material in short-time tests. 

The problem can be solved, however, by calculating the activation 
energy from the temperature dependence of the secondary creep rate. With 
regard to the complexity of the creep rate-stress curves it is surprising that, 
in a considerable number of cases, the secondary creep rate as a function of 
temperature obeys a formula (1) with the activation energy independent of 
stress (Kanter 1937). This proves that in these cases, in agreement with the 
assumption made by Professor Andrade, secondary creep is a manifestation 
of an amorphous type of plasticity. 

Taking into account this result and some other observations relating to 
creep, we arrive at the following picture of the mechanism of creep. After 
applying the load gliding starts at places with a high local stress (primary 
creep) ; it becomes, however, increasingly checked by the mutual hindrance 
of the crystal grains, by the interference of different sets of active glide 
planes, and, to a smaller extent, by the deterioration of the lattice in the 
glide zone. Finally plastic deformation can only proceed according to the 
rate at which these obstacles are removed by atomic rearrangements 
activated by thermal agitation (secondary creep). 

Since the mutual hindrance of neighbouring crystal grains, the inter- 
ference of different sets of glide planes, and the lattice deterioration inside 
the glide zones together represent the strain hardening, the constancy of 
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the activation energy means that secondary creep is a flow by strain 
hardening recovery (thermal softening). 


Professor E. N. da 0. Andrade. One of the striking features of the plastic 
flow of metals, to which Professor W. L. Bragg has alluded, is that, for a 
given lattice, the glide takes place on planes parallel to a certain crystallo- 
graphic plane and, in a certain crystaUographic direction. Another funda- 
mental phenomenon is the hardening that accompanies glide. I wish to 
bring forward certain new experimental results bearing on these points and 
to indicate certain regularities which may help towards the formation of a 
satisfactory theory. 

There is wide agreement that the glide direction is always the most 
closely packed direction, but the glide plane is not always the most closely 
packed plane. With body-centred crystals different planes have been found 
to act as glide planes with different metals. With regard to a-iron much un- 
certainty prevails: (110), (112) and (123) have all been given as glide planes 
by different workers. With tungsten (112) is the glide plane: with /?-brass, 
under certain conditions (G. I. Taylor igaS), (110) is operative. 

In conjunction with Mr L. C. Tsien and Miss Y. S. Chow (L. C. Tsien and 
Y. S. Chow, 1937, for molybdenum : other result unpublished) I have under- 
taken work to find the glide planes for body -centred metals at various tem- 
peratures. With molybdenum the glide plane is (110) at 1000° 0 and (112) 
at 300 and 20° C : with sodium it is (123) at 20° C, ( 1 10) at — 80° C and (112) 
at —185° C: for potassium it is (123) at 20° C. These results, and those of 
previous observers on body-centred metals, can be generalized if we express 
the temperature as (9 = TjT^, where T is the temperature at which the stress 
is applied and T„jis the melting point on the absolute scale. We then have that 
for high values of d the glide plane is (123) : for medium values (110): for low 
values (112). In all cases the glide plane as determined experimentally lay 
very near the plane with which it has been identified : intermediate positions 
were not found. Fig. 4 shows our actual determinations on a stereographic 
projection, and the results, our own as well as those of other workers on 
/?-brass and tungsten, are embodied in the following table. Iron has not been 
included on account of the uncertainty that still prevails for this metal. 


Metals 


e 


Glide plane 


W, Mo, Na 0-08--0-24 

y?-brass. Mo, Na 0-26-0-50 

Na 0*80 


( 112 ) 

( 110 ) 

(123) 
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It must be remarked, however, that, owing to the high symmetry of the 
body-centred system, it has seldom happened that the resolved shear stress 
on the actual glide plane was markedly smaller than that on the other two 
planes which can act as glide planes at other temperatures. In several cases 
the resolved shear stress on two of the planes in question, sometimes on all 
three, was about equal. There seems no doubt as to the preference expressed 
in the table, but we cannot say, from our results, that the preference was 
very marked. It appears, rather, that all three planes are well adapted for 
glide, and that temperature exercises a small determining influence. 



A closely connected problem is that of the regularity of the glide surfaces. 
G. I. Taylor and C. F. Elam (1926) have shown that with a-iron the nature 
of the traces of the slip-bands, whether straight or irregular, can be ex- 
plained by supposing that the metal slips not in slices, but in rods, of which 
the section may be, but need not be, hexagonal. This would lead to straight 
line traces on a plane parallel to the direction of slip, but not on any other 
plane. Their experiments were carried out with blocks, subject to com- 
pression. In stretched wires this would mean that the traces w'ould appear 
straight when the bands are viewed along a line normal to the wire axis and 
in the plane of slip, but irregular from any other point of view. In particular 
the heads of the glide traces would be very irregular. With very pure iron 
(‘^'Ommet"’ iron, for which a purity in excess of 99 * 98 % is claimed — see 
Espe and Knoll 1936), Y. S. Chow and I have obtained slip-bands showing 
little irregularity at the head (flg. 5 ). This would seem to indicate that im- 
purities may exercise a determining influence as to regularity or irregularity 
of surfaces of shp. In this connexion attention may be directed to the 
experiments of Greenland (1937), who showed that with the purest mer- 
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cury, regular or irregular slip surfaces could be produced at will. Any slight 
preliminary bending of the crystal wire led to perfectly plane surfaces, 
whereas absolutely unstrained wires gave irregular surfaces* 

The irregular surfaces may be explained by glide taking place simul- 
taneously on several planes through the glide direction, the actual glide 
surface being made up of small planes, bounded by lines parallel to the 
glide direction, succeeding one another at irregular distances in such a way 
as to form one surface. The influence of impurities and of strain are complex 
and require further consideration, but once more the existence of three 
possible different families of glide planes, the operation of which is deter- 
mined by small subsidiary influences, may be taken as a basis. 



Fig. 5. Slip -bands with very pure iron, (a) Head of bands; (6) bands seen 

from the side. 

Another great problem, to the solution of which Professor Taylor’s con- 
tributions are well known, concerns the hardening which takes place when 
single crystals are strained. It seems to be generally true that strain 
hardening is accompanied by an effect which manifests itself as the trans- 
formation of the circular spots of a Laue photograph into the elongated 
figures which are known as asterisms. These are, for instance, very well 
marked in iron, for which an extension of 16 % at atmospheric temperature 
produces the effect shown in fig. 6. The asterisms have, in certain cases, 
been shown to be due to a rotation of crystal fragments about a line in the 
glide plane perpendicular to the direction of glide (e.g. W. G. Burgers 1931 ; 
Andrade and Tsien 1937). A single crystal which has been strained is no 
longer a single crystal : in particular the treatment of a single crystal of 
high melting point, which has been considerably strained at atmospheric 
temperature, as a single crystal is likely to lead to erroneous results. We 
can reasonably suppose that the rotation of the crystal fragments takes 
place in the glide planes (better called, perhaps, glide lamellae, since they 
are regions very many atoms in thickness), which are regions of great strain, 
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and that the hardening may be attributed to this. Such a picture is based 
on the theory that the perfect lattice is very strong, and that glide takes 
place owing to flaws, from which the disturbance is propagated in the manner 
suggested by G. I. Taylor ( 1934 a, b). If the crystallites are strong unflawed 
fragments they will, in their rotated positions, exercise a locking action. 


X 









Fig. 6. Pure iron extruded by 16 % at atmospheric temperature; asterisms. 

In sodium the distorted spots do not appear as continuous smears, but 
rather as a line of discrete spots (Andrade and Tsien 1937 ). The angle of 
rotation corresponding to the extreme spots in such a line is easily measured, 
and may be taken as a measure of the amount of crystal break up that has 
taken place in the glide planes. Miss Chow and I have carried out a series 
of experiments in which sodium wires are extended by a fixed amount. 
The range of angle of rotation of the crystallites, A6, is measured from the 
extreme spots, and the corresponding hardening is also observed. This is 
done at various temperatures. We find that at low temperatures, where the 
hardening corresponding to given strain is pronounced, Adis much greater 
than at higher temperatures, where the same strain produces much less 
hardening. For instance, 5*5% extension produces, at temperatures of 
— 185, — 80 and 20 ^^ C, values of 2 d 0 of 9, 5 and 2*5° respectively. The experi- 
ments are being continued, but already seem to be sufficient to establish 
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that the rotation of the crystal fragments is not determined by the strain, 
but by the stress. 

I suggest, then, that hardening is inevitably accompanied by crystal 
break up, and rotation of the fragments in the glide lamellae, and that in 
metals near the melting point, where there is little hardening, it will be 
found that there is little rotation, even at large strains. 


G. D. Preston. One very characteristic feature of plastic strain is the 
production of w^ork-hardening in the strained material. Without suggesting 
that age and strain-hardening are identical it is still possible that the two 
phenomena have some points of similarity. I would like to amplify Professor 
Mott’s remarks on this matter by briefly describing the results of some 
experiments recently completed on an age-hardening alloy which indicate 
one type of structural change which produces an increase in hardness. The 
material investigated was an alloy of high purity aluminium with 4 % by 
weight of copper. When quenched from 500 ° C the copper is all in solution, 
being distributed at random on the points of the aluminium lattice ; in this 
state the solid solution is metastable and the hardening takes place at room 
temperature and at temperatures up to about 250 ° C as a result of the 
efforts of the alloy to reject the copper from solution. If the heat treatment 
is prolonged at elevated temperatures the hardness reaches a maximum and 
then diminishes. Por the purpose of the present discussion the point of 
interest is that X-ray photographs of single crystals, which have had a heat 
treatment sufficient to produce the maximum degree of hardness, exhibit a 
peculiarity, in the form of a set of lines associated with the normal re- 
flexions, which can be interpreted as indicating that the copper atoms are 
becoming segregated on certain (100) planes in the crystal. The thickness of 
these regions is small, perhaps no more than one or two atomic distances, 
while their area is relatively large. The experiments do not tell us whether 
the surfaces to which the copper atoms migrate exist, as surfaces of 
“misfit” of the sort described by Professor Bragg, before the accumulation 
of copper on them, and it is not clear whether the hardening is due to the 
production of a new flaw or to the healing of an existing one. In the latter 
event the hardening would be due to the production of greater perfection in 
the crystal and an approach to its theoretical strength ; it would then have 
to be admitted that age-hardening was a different process from strain- 
hardening, where destruction of perfection is taking place. 

Finally, I would like to allude to the work of Dehlinger and Graf {1930) 
and of Schafer (1933) on the effect of plastic strain on alloys in the ordered 
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state. Briefly it may be said the effect of cold work on an alloy such as 
CugAu in the ordered state is to reduce it to a state of disorder. This might 
be interpreted as evidence that during strain high temperatures are locally 
produced, but whether such temperatures are in fact attained it is clear 
that cold work leaves an ordered alloy in the state that would be produced 
by exposure to a temperature of 600 or 700° C followed by quenching. 


Dr W. H. Hatfield, F.R.S. Whilst much interested in Dr Bragg’s 
remarks, I am not clear upon his ideas regarding the difference between 
brittle and plastic materials. Some metals which are brittle have still a 
high degree of cohesion, and, judged from their electrical conductivity, 
must have free electrons, just as in the case of the plastic metals. A further 
point of interest is that there are many phase structures in alloys which are 
extremely brittle, although they have simple space lattices, e.g. 9-12 % 
nickel steels which are brittle and are mixtures of body- and face-centred 
cubic lattices. The properties of different steels of similar hardness, but dis- 
similar toughness also indicate that there is surely more in the subject than 
simple phase structure. 

The stress to determine shp is in considerable measure governed by 
crystal size, and the presence, nature and location of the atoms of added 
elements. Under the effect of slip it is stated by Dr Bragg that the defor- 
mation is not uniform, but is concentrated in bands of macroscopic dimen- 
sions separated by undeformed portions. Whilst admitting that this is the 
prevalent view, I feel that the meticulous examination would disclose that 
the apparently undeformed portions are very seriously modified in pro- 
perties, and are not undeformed portions, as suggested. 

The cohesion of brittle materials seems to him to depend on the juxta- 
position of certain atoms arranged in a definite way. He then states that if 
this arrangement is destroyed the scheme of the crystal is broken down. 
It is not clear what is meant by this. I consider that the breaking down of 
the crystal under plastic deformation results in debris which still remains 
crystalline in nature. If Dr Bragg suggests the creation of what is in effect 
the liquid phase which spontaneously recrystallizes, I would agree. 

There are other aspects which require consideration. Bor instance, it is 
known that austenitic steels (face-centred cubic lattice) in general work 
harden much more rapidly than a steel in the ferritic condition (body- 
centred cubic lattice). Why should the disturbance in the vicinity of the 
shp plane, and hence the degree of cold work hardening, be different in the 
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two structures ? Why also is there such a large difference in the rate of cold 
work hardening of different austenitic steels? 

Incidentally, it is a matter of great interest that the effect of cold work in 
austenitic face-centred cubic lattice is to transform a proportion of the 
material into body-centred cubic lattice, and it surely is part of the general 
problem to include an explanation of the effect of cold work in achieving 
such a result. As an illustration I exhibit a photogram (fig. 7) prepared by 
Dr A. Westgren in March 1925 in an attempt by us to explain magnetic 
properties induced by cold work into austenitic material. 



>Jickel 

Staybrite 

quenched 



Staybrite 

cold-rolled 



oC^-iron 


Fig. 7. Powder photographs of quenched and cold rolled staybrite (18 % Cr, 9 % Ni) 
compared with photographs of nickel and a-iron, chromium, iC -radiation. Diameter 
of cylinder, 55 mm. 


Dr Bragg makes the statement that when material is severely cold 
worked it reaches a stage with characteristic mechanical properties”, 
what are these characteristic mechanical properties? Would not the general 
subject be more readily advanced by a survey of the existing information 
relative to the effect of cold work on the physical constants of the material, 
i.e. the decrease of specific gravity, the increase of electrical resistance, the 
change in the coefficient of expansion. 

In conclusion, there seems at the moment to be no effective theory 
available in explanation of the phenomenon of plastic flow and its influence 
on metals, and it is to be hoped that the discussion will be continued. 
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Relaxation methods applied to engineering problems 
III. Problems involving two independent variables 

By D. G. Cheistophjbrson, B.A., and R. V. Southwell, P.R.S. 

{Received 8 June 1938) 

1 . Problems already treated in this series (Bradfield and Southwell 1937 ; 
Black and Southwell 1938) have been concerned both with systems of 
restricted freedom (stress determination in framed structures; current 
partition in electrical networks; adjustment of errors of observation) and 
with continuous systems governed by equations in one variable (trans- 
versely loaded beams). For the latter two lines of attack have been suc- 
cessful: either the governing equation can be replaced by an approximate 
equation in finite differences which is soluble, or by an application of 
Relaxation Methods it can be satisfied as it stands, not at all but at a finite 
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number of '‘sections’’, i.e. for a finite number of values of the independent 
variable.* Either procedure leads to tabulated values of the function in- 
vestigated, for values of the independent variable separated by small 
intervals. Solutions thus presented are of more immediate value than the 
mathematical expressions given by orthodox analysis, which may require 
much labour to be expended in numerical computation before their signi- 
ficance can be appreciated. Tested in certain cases which can be solved 
exactly, both methods seem capable of giving more than sufficient accuracy 
for practical purposes. 

Methods which permit a comparable treatment of problems in two 
dimensions will have still greater value, because here the power of orthodox 
methods is more restricted and in general their solutions are more difficult 
to interpret numerically. We must expect to encounter greater difficulties, 
seeing that terminal conditions are now replaced by conditions relating to 
every point of some geometrical boundary; and it is significant that much 
attention has been devoted to the development of experimental methods, 
based on analogies whereby equations occurring in one branch of physics 
can be solved by experiments made in another, because mathematically the 
same equation describes the phenomena of both. The "membrane analogue ” 
of Prandtl (1903), utilized in the "soap-film method” of Taylor and Griffith 
(1917) for solving de Saint-Venant’s problems of torsion and flexure 
(Southwell 1936, Appendix to Chapter xi), and the electrical method used by 
Eelf (1924) and others to determine hydrodynamic streamlines, may be 
cited as examples, f Mechanical equation-solvers of the kinds developed in 
recent years by Bush, Hartree, Mallock and others do not seem likely to 
provide much assistance in this field. 

Of theoretical methods concerned with equations in two variables three 
may be cited here: (1) a very ingenious solution of Laplace’s equation by a 
synthesis of solutions having singularities at the boundary, developed by 
Bairstow and Berry (1919) and applied to the torsion problem by Bairstow 
and Pippard (1922); (2) an extension of the same method to the biharmonic 
equation, propounded by Bairstow, Cave and Lang ( 1 923 ) ; ( 3 ) an approximate 
numerical method, applicable to both of the equations mentioned, which 
has been proposed by Thom (1928). 

* This method of approximating to an exact solution has been termed by Frazer 
(1937) the “method of collocation”. It assumed without proof (but with plausibility 
as regards problems of flexure and the like) that if the governing equation is satisfied 
exactly at several points in a range, it will be satisfied approxirrwbtely at intermediate 
points. 

t Recently the electrical method has been employed to effect the operation of 
conformal transformation (Bradfield, Hooker and Southwell 1937). 
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2. This paper is concerned with Poisson’s equation 

( 1 ) 

including Laplace’s plane-harmonic equation as a special case (ti? = 0). The 
method which it proposes is in effect a combination of the two methods 
outlined in § 1 : that is to say, in the first place (1) is replaced by an approxi- 
mate equation involving finite differences, and in the second this modified 
equation is satisfied approximately by a relaxation process. The finite- 
difference equation is a generalization (making for better approximation) 
of that proposed by Thom : the idea of ‘‘ systematic relaxation ” enables it to 
be applied with greater flexibility, and to a wider range of problems. Of 
necessity (since two steps, instead of one, separate the exact from the 
approximate solution) more labour must be expended, in order to obtain 
results of a given accuracy, than in the simpler problems which have been 
treated previously; but the labour is not prohibitive, and it is offset by the 
power of the method to deal with problems which are difficult or even 
intractable by exact analysis. 

3. The arrangement of the paper may be summarized as follows: — In 
§§4-13 finite-difference equations corresponding with (1) are derived and 
their approximation considered; by means of a particular physical inter- 
pretation (namely, that in which w and Z stand for the transverse displace- 
ment and loading of a stretched and initially flat membrane) they are 
brought within the scope of the relaxation method, and a technique for 
numerical computation is outlined. In §§ 14-18 this technique is applied 
to a straightforward plane-potential problem, — ^the solution of Saint- 
Venaht’s ''torsion problem ” for a triangular shaft. 

The membrane analogue of the torsion problem, originally suggested by 
Prandtl (§1), is already well known. In that analogue the membrane may 
either be unloaded, when it serves to determine the "associated torsion 
function” which is plane-harmonic, or it may be loaded by a uniform 
pressure, when it serves to determine the "shear stress-function” W, The 
latter is governed by the equation 

( 2 ) 

— a special case of equation (1). Its boundary condition is more convenient 
than that imposed on ijr — especially when the cross-section is "multiply- 
connected”; and whereas to orthodox analysis Poisson’s equation presents 


21-2 
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a harder problem than Laplace’s, when relaxation methods are employed 
there is nothing to choose between the two equations. The point is illustrated 
in §§19-27, where the torsion problem is solved for a triangular section 
pierced by three axial holes: this second example reveals more clearly the 
value of the method, and serves to illustrate additional points of detail. 

In §§ 28-30 the method is applied to a still harder problem, — determination 
of the shear-stress distribution in a shaft which has been twisted suflOlciently 
to overstrain the material. Orthodox methods would appear to be incapable 
of treating this problem in plasticity, for the reason that it is not possible 
a priori to define the region within which the material is overstrained; and 
accordingly in the past recourse has been had to a very elegant, but difficult, 
experimental technique (§29). The methods of this paper lead without 
difficulty to a solution. 

As a final example, in §§31-35 lines of flux are determined for a two- 
dimensional magnetic field containing a triangular prism of iron. This 
problem being also intractable by orthodox methods, it was investigated by 
Hele-Shaw and Hay ( 1900 ) with the aid of a very beautiful “stream-line 
apparatus”. Relaxation methods are again successful in this instance. 


I. General description op the approximate method 

Derivatio7i of the finite-difference equation 

4. Our aim is to obtain an approximate solution Z being specified ; 
that is to say, we require to determine w (approximately) at selected points 
within a specified region. The number of these points may be large, but in the 
nature of the case it must be finite, and thus the word “solution” has a 
different significance here from what it has in orthodox mathematics, where 
it stands for an expression in functional form from which the value of w 
could be calculated for every point in the region. Here the significance is less 
precise, because an indefinite number of functions will have the specified 
values at the selected points and be single-valued elsewhere, and any one 
will have the same claim as any other to be regarded as the required solution. 
Adopting a standpoint which is the basis of the theory of interpolation 
(Whittaker and Robinson 1926 , § 8 ) we may say that any “smooth ” function 
of the variables x, y which takes the specified values at the selected points 
will be, for practical purposes, a satisfactory solution; and for simplicity we 
choose a polynomial function, which can always be formulated.* 


* See Appendix. 
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Let w stand for the exact solution, Z for the specified function with which 
it is related by (1), -m; for the polynomial approximation, and Z for the func- 
tion which would be required on the right-hand side of ( 1 ) in order to make w 
an exact solution of that equation. Evidently Z, like w, will be a polynomial 
function of x and y, and so cannot (in general) be identified with Z. On the 
other hand, Z can be made equal to Z at each of the selected points, and then, 
if Z is a smooth” function, Z will be a close approximation everywhere. 


5. Because Z and w are polynomials their differential coefficients, of all 
orders, will be finite everywhere: therefore it would seem that close accuracy 
is not to be expected in cases where either ^ or is characterized by singu- 
larities. But because equation (1) is linear, solutions can be superposed; 
moreover, exact solutions of ( 1 ) are known for most types of singularity which 
will be presented. Accordingly we can usually dispose of singularities in 
advance, and so reduce our problem to one in which the polynomial approxi- 
mation is sufficient. The point will not arise in any of the problems treated 
in this paper. 


6. We now proceed (cf. § 2) to replace equation (1) by a finite-difference 
relation between w and Z, Z being defined as a polynomial function agreeing 
at the selected points with the specified function Z, 

Let X, y be replaced by polar co-ordinates r, 6, measured with respect to 
an origin at 0. Then in the altered co-ordinates w (being a polynomial in x 
and y) can be expressed in the form 

w = Ao(r) -f S^fAJr) cos nd -i- B^fr) sin nd], (3) 


where the ??/s are integral and Ao(r), B^fr) are polynomial functions of 
r; and according to (1) the corresponding expression for Z is 




W, 




A'o 


+ ^ ^ cos 


(3A) 


dashes denoting differentiations with respect to r. 

Now let Ua, n{‘^) stand for the sum of the values assumed by w at N points 



322 


D. G; Christopherson and R. V. Southwell 

equally spaced on the circle r = a, so that their angular positions are 6 = d, 
a, {N—l)a, where a = 27 t/N. Then according to (3) 

= -^^o(a)+2'„[^„(a){l + coswa+... + cos(^-l)TOa} 

+ jB,„(a) {0 + sin ma + . . . + sin (iV — 1) wa}], 

= i\[4,(a) + 2',[?||^{^Ja)cosi-(i\^- l)m 

+ BJa) sin \{N - 1) m}J , 

by known formulae in trigonometry. Since Ncc = 27t and n is integral, the 
quantity in square brackets will be zero unless sin \na vanishes, — ^that is, 
unless na is some integral multiple of 2n\ in that' event n must be an integral 
multiple of N, and the quantity takes the value NA^J^a). Thus we see that 

'^^a, A’(^) ~ ^o(^) + + ■ • • j (^) 

N being the number of points at which values of w are taken. 

7. Now it is easy to show {w being polynomial in x and y) that AJ^r), 
BJr), in (3), can involve no power of r lower than the nth and must in fact 
have the form x (polynomial in r^). Therefore the neglected terms will be 
of order oF at least when we replace (4) by the approximate equation 

= A(«)- (5) 

Moreover, cosn^ and sinn/9, in (3 A), will be associated with and higher 
powers of r, so that only Aq will contribute to the value of Z at the origin. 
Again, Ao(r) must be polynomial in r^, so that we may write 

A^{r) = Co + C 2 r 2 + C 4 r^+ ... etc., (6) 

where Co, Cg, ..., etc., have constant values. Therefore at the origin (r = 0) 

Z — 4c2j 

and we can show that = 4. IGc^, 

= 22 . 42 . 02 Cg, 

..., etc., 

if we apply the same reasoning to Z, V2Z, ..., etc., since these, like w, are 
polynomials in x and y, Finally, at the origin we have from (3) and (6) 


w = Cq. 
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Substituting these values for c^, etc., in (6), we find that 

Af ,{ r ) = + + 22“ 42 "p + • • • , 

in which the suffixes attached to‘W,Z,.,., etc., denote that the values are to 
be taken at the origin; and the approximate relation (5) may thus be written 
in the form 

= ^'Zo + |^(V22:)o + ^j^3(V4Z)o + .... (7) 

8. Already, in substituting (5) for (4), we have neglected terms of order 
a^: therefore it is useless to retain terms of this or higher order on the right- 
hand side of (7), but within this restriction we may proceed to find expres- 
sions for {V^Z)q, etc. (We cannot calculate these quantities directly, 
for the reason that Z cannot be identified with the specified function Z, 
except at the selected points.) 


N-3:k«6 N«4 : k-4 

Fig. 1 

The underlying idea of this investigation is that the selected points will 
lie on some regular lattice, or ‘'net”, such that the summation can be 
effected at every point. We shall be given values of Z{ = Z) at the selected 
points, and by similar reasoning we can derive relations similar to (7), viz. 

= “'(V2^)^+|!(V4Z)o+..., 

= ^'{V4Z)o + g(V«Z)„ + ..., 

..., etc. 

Lattices permitting the summation ^a,N at every point can be obtained 
(fig. 1) by giving N any of the values 3, 4 or 6, but higher values are not 





N“6: k=3 
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admissible.* Therefore it is useless to retain in (7) terms which involve a® or 
higher powers of a, but mih an error of order {at least) in each case we have, 
from (7) combined with ( 8 ), 

For N = Z or 4:: ^Eg^ p,{w) — w = ^Z\ (9) 

for AT. 6; ^ + 

Suffixes have been deleted as no longer necessary. 

These are our finite-difference equations, of which (9) can be used whether 
iV =: 3, 4 or 6 , and ( 10 ) — ^for closer approximation — only when iV = 6 . The 
first step towards a solution of ( 1 ) will be to substitute one or other of them 
for that equation: the next will be to satisfy the approximate relation at each 
of the selected points. 

A mechanical analogy 

9. Thom ( 1928 ), by different reasoning which envisaged the use of a 
square mesh (N = 4:), deduced a finite-difference equation identical with 
(9)t and showed that the neglected terms were of order a^ at least, thus 
confirming our result. In solving his equation he made (in the nature of the 
case) no use of relaxation ideas. These are not essential to the solution of 
(9) or (10), but they have value as saving labour. 

The nomenclature of the relaxation method is appropriate to the mechani- 
cal systems for which they were originally devised: therefore it will be 
convenient to interpret equation ( 1 ) as relating to the transverse deflection 
of a membrane, initially flat, which is stretched by a uniform tension T. If 
the membrane is loaded by a small transverse pressure of intensity — TZ, 
then w as governed by ( 1 ) will measure the transverse displacement, and the 
boundary condition will impose specified values either on w or on the line 

jT^I. Thus every plane-potential problem 

has a membrane analogue, and PrandtFs analogue (§ 1 ) is merely a particular 
example. 

The finite-difference equations (9) and ( 10 ) can be interpreted similarly. 

. * The condition requires that 27 t/N shall be the internal angle of a regular polygon : 
4 

i.e. (fig. 1) that N — 2 =^^ 2 ’ ^ ^( ^3) are integral, 

t Cf. equation (12), § 10. 
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A flat net made from inextensible strings, and having meshes of the form of 
a regular polygon (fig. 1), can remain in equilibrium with every string 
strained to the same tension T, If now the nodes are given transverse 
displacements measured by w, the transverse force exerted on any one node 

T 

by the strings which radiate from it will be measured by — 

Oj ' 

therefore according to (9) and (10) the node will be in equilibrium when 
loaded by a transverse force (in the direction of w) given by 


jP = — \NTaZ, in the first approximation {N = '3 or 4)' 

in the second approximation (valid when A = 6). , 


( 11 ) 


Our replacement of (1) by (9) or (10) is in effect a replacement of the con- 
tinuous and continuously loaded membrane by a net loaded at its nodes, 
and the accuracy of our results may be expected to improve as the size {a) of 
the mesh is reduced. 


Outline of the relaxation procedure 

10. Thom, in dealing with Laplace’s equation (.2 = 0), begins by attaching 
plausible values to w at nodal points of his (square-mesh) net, and thereafter 
systematically modifies these values by applying the equation 

w = ii^a,iv(w) (12) 

to ©very point in turn: in time the modifications become inappreciable, and 
then the modification process is stopped. Equation (12) being identical with 
(9) when .Z = 0, iV' = 4, his process may be regarded as an application of 
relaxation methods whereby at every step he (temporarily) relieves some 
particular constraint of the residual force previously sustained by it. We 
now interpret from this standpoint the more general equations (9) and (10). 

11. Visualizing constraints which operate to control the displacements 
(w) of nodal points in a chosen net, we write 

F = F + F, (13) 


for the “residual” force (in the direction j)f w) which acts on any one nodal 
constraint. Of the two parts into which F is here divided, 

F, as given by (11), is the external force at the node in question, and 

F, given by W ^ j^(t») — z<;| , is the resultant force exerted, on account 

of the displacement, by the N strings which radiate from this node. 
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For equilibrium all the F's must vanish, so as to satisfy (9) or ( 10) at every 
one of the selected points. They can be calculated for any trial solution and 
“liquidated’’ by changes made systematically in the ^^;’s. For this purpose 
we shall want to know the effects on the ^’s of an isolated displacement /Iw 
imposed at any one node. The ^”s are not affected, and from the expression 
for F we have 

At the node which is moved : 

AF = AF = -N-Aw, 

Ct' 

At each of the N surrounding nodes: 

AF = AF = + — Aw. 

a 


From these results and from (11) it is evident that the final displacements 
{w) will be independent of the value oiNTja: therefore we now (for simpli- 
city) take that quantity as equal to unity. On this understanding, when a 
unit displacement is imposed on any one node, the residual forces will be 
altered 


by — 1 at the node which is moved, 
by 4-^ at each of the N surrounding nodes. 


and the expressions (11) for the initial force become 
F = in the first approximation (iV' = 3 or 4), 

= - 3 ^ second Approximation (iV = 6). 


(14) 


Elimination of dimensional factors 

12. Equation (1) is “dimensional”, in that x and y are co-ordinates 
measured in some particular units. But if L is some representative dimension 
of the region within which w is to be determined, we may write 

Li, 2/ = Ly, (i) 

and ^ = Z,LW{i, y), Z = Z,i, (ii) 

where Zq stands for the value of Z at some particular point in the region; 
and on substituting these expressions in (1) we obtain 





(iii) 
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— an equation similar in form to (1), but in which rj, W, ^are purely 
numerical quantities. Its solution will define the function tj), and 
then we shall have in (ii) a solution of (1) which applies to all regions 
of a particular shape and similarly “loaded”, without restriction on their 
size or on the absolute intensity of the “loading”. 

In §§ 6-8, similarly, we may express r and a in terms of the dimensional 
parameter L by writing 

r = ip, a = La, (iv) 

Then, in place of (9) and (10), we shall have finite-difference relations 
— namely, 

F(w N = Z or 4:-. (t) 

ForN^G: Tf = = i^) 

— which involve only numerical quantities {N, W, a, ^), and are thus 
appropriate to numerical computation. 

It will not in fact be necessary to change the symbols in this way, provided 
that w, Z, X, y, a in our equations are given the non-dimensional meanings 
which in this section have been attached to W, a. In what follows this 
is to be understood, so that a, in (9), (10) and (14), will henceforth define the 
length of one side of a ''mesh^\ expressed as a fraction of L, 

The use of successive nets^^ 

13. The labour as well as the accuracy of a solution will increase as the 
size of the mesh is reduced. Therefore in practice it will be best to start with 
a net of large mesh, liquidate the “ residual force ” at every nodal point within 
the boundary, and from this first approximation derive a trial solution for a 
net of smaller mesh. A suitable procedure is indicated in fig. 2. The first net 
is shown in bold lines, and its nodes by black circles: having values of w at 
these points we can from (9), with N = Z, deduce a value for w at the centroid 
of each mesh in terms of its values at the three corners. The centroids (open 
circles), joined by broken lines with one another and by fine lines with the 
nodal points of the original net, become the nodes of a new triangular net; 
and for these we have values available as a trial solution, to be corrected by 
relaxation methods as described in §11. The process can be repeated in- 
definitely, and at each repetition the side of a mesh will be reduced in the 
ratio 1:^3. If in each relaxation process we give to N the value 6, then every 
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successive approximation will be as accurate as the scale of its net permits; 
and since the omitted terms are of order at least (§ 8), a decrease in the 
errors of the order of 1/27 may be expected. 

We now apply these ideas to a particular example, leaving for subsequent 
discussion the special problems which may be presented at the boundary. 



m 


m 

g 

m 

I 

1 

1 

1 
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8 




Fig. 2 


II. A STANDARD EXAMPLE IN PLANE -POTENTIAL THEORY: THE 
TORSION PROBLEM FOR A TRIANGULAR SHAFT 

14. To solve the torsion problem for a shaft of given section we have 
(Love 1927, § 217) to find a plane-harmonic function satisfying the condition 

xjr = '|(a;2 + 2/^) + const. (15) 

at every point on its boundary. As a first example we shall solve this problem 
for the case of an equilateral triangle. 

The known solution (for an origin at the centroid) is 

\lr = {x^ — 3xy^)l^h + const, (16) 

when the boundary is given by 

(x + h) {x-y^B-2h) {x-{’y^B-2h) = 0, 

so that the height of the triangle is Bh* If the constant in (16) is given the 
value then on the side (:r-f = 0) 

SO that (15) is satisfied, and the same is true of the other two sides. Thus 
is a plane-harmonic function which along any side of the triangle has values 
* Cf. Bradiield, Hooker and Southwell (1937), § 6. 
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proportional to the square of the distance from the middle point. The con- 
stant of proportionality is immaterial as concerns the potential problem: 
to avoid fractional values in computation we shall assume that ^ = 2025 
( = 45^) at the corners. 

15. Z being zero, we have F = 0 according to (14), i.e. 

F = (17) 

w denoting the approximate solution for ijr, and F the residual force (which 
must be made to vanish at every node within the triangular boundary). We 
start with a net dividing each side of the triangle into three (fig. 3) and having 
one internal node 0: there, according to (17) with N = F will vanish if w 
has the value 225 (=15^), as at the six surrounding nodes. 


2025 



Fig. 3 


Next (§ 13) we calculate values for the centroids (open circles) of the nine 
meshes, using (17) with iV' = 3; then we correct this trial solution for the 
smaller net (fine lines in fig. 3). In this particular instance successive con*ec- 
tions were observed to decrease in geometrical progression, and on that 
account F could be made to vanish everywhere, and exactly,* for values of 
w which are shown in fig. 3. These gave, before, a trial solution for the next 
net (fig. 4a). 

16. Thereafter the calculations followed standard lines. From the dis- 
placements given on the left of fig. 4a (by means of (17) with N = 6 where 
* N being taken as 6 where this is possible, otherwise as 3. 
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possible and otherwise 3) values of the residual forces were found as shown 
on the right of fig. 4a. (On account of symmetry it is sufficient to reproduce 
in each diagram only one-sixth of the whole triangular area.) 


I a) 

«fe t 



Fig. 46 exhibits the relaxation procedure. Records of residual force and 
of imposed displacements are kept on the right and left , respectively, of each 
nodal point, appropriate displacements being chosen in accordance with 
(14). Thus at the point nearest the corner the residual force has, initially, 
a value — 53|: to liquidate this a displacement —54 is imposed, with the 
result that an addition + 54 is made to the residual force at this point, also 
additions — 9 ( = — 54/iV) to the residual forces at the six surrounding points. 
We are not concerned with the residual forces at nodal points on the 
boundary, since these may have any value; therefore alterations are 
recorded only for internal nodes. 

These records replace the tabular computations used in previous applica- 
tions of the relaxation method. They may be lengthy if high accuracy is 
sought, and sufficient space may not be available between the nodes of the 
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ruled net: therefore it is convenient to keep them on a transparent sheet laid 
over the net, using a soft pencil in order that figures may be erased from 
time to time after their totals have been recorded. Convenient material for 
this purpose is marketed by Messrs Kodak, Ltd., under the name ''Koda- 
trace”. It is durable and highly transparent, so that erasures can be made 
almost indefinitely. 

In this example nine operations spfficed to reduce the numerical value of 
the largest residual force from about 54 to about 3: subsequently the 
residual forces were multiplied by 100 and again liquidated until, none 
having a value as large as 10, the accuracy of the approximation was deemed 
sufl&cient. A summary of the relaxation process up to this stage is given in 
fig. 4 c, numbers on the right of each node relating to residual forces and 
numbers on the left to additional displacements imposed at that node. 
Adding the initial displacements (fig. 4a) we obtain the total values 
distinguished by underlining: if displacements are wanted only to the 
nearest whole number, these constitute a final approximation for this 
particular size of net. 

17. Actually the arrangement of the residual forces (which are all either 
zero or ± 1/3) is such that they can be liquidated completely by the imposition 
of a further ‘‘displacement” on each node equal (numerically) to the 
residual force, so that (e.g.) the number 758 becomes 758 and the number 
292 becomes 291|. Thus adjusted, the numbers are in fact correct. This 
was not noticed until the relaxation procedure had been effected for two 
further nets, the last having meshes of side L/27, where L is the length of a 
side of the triangular boundary ; but it is easy to see that in this example 
complete liquidation of the residual forces will always give an exact result 
when the net is such that even close to the boundary each nodal point is 
surrounded by 6 others of which the displacements are defined: for the 
exact expression for (§ 14) is cubic in x and y, so that in (3) the only values 
assumed by n are 1, 2 and 3; and in consequence, when A = 6, only AQ{a) 
appears on the right-hand side of (4), so that (5) is exact. When A = 3 the 
relation (5) is only an approximation to (4), obtained by suppression of a 
term -43(a) on the right of that equation. 

18. Reverting to general aspects we observe, first, that much time is 
saved in the relaxation method by its concentration on residual forces and 
corrections to the displacements, as compared with Thom’s iterative process 
which at every stage is concerned with total displacements. As the mesh 
becomes smaller, smaller quantities are involved : in fact, to avoid fractions 
it is usually convenient to multiply them in the later stages. 
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Secondly, since the operations employed in the relaxation process in- 
cluded “group displacements”, it should be observed that to deduce these 
from (14) is an extremely simple matter. When one mode only is displaced, 
each of the “ strings ” which radiate from it must (by symmetry) make the 
same contribution to the change in the residual force: therefore we may 
think of each string as transferring a force 1 jN from the end which is dis- 
placed to the end which is fixed; and thus, when a “block” of nodes is 
displaced, we have only to consider the total residual force on that block, 
and the number of strings affected, in order to determine a displacement 
which will bring the total force to zero. The “blocks” displaced in this 
example were hexagons surrounding the central point: two such hexagons 
were moved. 


III. An example involving Poisson’s equation : the torsion 

PROBLEM EOR A MULTIPLY-CONNECTED SECTION 


19. Our second example (fig. 5) is a section containing three holes, there- 
fore three internal boundaries. Its symmetry permits the calculations to be 
described more shortly than would otherwise be possible, but it has no 
feature tending to restrict their generality. 

Multiply-connected sections are most conveniently treated in terms of the 
“shear-stress function” W (§3). When ^is given by (16), the function 


'P =‘>Jf—\{x^ + y'^) (18) 

satisfies the equation = — 2 (2 bis) 

and has a constant value on the boundary. The constant is immaterial as 
regards “solid” sections, and to make the plane-potential problem definite 
we may say that it is zero. We might have worked Example I in terms of P. 

When the section is “multiply-connected” P can again be made zero on 
the outer boundary, but then at an internal boundary its value is determined 
by a further requirement — ^namely, that (f>, the plane-harmonic function 
which is conjugate to must (since it measures the axial displacement due 
to torsion) be single-valued at every point in the section. Therefore the 
“^^egral 




taken round any one boundary, must be zero, v denoting the normal to the 
boundary drawn outwards; and it follows from (18) that 

&._ie 


J dv 


1 r B 

ds = - - {■^{x^+y^)ds — —2A, by Green’s transformation, (19) 


A denoting the area contained within that boundary. 
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In the membrane analogue (§ 9 ) W as governed by (2) is the deflection 
produced by a uniform pressure acting at every point, and the foregoing 
result shows that when a section has internal boundaries we must think of 
each as the edge of a light rigid plate, permitted to move perpendicularly 
to its own plane, to which the membrane is attached and on which the 
uniform pressure is operative. Our approximation, in effect, replaces the 
membrane by a net (§ 9 ), and the condition that each plate must '‘float” 
freely in the manner just described would be difficult to satisfy directly. 
Instead, we now consider how the required solution may be derived by a 
synthesis of partial solutions. 


20. Suppose first that the plates are prevented from moving, so that 
iP = 0 both at the external and internal boundaries : let the uniform pressure 
be applied, and let Wq stand for the displacement of the membrane under 
these conditions. Next, after removal of the pressure let one plate be given 
a unit displacement while the others are kept fixed, so that = 1 at one 
internal boundary but vanishes at all the other boundaries: let stand for 
the displacement of the membrane under these conditions will be a 
plane-harmonic function of x and y). Lastly, let the other two internal 
boundaries be moved in turn, and let ¥^3 (also plane-harmonic functions 
of X and y) stand for the resulting displacements in the two cases. 

Then a solution defined by 

y = + (20) 


^3 being constants) will evidently satisfy the governing equation (2) 
and will have a constant value on every boundary. Moreover, if A^ 

stand for the areas of the three plates, the condition of "floating” will be 
satisfied for A^ii 




when each integral is taken round the whole boundary of Two similar 
equations will ensure the "floating ” of A 2 and A 2, and from the three we can 
deduce values of which W as given by (20) satisfies all of the 

imposed conditions. Any number of internal boundaries can be treated in 
this manner. 

In the present example (fig. 5) the work can be shortened on account of 
symmetry. We know that all three plates must be displaced by the same 
amount; so the three partial solutions W2, ¥^3 can be replaced by one, in 
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which all three are given a unit displacement. Wq having the same signi- 
ficance as before, a single equation 

+ ( 22 ) 

(in which A stands for the area of one plate, and each integral is to be taken 
round the whole of one internal boundary) will suffice to determine a value 
of k such that 

W^W^-^kW^ (23) 

satisfies all of the imposed conditions. 



Fig. 5 


Elimination of dimensional factors 

21. In conformity with § 15 we denote the approximate solutions for 
by Wq, respectively. The first, w^, has to vanish on every boundary and 
to satisfy (9) and (10) — which are here identical — at every nodal point in the 
field. 

We can interpret (2) ''non-dimensionally’’ in the manner of §12 by 
regarding x and y as coordinates expressed in terms of L, the length of a side 
of the equilateral triangle. Since = — 2 in equation (1), if we take as 
unity then Z will have the same value interpreted non-dimensionally , so that 
both of the formulae (14) for F reduce to 


( 24 ) 
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a denoting the side of a mesh expressed as a fraction of L, In accordance with 
§12 our numerical values of w^, multiplied by will constitute the 
approximate solution for 

The other formulae (14), for the changes caused by a unit displacement, 
will apply without alteration; and both (9) and (10) will give 

f = = 0. (25) 

First partial solution 

22. On account of the internal (circular) boundaries we are not obliged to 
start from the coarse net {a—ljZ) shown by bold lines in fig. 5, but can 
proceed at once to the smaller mesh shown by fine lines (a =1/9). Each 
internal boundary passes through six nodal points at.which is zero. Near 
to each corner, and to the middle of each side of the triangle, is a node 
surrounded by six at which is zero, and the same is true of the central 
point. Accordingly at all seven of these nodes (open circles in fig. 5) we have, 
from (25) with a = 1/9, 

^0 ~ ife* 

At other nodes is zero. 

On this understanding figures on the left of fig. 6 give starting values of the 
‘‘displacements’’, similar figures to the right of the centre line give (to one 
place of decimals) the corresponding initial forces. The ruled net is the finer 
net of fig. 5, and values of Wq at the centroids of its meshes (open circles) have 
been calculated from (25) with iV' - 3, a = 1/9^3. To avoid fractions in the 
subsequent computations all figures have been multiplied 62/ 43740 ( = 60 x 27^) , 
and allowance for this multiplication will have to be made in the solution 
finally accepted. 

Satisfaction of the boundary conditions 

23. In calculating values of the initial forces, and in their subsequent 
liquidation, a problem is now confronted which was not a feature of our first 
example. Close to a boundary (either internal or external) it may not be 
possible to employ theformulae (14) and (25), for the reason that surrounding 
points for which values of are known do not all lie at the same distance 
from the nodal point in question. Thus A, close to the triangular boundary 
in fig. 6, is connected with five equidistant points, but the sixth ‘‘string’’ 
(connecting it with the boundary) is only half as long as the others. jB, close 
to the circular boundary, is connected with it by one short string. 

We thus have need of a generalization whereby the formulae (14) and (25) 
can be applied to “stars ” of unequal strings. This is a problem in interpola- 
tion, and exact treatment, since it entails considerable complication, is 


22“2 
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hardly justified in a method whereby periodically (at every advance to a 
finer net) we calculate the errors of a trial solution and (in effect) start afresh. 
Therefore we now propose a simple modification of (14), based on the notion 
used already (§ 1 8) of a particular force transmitted by each several ' ‘ string ’ ’ . 


t 



In the tensioned net which was envisaged in § 9, the force exerted by a 
string is, for given displacements of its two ends, inversely proportional to 
its length. Therefore if NT /a is made unity as in § 11, and if the N strings 
which radiate from a displaced node have lengths x-^a, X 2 Ct, we have 


AF= — 1 h...+ — ) at the node which is moved, 

iv x^ Xj^J 


= + 


i- JL i 

Wx each of the N surrounding nodes, 


(26) 
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in place of the formulae (14), and for calculating initial forces, in place of ( 1 7 ) , 


24. The formulae (26) and (27) cannot, like those which they replace, be 
justified by an argument on the lines of §§ 6-8, because in fact the quantity 
within square brackets in (27) has the expression 

\a^ZQEj^{x-^ + I — {Ai{Xia) cos a + Bj^(xia) sin a} 

4- — {-d 2 (a;ia)cos 2 a + 52(a;2a)sin2a}+ ... etc.l, 

J 


in which (cf. § 7) A^{r) and B^^(r) have the form x (polynomial in r^). The 
x's have different values for different strings in the ‘"star”, and thus the 
trigonometrical series contribute terms of order a^, which is also the order of 
the term involving Zq. All that can be deduced from this examination is that 

the term— Z^ in (9) and (10), should be replaced '^7'^ ZZ^{x), so that in 

place of (24) and (25) we must use 


and 


= 1 , 


F 



(28) 

1 

r /wn\ ^ /i\i 



N 


= 0, 

(29) 


respectively, in relation to a star with unequal arms. 

Thus at A in fig. 6 we have a = 1/9^3, iV — 6, and all the x's are unity 
except one, which is 0*5 : therefore by (28) the contribution of Z to the initial 
force, when multiplied as in § 22, is 

—^4— X 43740 = 15 X 5-5 = 82-5, 

.12 X 243 

and according to (26) the effect of a unit displacement imposed at A will be 
to change the residual force 

by at A, 

by 4--| at the five equidistant nodes, 

by H--| at the near point of the triangular boundary. 

Labour will be saved (on the whole) by using accurate values of the a;’s. 
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because the initial forces in the next approximation (with a finer net) are 
thereby reduced. 

Second partial solution 

25. It is not necessary to describe the relaxation procedure, since (apart 
from the special treatment of stars with unequal arms) this followed exactly 
the lines of 15-16. In this first ''partial problem Z being finite, a definite 
standard of approximation could be imposed — namely, the reduction of 
residual forces to some definite (small) percentage of their values when 
is zero. We carried the solution to a net for which a = 1/27^3, and all 
residual forces were liquidated within 1 %. 



The second partial solution (§21) is a plane-harmonic function, i.e. 
^ = 0. Here too the solution was carried to a net for which a = 1 /27 ^3, and 
the final values of residual force were brought within the same numerical 
limits. Our results for both partial problems are exhibited graphically in 
the lower part of fig. 7, by contours of constant w numbered in the usual 
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manner. The multiplying factor 43740 (§22) was removed in these final 
calculations. 

Estimation of the forces on internal boundaries 

26. The partial solutions (§ 20) must be combined according to (23) 

so as to satisfy equation (22) — ^the condition that each circular plate shall 
‘‘float We have replaced by approximations which have been 
evaluated only at nodal points: therefore we now want expressions in finite 
difierences by which the integrals in (22) may be replaced. 

In § 20 it was stated that each of the two integrals in (22) is to be taken 
round the whole circular boundary of one plate. But statical considerations 
applied to the membrane analogue (§19) show that the circle may be replaced 
by any contour which contains it but neither of the other two circles, and 
which lies within the external (triangular) boundary. The same conclusion 
may be established as a consequence of Green’s theorem, observing that 
is plane-harmonic and a solution of equation (2). It permits a choice of 
contour which greatly simplifies the approximate treatment of (22). 

In accordance with § 21 we can (approximately) write x Wq, for 
in (22) ; and evidently v and s can be interpreted as multiples of L without 
introducing any change in “dimensions”. On that understanding we have 



Fig. 8 

as a purely numerical equation replacing (22), and in it the integrations 
relate to any convenient contour of area A . Now suppose that 0 (fig. 8) is the 
middle point of a straight length a of the chosen contour which passes 
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through two nodal points P, Q of the '' net ”, and let R, 8 be adjacent nodes, 
symraetrically arranged with respect to 0. Take axes Ox, Oy through 8 and 
P, as shown. 

The polynomial expression 

WQ + Ax-\-By-h Gx^ + Dy^ + 2Exy (i) 

can be substituted for w{x, y) with neglect of terms of order (at least) as 
concerns the region PBQ8; and to this approximation the values of w; at S 
and R (i.e. the points ± ^lZaj2, 0) are 

Wq ^ + la^G, WQ-'^aA + Id^G, 


so that = A^ZaA, 

To a corresponding approximation 


^=.A + 2Gx + 2Ey, 


== A + 2Ey, for points on the line QP. (ii) 

Therefore to this approximation the contribution of QP to the integral 

Cdw . . 

IS given by 


— ds = aA=i according to (ii). 

J —ia 


(31) 


Provided that the chosen contour consists entirely of straight lines on which 
nodal points are spaced at equal intervals a, this very simple formula gives 
the integrals in (30) with an error which is of order (at least). 


Gomfleiion of the solution 
27. The prediction that 

should have the same values for all contours enclosing an internal circle 
{A being the total included area) was verified by calculations made in 
accordance with (31) for the three concentric hexagons lettered {a), (6) and 
(c) in fig. 5. The values obtained were 

(^) {b) (c) 

/o = 0-08865 0-08916 0-08969 

= 5-458 5-452 5-425 
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and the discrepancies as between contours (a) and (6) can be neglected in an 
approximate treatment. The results are less reliable for (c), since this 
contour includes part of the actual boundary. 

Taking as mean values 

/o = 0*08917, = 5*445, 

we find that k = 0-01638 (32) 

according to (30). Values of 

w = kw^, 

can now be calculated, and these multiplied by constitute the approxi- 
mate solution for W, Contours of constant w are shown in the upper part of 
fig. 7. 


IV. An example in plasticity : the torsion problem por 

AN OVERSTRAINED SHAFT 

28. In the theory of Saint-Venant (Southwell 1936, §389), torsion 
entails on a cross-section stresses given by 

dW dW 

= = (33) 

where [i denotes the modulus of rigidity and r the twist per unit length. W is 
the function introduced in § 19: from (33) we see that the shear stress at any 
point is directed along a line of constant W and has an intensity measured by 
the gradient of in a direction perpendicular to that line. 

Suppose that the relation between shear stress and strain is linear up to 
some definite limiting stress fy, but that when this stress is attained the 
strain can increase indefinitely (fig. 9). The assumption accords closely with 
the phenomenon of ''' yield” which is exhibited by some materials, and on it 
Prandtl (1923) has based a theory of torsion beyond the elastic limit. 
Whereas in the last example W was governed only by boundary conditions 
combined with (2), now according to our assumption a further restriction is 
imposed. The gradient of W must not exceed a limiting value that is, 
if w stands for an approximate solution expressed “non-dimensionally ” in 
the manner of § 21 {wL^ ^ W), the gradient of w with respect to the nondimen- 
sional coordinates must not exceed a limiting value 


X==fyl/iLr. 


(34) 
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In regions where it is not governed by this restriction w must satisfy, as 
before, the finite-difference relation 

in relation to a star' having unequal arms. 



29. The problem thus presented is intractable by orthodox methods, for 
the reason that a priori we cannot define the boundaries of the regions within 
which the gradient attains its limiting value. Accordingly Prandtl has 
proposed an experimental technique which takes advantage of the pro- 
perties both of soap films and of granular materials with friction. In effect 
a hole of the requisite shape is “roofed” by a surface of constant slope, and a 
soap film spread across the hole is deflected by a uniform pressure. In places 
it bears against the “roof”, thus satisfying the overriding condition of § 28: 
elsewhere it sustains the pressure in virtue of its tension, thus satisfying an 
equation of the form of (2).* 

On the other hand the problem presents no difficulty when treated by 
relaxation methods. Prandtl’s analogy described above shows that the 
gradient of w will attain its limiting value (if at all) near the boundary: 
therefore we can postulate values of w which must not be exceeded, and at 
nodal points where these values are attained the “residual forces” will 


* Of. Nadai ( 1931 ), Chap. 19. 
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not require to be liquidated, because pressure can be sustained by the 
‘‘roof”. 

30. No other change in procedure is demanded, and here it will suffice to 
give results. The section considered was an equilateral triangle, and calcula- 
tions were made for the following values of A: 

(a) 3600^3, (b) 2700^3, (c) 1800^3, (d) 900^3. (35) 



(a) (cj (b) (b) (c) (d) 

Fig. 11 

Fig. 10 exhibits contours of constant w in these four cases, the extent of the 
overstrained material being shown in each instance by dotted lines. Fig, 11 
shows how the overstrained region increases with increasing torque, and 
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fig. 12 the relation between torque and twist. It is known (Southwell 1936, 
§§ 339, 390) that the torque 

T = 2/iTl?^^Wdxdy (when x and y are “non-dimensional”) 

= 2/it L*^jwdxdy=^L^fyjjwdxdy, according to §28, (36) 

and the surface integral of w is given (with close approximation) by 

^jwdxdy^^^a^Iiw), (37) 

the summation extending to every nodal point of the triangular net. 



V. An example eelating to magnetic induction 

31. A magnetic field can be specified by an expression for the ''mag- 
netic potential” (Jeans 1923, §408). In regions occupied by non-magnetic 
material the components of magnetic force are 
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and in regions occupied by magnetic material of “permeability” /t the 
components of “magnetic induction” are 

dQ , dQ dQ 

'--/‘fe- w 

At every point in the field Q must be continuous and must satisfy the 
equation 



which reduces to Laplace’s equation in a region where is uniform; and at 
any point in a surface where the value of pi changes abruptly from to 
it must satisfy the boundary condition 

dQ dQ 

and denoting normals to the surface drawn into the two media (Jeans 
1923, §§432, 466). Exactly similar conditions govern the electrostatic 
potential in regions which include dielectrics: thus an equation similar to 
(41) states the law of refraction of lines of magnetic force (Jeans 1923, 
§467). 

32. Even in two dimensions the calculation of by orthodox methods is 
difficult, and few solutions exist. Hele-Shaw and Hay devised an experi- 
mental technique depending on the apj)roximate analogy of this problem 
with that of viscous motion between nearly flat and parallel plates (changes 
in [Jb being reproduced by changes in the distance between the plates). Their 
paper (1900) contains many beautiful photographs of results. As a final 
application of our relaxation methods we now discuss the problem shown in 
their fig. 29 — namely, the effect of an otherwise uniform magnetic field of 
inserting a triangular prism of iron (permeability 100). 


33. Q being two-dimensional (so that dQjdz = Q), equation (40) permits us 
to introduce a conjugate function xjr defined by 


dQ dijr ’ 

^ dx dy' ^ dy dx' 


(42) 


Then on eliminating Q from (42) we find that (also two-dimensional) is 
governed by the equation 
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so that \}r is plane-harmonic in any region where /i is uniform. The boundary 
condition (41) will be satisfied provided that no discontinuity occurs in the 
value of 'ijr as we pass from the material of permeability into the material 
of permeability but according to (42) the gradient of ^ in a direction 
normal to the surface of separation must (since Q is continuous) change its 
value abruptly in the same ratio as /i: therefore lines of constant 'ijr will 
change direction abruptly while they pass into and out of the triangular 
prism, but ^ will experience no discontinuity. 



O M A 

Fig. 13 


34. The mechanical analogue of this problem is a transversely loaded 
membrane in which the tension is proportional to and a net will serve as 
before for an approximation if we assume that every ''string’’ has a tension 
T proportional to Suppose (fig. 13) that a string of length a lies as to a 
part (a^a) of its length in the region of and as to the remainder {oc^a) of 
its length in the region of If its deflections are xItq, at 0, M and A 

respectively, the condition for equihbrium at M is 

a^a ’ ^ ^ 

and this serves to determine in terms of and Then the force 
exerted by the string on 0 is given by 

^ - I / (-^2ai + ^“2)- 

The force exerted on A has the same magnitude but opposite sign. 


(ii) 
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If the whole length OA had been under tension the force on 0 would 
have been — i^o)!^- Thus the effect of the altered tension in MA is to 
alter the effective length of the string from a to 

+ since Toc/^“^ 

and it follows that in numerical calculation we may employ the formulae 
(26)~(28) of §§23--4j with 

* = ai+^a2 (44) 

in cases where a string crosses from a region where /^ = /^i into a region where 
pL = The argument for this procedure, as for that suggested in §23, is 
that it is consistent with the procedure which we have found justification 
for using in the ordinary case, and that more exact treatment would entail 
undue complication, considering that at every advance to a finer net we 
recalculate our errors and (in effect) start afresh. 

35. This is the only novelty entailed in the relaxation procedure, and here 
again it will suffice to give results. Fig. 14, showing calculated contours of 
constant is comparable with fig. 29 of the paper by Hele-Shaw and Hay, 
here reproduced as fig. 15. Except that the experimental method has failed 
(as always) to reproduce the sharf refraction at the boundary of the magnetic 
material, the contours are practically indistinguishable. 

The authors gratefully acknowledge help received from Mr V. Belfield, 
also from the Secretary and staff of the Aeronautical Research Committee, 
in the preparation of diagrams suitable forreproduction. 

SXTMMAEY 

In this paper relaxation methods are applied with success to four problems 
involving Laplace’s, Poisson’s and similar equations in two variables, 
namely: 

the torsion problem of Saint- Venant for triangular shafts (this, since the 
solution is known, serves to illustrate and in some degree to test the methods) ; 

the same problem for a shaft pierced by axial holes (a multiply-connected 
cross-section); 

the torsion problem modified by the imposition of a definite limit to the 
shear stress (Prandtl’s problem); 

the problem of magnetic induction in a field containing iron. 

In all four problems the methods lead without difficulty to solutions of 
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sufficient accuracy for practical purposes, and it seems reasonable to 
conclude that they will be applicable (suitably modified) to other problems 
which, like the last three, would present great or insuperable difficulties if 
treated by orthodox methods. 



Fig. 14 
Appendix 

On the 'possibility of formulating a polynomial function of x and y which 
has specified values at any finite number of specified points 
Let lines be drawn parallel with the cc-axis to pass through every one of 
the specified points, and suppose that there are N of these lines, defined by 
the equations 

y = yn ••• y = y^^ ••• y = y^- 
P{y) = (2/-2/i)(2/-y2)---(y-2/iv)= 

Pniy) = P(y)liy-yn), 


Then, if 
and if 


(i) 

(ii) 
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it is clear that PJn) will vanish on all of the lines (i) except the line {y = 
Therefore the polynomial function 


F{x, y) = Pi(2/) + Xz Pziy) + . . . + P^{y) + . . . + Xj^P^iy) (iii) 



Fig. 15 

(in which X^, X^, . . . X^ are functions of x as yet unspecified) will be given on 
the line y = by 

P(!r,y)„ = (iv) 

Suppose that at those specified points which he on the hne (y — y„) x has 
the values a^, ... Tc^, and that the specified values of the polynomial 

functiop at these points are Qa,w Qb,w •••> Qic,n- Then if 

n^(x) = (x-aj{x-bj... 

and if = i7„/(a:— J 
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it is clear that vanishes at all of the points {x = 6^), ... (a; = but 

at the point (x = a^) has a finite value 

^atui^n) ” ^*w)* (vi) 

Therefore the polynomial function of x given by 

~ P ^ ^ + •• • + ^ 11 jc^ ni^)l^kj ^^(^^^)]^» (vii) 

will assume the values 

p /. \ [Ca, n» •••> Qkf w] (viii) 

at the points k^ on the line y — it follows from (iv) that if we 

substitute the value (vii) for in (iii), then F{x,y^) will assume the 
specified values at the specified points. 

Deriving expressions of the type of (vii) for all of Xg, ..., X^ in (iii), 
we shall have an expressioif for F{x, y), polynomial both in x and y, which 
takes the specified value at every one of the specified points. 
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Oscillatory motion of a fluid along a circular tube 
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AND R. V. Southwell, F.R.S. 
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Introductory 

1 . This paper deals with oscillatory motions of a viscous incompressible 
fluid in a uniform circular tube. The oscillations may either be free or forced 
by a pulsating pressure, control coming in both instances from the “gravity 
head” which results from the passage of fluid. They are closely analogous 
with mechanical and electrical oscillations, but the theory is complicated 
by the circumstance that the fluid does not oscillate as a rigid body, its 
velocity ranging between a zero value at the wall and a maximum value at 
the axis of the tube. 

Our interest in the problem originated in a notion that oscillatory motion, 
either “free” or “forced”, might be made the basis of a new method of 
viscometry. Of existing methods, all which aim at high accuracy appear 
(following the pioneer method of Poiseuille 1 840 - 1 ) to take advantage of the 
known solution for steady flow along a straight and uniform tube. Com- 
mercial viscometers employ the same principle, but the tube (for con- 
venience) is made relatively short, and the motion is not steady, since the 
“head” of the fluid is changing throughout the tests.* On this account their 
measurements are comparative rather than absolute; for since the motion 
is not calculable by theory they must be calibrated with the aid of fluids 
whose viscosity is known. They have the advantage (compared with 
Poiseuille’s method) of not requiring a large amount of the fluid under test; 
but it is diflScult to be certain of the exact temperature of the oil while it is 
passing through the tubular oriflce, and this is a serious disadvantage in 
view of the rapidity with which the viscosity of oils decreases with increase 
of temperature. f Our notion was that a method involving pulsating instead 
of steady flow on the one hand would call for only a small amount of the 
fluid under test and on the other would have some claim to be regarded as 
an absolute method. This is not the place for a complete account of the 
resulting “oscillation viscometer”, but such features as have a bearing 

The “ixometre” of Barbey is an exception (of. Barr 1931, chap. iv). 
t Barr 1931, chap, i, §6. 
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on the fundamental problem of this paper receive brief notice in Part II; 
Part I deals with theory and Part III with experimental results. 

We acknowledge with gratitude help received in the preparation of 
diagrams for this paper from the Secretary of the Aeronautical Research 
Committee and his staff, and from our colleague Mr V, Belfield. 

I. Theory 

2. Simplified with a view to theoretical treatment our problem may be 
stated as follows (fig. 1): The fluid (here treated as incompressible and 
characterized by density p and viscosity /t) executes rectihhear oscillations 
in the straight tube AB, starting from and discharging to reservoirs A 
and B. Discharge into A wiU cause the free surface in that reservoir to rise 
and the free surface in B to" fall: it is resisted by a gravitational pressure- 
difference ^gpx, 2x being the height by which the level of A exceeds the 
level of B, We assume that this pressure difference is transmitted without 
change to the terminal sections of the tube, and has there the same value 
at all radii: that is to say, we calculate the motion of the fluid column on 
the assumption that the net pressure difference tending to maintain the 
displacement is 

at all radii, p denoting the externally applied pressure in the direction of 
the excursion x. 



Fig. 1 Fig. 2 


We assume that v, the velocity of the fluid along the tube, is a function 
of time (t) and of the radial distance (r ) but is independent of angular position 
{6) in the cross-section. We assume further that the velocity has no radial 
component, so that v has the same distribution in all cross-sections. Near 
the ends, of course, radial velocities must exist on account of the motion 
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in the reservoirs; but they can have little dynamic effect, and we may expect 
that in a reasonably long column this last assumption will be close to the 
truth. 

3. We form the equation of motion for an annular cylinder of fluid having 
radii r and r + with length {2h) equal to that of the fluid column. Its 

mass is p X 2^ X 2nr8r, and the frictional force is 2Mr ~ its direc- 

tion being that of v. The pressure difference exerts a force ^nrSr x (p — ^gpx) 
in the same direction : therefore the equation of motion is 


aid [ [ p 


( 1 ) 


Now let A stand for the area of the free surface in each reservoir. (We 
assume that the reservoirs are cylindrical, so that A is independent of the 
displacement.) Then evidently 


.4 — = total flow through the straight tube 


= f v27Trdr, 
JO 


(2) 


and so, after differentiating (1) with respect to time, we can eliminate x 
with the aid of (2). The result is 


prdr\ 


( 3 ) 


dots denoting differentiations with respect to 


4. Assuming now that 


cc = Xe^\ 

V = 


( 4 ) 


* Increase of 53 by a constant (steady) pressure entails a constant addition 
to X, where 


Pc = 


V then vanishes according to (2), and (3) is satisfied. Hence, if p fluctuates about 
a non-zero mean, the free surfaces will fluctuate about mean positions removed by 
distances x,, from their positions of equilibrium when both free surfaces are exposed 
to the same pressure. 
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where P and X are constant and F a function of r only, we substitute in (2) 
and (3) to obtain 


where 


dr^ ^ r dr 2h/i^ 


Accordingly we have 

7m^ 

9 


where 


hA n^J 0 




Q 


p 

-\ 

2h/i 


nd^ 


11 



■ dTY 


(5) 


(6) 

( 7 ) 


Equation (7) gives the ratio in which gravity is reduced (effectively) 
by reason of the fact that our straight tube (fig. 1) discharges at each end 
into a reservoir of greater cross-sectional area A, On certain assumptions 
the theory now being formulated may be regarded as applying to oscillations 
in a U-tube of uniform circular bore (fig. 2): then A = the cross-sectional 
area of the tube, and so 

9' = 9 

according to (7). With g' defined by (7) the relation (6) applies generally. 

The assumptions in question are 

(a) that the curvature of the U-tube may be neglected as concerns its 
effect on the motion of the fluid; i.e. that the fluid velocity (as in the 
straight tube) is directed everywhere along the central line of the tube and 
is a function only of r, the distance from the central line; 

(b) that surface tension operates to keep both free surfaces flat ; i.e. that 
the pressure-difference may be taken as independent of position in the 
cross-section. 


5. The solution of (5) which satisfies the condition of no ‘‘shp” at the 
boundary is 



dr 2h/j,j jQ{lca) A:\ 2h/i) Jf,{ka)’ 


Then 
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and we have from (6) 

rg' [ ^ pg' 

\jm^ \ haJffka)] 

But from (2), (4) and (6) we see that 

z-feg. 

gp 

Therefore we have, finally, 

Til- li y = 9' P 

\_hn^ \ kaJffka)] J g2pihn^ 

as an equation relating the applied (periodic) pressure and the resulting 
(periodic) displacement of the free surfaces. In ( 1 0) both P and X (in general) 
are complex quantities. 


( 9 ) 

( 10 ) 


Free oscillations 


6. When P is zero we have an equation determining the period and decay 
factor for free oscillations. It may be written in the form 


hn^ _ j 2JfJca) 
g' ~ haJfJfca)’ 

2J.y{iz^i) 

g'xpa^ ~ iz^JiJgiiz^iy 


( 11 ) 


where, by the second of (6) 

2* = — ]c*a* = 


n^p^a*^ 


( 12 ) 


We know (since free oscillations must decay) that in the general case n 
and therefore z will be complex: therefore in the absence of tables relating 
to Bessel functions of complex argument it would seem that a complete 
solution of (11) is out of the question. 

We can, however, solve (11) if we assume either that z is very large or 
very small. Evidently z can have a real value 


z = a 



(13) 


provided that the term involving Bessel functions is negligible; and for 
real values of z we can show (of. § 8 and Table I) that 


2Jj^{iz^Ji) 

izfiJf^izA^i) 


{A{z) + iB{z))-\ 
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where A{z) and B{z) are functions of z increasing steadily from 1 and 0 
respectively to a limiting value 2/^8 (cf. § 8) as 2; increases from 0 to 00. 
Accordingly z can have a real value z provided that this is very large, and 
from (13) we see that z will be very large provided that pc/p is very small. 
So, when the viscosity is negligible, the equation of free oscillations tends to 
the limiting form 

n==^ig'lh). (14) 

We can now deduce an approximate solution* for the case of finite but 
very small viscosity by substituting for the right-hand side of (11) its 
first approximation when z is large, viz. 


Then, in place of (14), we have as a second approximation 


n = 



z I a/ aI z^J2'^z^2j’ 


(15) 


when the second and higher powers of 1/5 are neglected. This indicates that 
on account of friction the period of a complete oscillation will be lengthened 
from 





to 





to the same approximation; and that the ratio of one excursion to the next 
(on the opposite side) will be where by (4) and (15) 


A 


1 liL 

ZfJ 2h' 


The logarithm of the ratio (i.e. the “logarithmic decrement” of the oscilla- 
tion) is 


8 = ^XT = fo til® first order in 1/z, 


TT _ TT 4 / 

ZaJ 2 ~ alj 


by (13). 


(16) 


These formulae should be applicable to mercury, for which /i/p = 0-0012, 
approximately, in c.g.s. units. For unless the bore of the tube is extremely 
small, fiiction may be expected to have very little influence even when 
allowance is made for the circumstance (disregarded in this theory) that 

* {Added 13 Aitg, 1938.) Somewhat similar analysis has been applied by Fage 
(1938) to the problem of a viscous fluid oscillating axially in an annular pipe. 
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rectilinear motion may become unstable and give place (locally at least) 
to turbulent flow. 


7. At the other end of the scale, when z is small, we may use the series 
expressions 




l-^ + 


1.2 1 . 2 . 2. 3 


Jo{x) = 


l!2 2!^ 


Then, if we neglect powers of z higher than the fourth in comparison with 
unity, (11) reduces to 



or to 


— n'^-i-2Xin + a^ = 0 , 


where 


A 


4:h 


According to this equation, the approximate solution for n is 

iA±V(a^-~A2), 

and hence, according to (12), 

2J^ = 3{i±V(a2/A2~.l)}. 

It follows that \z^\>3 if > A^, 

as must be the fact in order that oscillations (as distinct from a sub- 
sidence) may occur: therefore, when the conditions are those in which we 
are interested, the magnitude of z will be such as to throw doubt on the 
approximation which results from the assumption that 1 2 : | is small. 

It thus appears that little can be done in theory to predict the behaviour 
of free oscillations which are controlled to an appreciable extent by friction. 
For this reason (among others; cf. §12), greater practical importance 
attaches to the theory of forced oscillations. 


Forced oscillations 

8. When the oscillations are forced by a periodic pressure, 71 is a real 
constant and accordingly as defined by the second of (5), is a pure 
imaginary. Introducing the quantity z as before (§6), we may write (10) 
in the form 

Vg' I 2JSzS P 

[hn^ ( iz^iJoiizAji)) J g2phn^’ 


(17) 
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where z is real. The quantity in twisted brackets may he tabulated with 
the aid of tables of the ber and bei functions first introduced by Lord Kelvin 
(1890; of. Watson 1923 and Jahnke and Emde 1909). Writing 

^i) = her (2) + i bei (z). 


df 

we have = ■^JQ{iz^Ji) = her' (z) + i bei' (z), 


so that 


iz^iJ^ilz^i) _ iz ber (z)+i bei (2) 
2Jj^(iz^i) ~ 2 ber' (z) + i bei' (z) ’ 

_ z W{z)+iZ{z) 

“2 Viz) ’ 


( 18 ) 


where F, W, Z stand for functions defined as rmder (Russell 1914): 
VCx) — ber' 2 a: 4 -bei'®a:, 

Z{x) = ber x ber' x + bei x bei' x, 

W{x) = ber a; bei' a:— bei a: ber' a;. 


Accordingly we have 

= G{z)-iD{z), 

where A, B, 0 and D are functions defined by 

A(a;)-1 




{A (z) — Ip + B{z)^ ’ 
B{x) 


2F(a:)’ {A{x)- 1 }^+ B{x)^’ 

and equation ( 17 ) may thus be written in the form 

P 




2 phn? 


( 19 ) 


( 20 ) 


( 21 ) 


The factor enclosed within square brackets is a complex quantity 
defining both the amplitude and phase of the fiuid oscillation. The functions 
A{z) and B{z) are the functions denoted by w'Iwq and L'^o)Iwq, respectively, 
in the ''Funktionentafeln” of Jahnke and Emde, where the independent 
variable is denoted by As z tends to oo (fluid of very small viscosity), 

* Section xni, § 7, Table XXI and Fig. 42 of the first edition (Berlin, 1909), pp. 
144-7. 
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A{z) and B{z) both tend to the value z/^S, so that G{z) tends to 1 and D(z) 
to zero: then we have as the limiting form of (21) 


( 


1 - 



X = 




( 22 ) 


— an equation which is evidently correct when n = 0, and which indicates 
that ‘ ‘ resonance ’ ’ will occur when the period of a pulsation is that of a simple 
pendulum of length hgjg'. This result was to be expected. 


9. At the other end of the scale (fluids of high viscosity, tested in tubes 
of small bore) we have, proceeding as in § 7, 


C(z) — iD{z) 




~ 3(^~16x36o)~z2( ■^ 16 x 72 ) 


if we neglect terms of order in comparison with unity : so when z is small 
the imaginary part predominates in the quantity C{z) — iD{z). With neglect 
of positive powers of z equation (21) becomes 


1 


37 


+ 


iitT 

9 




(24) 


when we substitute for z^ from (12), This shows that at very low frequencies 
the response (as we should expect) is Pj^gp; but unless n is very small the 
viscous term will predominate in the square brackets, and then we shall 
have approximately 


9\X\ 1 


(25) 


i.e. a response inversely proportional to the frequency of the pulsating 
pressure. 

Equations (22) and (25) are the theoretical basis of our, “forced oscillation 
method” of viscometry. 

10. For values of z between 2'6 and 20, C{z) and P(z) may be calculated, 
by (20), from values of A(z) and B(z) taken (of. § 8) from Table XXI of the 
“Punktionentafeln”. For smaller values of z the approximate formula (23) 
can be used. Values obtained in this way are given below, and the trend of 
the functions in fig. 3. 
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Z 

0 

0*5 

1-0 

1*5 

2*0 

2*5 

3-0 

3- 5 

4- 0 
4‘5 

5- 0 
5-5 
6 

8 

10 

15 

20 


Tab5.e I. Values of the fuhctiojsts G{z) and I){%) 


A{z)^l 

0 

0-0000 

0-0001 

0-0258 

0-0805 

0-1747 

0-3180 

0-4920 

0- 6778 
0-8628 

1- 0430 
1-2190 

1- 3937 

2- 0956 
2-7940 
4-5732 
6-3250 


B(z) 

0 

0-0313 

0-1247 

0-2777 

0-4806 

0*7136 

0- 9508 

1- 172 
1*373 
1-558 
1*737 

1- 916 

2- 093 

2- 814 

3- 487 
5-316 
7-082 


C{z) Diz) 


1-33331 

1-3333 

1-3331 

1-3322 

1-3296 

fl-3243j 

tl-3237 

1-3164 

1-3045 

1-2898 

1-2720 

1-2541 

1-2364 

1-2204 

1-1702 

1-1399 

1-0931 

1-0701 


from 

(23) 


from 

( 20 ) 


CO 

31-949 

8-0192 

3-5702 

2*0239 

1-3221 

0-9459 

0-7254 

0-5870 

0-4912 

0-4231 

0-3715 

0-3310 

0*2286 

0-17465 

0-1081 

0-07855 



Using this table we can construct a vector diagram on the lines of fig. 4 
in which AB represents, for an origin at Q, the end of a variable vector 
QP = { — G{z)'^iD{z)], If we take 0 to the left of Q by an amount repre- 
senting g'jhn^, then OP wiU represent, for the value of z corresponding with 
any point P onAB, the quantity included within the square brackets in (21). 
The displacement will ^'lag” behind the pressure by a phase-angle POQ, 
and its amplitude will be given by 


1^1 


1^1 9' \OQ\..\P\ 

2phn^ \OP\g~ \ OP\ 2gp’ 


(26) 
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in which j P | denotes the amplitude of the pressure p according to (4). 
We observe that | P \l2gp would be the response of the fluid to a maintained 
pressure | P | . 



Fio. 4 



Z 

Fia. 5 


Fig. 5 has been constructed from a large-scale plot of fig. 4 to show, for 
the range 0 < s < 20, the variation with z of | OQ | / [ OP | when g'jhn^ (repre- 
sented by I OQ I) has the values 1-25, 1-33, 1*5, 2*0 and 3*0. It indicates 
that large values of g'jhn^ will give a response which is insensitive to varia- 
tions of viscosity over practically the whole range, but is small: on the other 
hand it suggests that we may make g'lhn^ as small as 1*5 or even 1*25, and 
thus obtain the same insensitivity in a response which is greater, provided 
we can arrange that z is not less than about 12. The same conclusion can be 
drawn directly from equation (21); for whexxz exceeds 15 or 20 the quantities 
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{C{z) — 1} and D{z) are both represented closely by ^2/z, and hence, approxi- 
mately, that equation reduces to 



(22 bis) 


which makes X independent of changes in the viscosity. 


II. Peactioal consideeations 

11. To summarize this theoretical investigation, we have assumed that x, 
which measures the displacement of the free surface, and p, the applied 
pressure, both involve the time as an exponential time-factor in which n 
may be either real or imaginary. On this assumption we have obtained the 
relation (10) between the applied pressure and the response thereto. When 
P = 0 we have the equation (11) governing free oscillations. This can be 
solved approximately if z is small (i.e. when the viscosity of the fluid is 
large), but (§7) the approximation is not reliable except in circumstances 
where a subsidence, as distinct from damped oscillations, is to be expected. 
It can also be solved approximately when z is large, and for fluids of neg- 
ligible viscosity it reduces to (14), indicating (as we should expect) a simple 
harmonic displacement of period 2ti ^( hjg'). 

When the friction is small there is a possibility (not contemplated in the 
theoretical investigation) that rectilinear flow may be replaced — at all 
events in part of the tube — ^by a turbulent regime. This is not of much 
importance when, as in the case of mercury oscfllating in a tube of fairly 
large bore, the motion will in any event be almost unaffected by viscosity; 
but the possibility must be kept in mind when the formulae for forced 
oscillations are apphed to viscometry. 

Reynolds’ number E, the criterion of transition from laminar to turbulent 
flow, wiU be proportional to the product of a representative length and 
velocity divided by the kinematic viscosity v ( = /ijp) of the fluid. If we take 

a and —,'n,\X \ as the representative length and velocity,* then 

E = j,pan\X\l/i = ^z^\X\/a, by (12), 

and it would thus appear that turbulence can be avoided either by using 
tubes of small bore or by restricting the amplitude of the excursion. It does 

* I X I is a measure of the fluid displacement in the tube, 

9 
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not seem possible to predict the critical value of Reynolds’ number, and no 
clear indication is afforded by published experiments which, almost without 
exception, relate to the stability of steady flow down long tubes;* but such 
evidence as is available suggests that it would not be safe to work with 
values of z in excess of 1. This of course is a question to be settled by experi- 
ment, as also is the question of end effects (which our theory disregards). 

12. In thinking of oscillatory motions as providing the basis of a possible 
method of viscometry , we contemplated that the oscillations might be either 
“free” or “forced”. In the “free oscillation method” 

(fig. 6) two U -tubes are placed in series with a small 
air space separating the two fluid columns, one tube 
being filled with mercury, the other with the fluid 
under test. Tested separately, the mercury, on ac- 
count of its high density and low viscosity, would 
oscillate freely for a long while, but the oil would soon 
come to rest: placed in series, the two fluids oscillate 
with a decay factor which can be regulated by altering the length of the 
mercury column, f The measured decay factor would be interpreted by 
means of the formulae of §§ 6-7, which are easily extended to the case of 
two U-tubes in series. (This is evident from the form of (21), in which the 
pressure difference P and displacement X can be interpreted electrically 
as potential difference and current: then the quantity in square brackets 
(appropriately multiplied) is the analogue of “impedance”, and we can 
deal with U-tubes in series or in parallel exactly as in the theory of electric 
networks.) 

But in practice the “free oscillation method” is restricted: for unless 
viscosity exerts a predominating influence results are difficult to interpret; 
and if it does, then the oscillations decay rapidly and measurement is 
difficult. A few preliminary experiments led us to discard this first alter- 
native. 

13. In the “forced oscillation method” (believed to be new) the two 
U-tubes are placed “in parallel” instead of “in series”, and the same 
pulsating pressure is applied to both. Fig. 7 shows (diagrammatically) 
the general arrangement. Temperature control is easy, and very little fluid 
is required. Because the motion is maintained, observations can be repeated 

* Cf, the second footnote to § 23 . 

t Menneret (1911) employed the method of free oscillations for the measurement 
of viscosity, but does not appear to have used our device of a mercury tube in series 
(cf. Barr 1931, chap. x). 
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indefinitely; and because in this instance an approximate theory can be 
constructed, they may be analysed either on an absolute or on a comparative 
basis. Measurement of pressure is not necessary, since the viscosity of the 
fluid under test can be determined from the ratio of the two amplitudes 
(exactly as in electricity two impedances can be compared by measuring 
the currents which flow through them when arranged in parallel). The 
response of the mercury tube can be calculated from (22), and the response 
of the fluid under test from (25): then we have two responses related with 
the same quantity | P|, and eliminating | P| we have a relation whereby 
results can be interpreted. 

This method is the basis of our ‘‘oscillation viscometer’’. Detailed 
description is reserved for a subsequent paper.* 



III. Experimental 

14. We now describe experiments which have been made to check the 
theory given in Part I. 

Experiments using free oscillations 

The aim of these experiments was to test the conclusions of § 6 as applied 
to free oscillations of mercury in a bent glass U-tube, and in particular 
to study the effects of surface tension. It was also thought that they might 
throw some light on the question (§11) whether our formula (22) for the 
response of mercury to a pulsating pressure is likely to be invalidated by 
the onset of turbulence at high values of Reynolds’ number. The work 
resulted in a satsfactory technique for the observation of damped free 
oscillations, and although the experiments were few it seems worth while to 
put this on record. 

Timing by stop-watch was found to be insufficiently exact, on account 
of the small number of oscillations large enough to be measured accurately; 
but by using a small cinematograph to photograph the apparatus together 
with a “clock” (the latter a synchronous motor making approximately 

* The instrument is covered by British Patent No. 434994 (1934). 
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3 rev./sec.) we were able to construct diagrams of which fig. 9 is typical, 
showing the variation of the excursion {x) on a known scale of time. For 
this purpose the cinematograph record (exemplified by fig. 8) was examined 
in a microscope fitted with a hair-line which could be traversed by a 
micrometer screw. The ‘'clock ” readings were recorded in tables, along with 
the instantaneous positions (as read on the micrometer) of the two ends of 
the fluid column. For determining periods and damping factors it was not 
necessary to translate the micrometer readings into absolute values of the 
excursion. 




Fig. 8 



Fig. 9 


15. Our tests were made with a single U-tube containing various quan- 
tities of mercury, i.e. on mercury columns of different lengths but constant 
diameter (0-80 cm.). In Table II the measured period T and logarithmic 
decrement 8, as deflned in § 6, are related with the length (2A) of the fluid 
column, calculated from the weight of mercury and from the measured 
diameter. In every experiment the periods of successive swings were found 
to be practically constant, and the first four excursions, plotted logarithmi- 
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cally as a means to the determination of S, gave very good straight lines; 
as the amplitude of excursion became smaller, S tended to become somewhat 
larger. 

According to the approximate theory of § 6, the period is given by 

and the logarithmic decrement by 

so that for these experiments (in which g' — g) we have according to theory 


and 


T = 2n (say) 

r = ^\(l + |) = 2’2(say) 


(27) 


to a first and second approximation, while for different column lengths of 
the same fluid tested in a given tube, equation (16) predicts that 




4:pa^' 


(28) 


In the experiments surface tension must have operated in some manner 
as an additional control, and on this account we should expect the measured 
period to be shorter than the theoretical (since in effect g is increased). 
Table II shows that T is always less than T^, though greater than as 
regards the larger values of 2A. 


Table II 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

2h as 
measured 

cm. 

T 

sec. 

^ (from 
experiments) 

sec. 

sec. 

TIT, 

^ 72^1 X 10 ® 

22-12 

0-645 

0-138 

0-667 

0-696 

0-927 

2-855 

44-2 

0-935 

O-IO 2 I 5 

0*943 

0-974 

0-960 

1-106 

66-4 

1-16 

0-11245 

1-156 

M97 

0-969 

1-094 

88-5 

1-36 

0-1161 

1-334 

1-383 

0-983 

1-010 

110-6 

1-53 

O-I 2 II 5 

1-492 

1-550 

0-987 

0-984 

132*7 

1*695 

0-1290 

1-634 

1-701 

0-996 

1-018 


Values of 100^^/I\ are given in the last column of Table II. They may be 
compared with the theoretical value according to (28), which is about 



Oscillatory motion of a fluid along a circular tube 367 

0-0058 when /i = 0*016, p = 13*55. The actual decrement is much larger 
than our approximate theory would predict, but except for the shortest 
column length is reasonably constant. 

Experiments using forced oscillations 

16. Our first experiments of this kind, in which glass U -tubes were em- 
ployed, do not call for detailed description. They indicated the feasibility 
of a '‘forced oscillation method ” of viscometry (§13), but they also indicated 
the practical desirabihty of the straight-tube arrangement shown in fig. 1 
— ^mainly by revealing an appreciable meniscus effect. In a bent U-tube 
it is difficult to estimate the effective length of the fluid column, and the 
circular cross-section may be altered in the bending process by an amount 
very difficult to measure: when a straight tube is employed, discharging 
into containers of greater diameter, the meniscus effect is largely reduced, 
the column length remains practically constant, and a high degree of 
circularity can be ensured. We decided to adopt this arrangement, and 
started experiments to determine the equivalent length of the fluid column 
(having regard to the accelerations at entry and discharge) and to investigate 
whether limitations are imposed by turbulence (§11). 

17. Some account should be given here of the pump used in our experi- 
ments. Since our theory presumes that the pressure varies as a simple 
harmonic function of the time, we took pains to satisfy this condition in 
our apparatus by arranging to have a piston of uniform diameter moved 
by an eccentric rather than by a crank and connecting rod. Equally impor- 
tant is the requirement that excursions shall repeat indefinitely, without 
any tendency towards a "shifting zero”: this means that on the average 
(i.e. in a complete cycle) the pump must move air neither into nor out of 
the space above the two fluid columns. To meet these requirements the 
pump shown (diagrammatically) in fig. 10 was constructed by Mr S. Munday 
in the workshops of the Engineering Department. 

An annular piston {A) is moved up and down in a cylinder {B) by an 
eccentric {C) which is driven (through suitable gearing) by a small syn- 
chronous motor. The cyhnder is contained within the pump body (D), 
of which the lower part {E) is occupied by mercury; the two U -tubes of 
the experiment are connected with the closed air-space {F) between the 
cyhnder and pump body. The lower end of the piston is in contact with the 
mercury at all times: when it moves down, the displaced mercury travels 
up the central hole {0) and (since this hole is small) its free surface in 0 is 
considerably higher than its surface in the aimular region F- Thus travel 


24-2 
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of the piston creates a pressure in F, which pressure is transmitted to the 
U -tubes. The piston is an easy working fit in the cylinder, but surface 
tension prevents the mercury from leaking through the small clearance 
between their surfaces, and thus the mercury forms a seal preventing air 
from entering or leaving the air-space F . 



18. Accurate measurement of amplitude being important, in these 
experiments we inserted ancillary tubes, very nearly straight and horizontal, 
in series with the U -tubes (fig. 7). Each contained a small quantity of 
coloured fluid (water or benzene), which indicated by its travel the amount 
of fluid displaced in the oscillation. Since the viscosity of the indicating 
fluid was small, very little frictional resistance was opposed; and since the 
tubes were only slightly inclined to the horizontal, no appreciable control 
was exerted by gravity.* Therefore no appreciable change of pressure 
occurred in the air spaces A, A, and hence no appreciable change of volume, 
so the indications were practically exact; and on account of their small 
bore the ancillary tubes magnified the excursion which had to be measured. f 

19. Four steel tubes of high accuracy (hereafter termed Tubes A, B, C 
and jD) were supplied by Messrs Accles and Pollock; their internal diameters 
were 0-443, 0-358, 0-153 and 0-062 in. {a = 0-562, 0-455, 0-194, 0*078 cm.), 

* To obviate unwanted control being exerted by the inertia of the indicating 
column, this must be kept short. 

t This device was used by one of us (A. G.) in an earlier investigation, “Viscositat 
und Fliersfestigkeit Zaher Mineralote ” {Berliner Akad, Berichtet 1932). 
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and all four were of length 36 in. These discharged into contaiaers having 
an internal dianaeter l-SOl ( + 0-003 in.). In successive series of experiments 
the tube length was reduced from 36 in. to 27, 18, 12 and 6 in., and with 
each length different fluids were tested, having viscosities appropriate to 
the diameter of the tube concerned. The range of the experiments is shown 
in Table III. Ancillary tubes {§ 18) were used as indicators of the amplitudes 
of oscillation. 


Table III 



(a) denotes Castor oil 

(order of viscosity = 10 poises), 



(&) .. 

“Mobiloil BB” 

( JJ 5> 

5 ,, 

). 



(c) „ 

“Apiezon” oil 

( >» >J 

3 „ 

). 



(d) „ 

“Benzole” oil 

( » • „ 

2 „ 

). 



(e) „ 

a transformer oil ( „ „ 

0-3 „ 

). 

), 



(/) .. 

a fuel oil 

( >» 99 

0-1 „ 



{9) .. 

Petrol 

( 99 99 

0-01 „ 

). 



(The numbers in the table are values of hn^jg', where 





g' ( = na^glA) is the effective value of g.*) 






Tube length (in.) 




Tube 

36 

27 

18 

12 


6 

A 

10-28 

7-60 

6-065 

3-38 


1-69 


(a), ( 6 ), (c) (a), ( 6 ), (c) 

(a), ( 6 ), (c) 

(o), ( 6 ) 


(a) 

B 

16-5 

11-62 

7-66 

5 - 165 


2-38 


(a), ( 6 ), (c), (a), ( 6 ), (c). 

(a), ib), (c), 

(a), ( 6 ), (c). 


(a), (&) 


(d), (h) 

(d) 

(d) 

(d) 



G 

84-86 

63-65 

42-45 

28-3 


14-15 


(d), (e), (/), id), (e), (/) 

(<«). (e), (/) 

{d), (e). (/) 


(d), (e) 


{h) 






D 

620 

390 

260 

173 


86-6 


(/), (?) 

(/). (?) 

(/), (?) 

(/). (?) 


(/). (g) 


* The frequency of the pressure oscillations produced by the pump, as determined 
from a number of observations of eccentric revolutions timed by a stop-watch, was 
0-497 oscillation per second (n = 0-987r = 3-079; n® = 9-480). 

In each experiment the amplitudes were observed (i) of a mercury column 
in a glass U-tube (the length of this column was not altered) and (ii) of the 
fluid in the straight tube under test. According to theory the amplitude (i) 
is given by (22), i.e. {hn^jg' being constant) it is proportional to the applied 
pressure; the amplitude (ii) is given by (25), i.e. it is proportional to the 
applied pressure and inversely proportional to the effective length (h) of 
the tube. Therefore the ratio (response of mercury) (response of test fluid) 
should be directly proportional to h. By varying the throw of the pump 
eccentric (§ 17) this ratio could be determined for several amplitudes; and 
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by plotting mean values on a base representing the actual length of tube, 
points could be obtained which according to theory should fall on a straight 
line cutting this base at the point {h = 0). In this way the effective length 
was determined. 



Fig. 11. Abscissae denote measured excursion of mercury indicator (in cm.). 

Ordinates denote addition (in cm.) to be made to measured excursion. 

20. The meniscus effect in the mercury U-tube cannot be ignored when 
the amphtude (and therefore the restoring force of gravity) is small, but 
should be negligible in relation to large amplitudes. Thus it was to be 
expected that the ratio of the measured responses would be practically 
constant in experiments involving large amplitudes,* and more especially 
in those which employed tubes of large diameter [A and B), so that ampli- 
tudes could be measured with precision. This expectation was confirmed, 
and by tentatively attributing every discrepancy from a linear law to 
meniscus effect in the mercury it was found that a reasonably consistent 
correction could be deduced for that effect, in the form of an addition to the 
observed amplitude as given by the curve of fig. 11. 

Applying the correction thus determined, we found that it considerably 
improved the consistency of our results: for tubes A and B the corrected 
ratios (Table IV) are practically independent of amplitude. From every set 
of experiments a limiting value, to which the ratio tends as the excursion 
tends to zero, can be estimated with considerable precision, and the limiting 
values, plotted on a base of actual length of test tube, fall very closely on 
straight lines (indicating a length correction independent of the actual 
length). The effective lengths are in all cases slightly greater (as we should 
expect) than the actual lengths, and the addition to be made to the actual 
length appears to be a constant, i.e. it is independent of that length, of the 


* Meniscus effects on the fluid under test were regarded as negligible (of. § 16). 
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viscosity of the fluid under test, and of the diameter. For the four sizes 
tested we obtained the following related values ('‘correction” = effective 
minus actual length): 

Diameter (in.) 0-062 0*153 0*358 0*443 

Correction 1*1 1*0 1*2 0*9 

These figures give no indication of any systematic variation. 


Table IV 


(1) Castor oil 



Tube A 



Tube B 



Oil 

Mercury 


Oil 

Mercury 

Length 

amplitude 

Oil 

Length 

amplitude 

Oil 

in. 

cm. 

corrected 

in. 

cm. 

corrected 

36 

2-3 

1-94 

36 

1*0 

4-4 

36 

3*3 

1*94 

36 

1-5 

4-3 

36 

4-2 

1-92 

36 

2-6 

4*35 

36 

5*3 

1*94 

36 

2*8 

4-60 

36 

6*4 

1-92 

36 

3-4 

4-32 

27 

3*35 

1-41 

27 

2*1 

3*4 

27 

6*10 

1-40 

27 

2*76 

3*4 

, 27 

6-60 

1-40 

27 

3-00 

3-46 

' 27 

8-00 

1-40 

27 

4*55 

3*40 

27 

11*9 

1-38 




18 

4*85 

0*91 

18 

2-7 

2*25 

18 

8*30 

0*865 

18 

4-26 

2*29 

18 

11-10 

0*830 

18 

4-50 

2*30 

18 

11*60 

0*846 

18 

5-10 

2-31 

18 

15-7 

0-845 

18 

7*20 

2*25 

12 

4-66 

0-69 

12 

3*9 

1*48 

12 

6-60 

0*69 

12 

5*85 

1-61 

12 

10-40 

0-676 

12 

8*30 

1*65 

12 

12*05 

0-655 

12 

8-90 

1*57 

12 

14-60 

0*665 




6 

6*5 

0-355 

6 

4-0 

0-84 

6 

13-3 

0-347 

6 

8*25 

0-86 

6 

19-0 

0*343 

6 

11*20 

0*85 

6 

21*6 

0*340 

6 

12-05 

0-87 




6 

17*36 

0-875 
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Table IV {continued) 


(2) Mobiloil BB 



Tube A 



Tube B 



Oil 

Mercury 


Oil 

Mercury 

Length 

amplitude 

Oil 

Length 

amplitude 

Oil 

in. 

cm. 

corrected 

in. 

cm. 

corrected 

36 

6-5 

0-985 

36 

1-3 

2-4 

36 

7-4 

0-985 

36 

2-2 

2-36 

36 

9-8 

0-970 

36 

3-9 

2-38 

36 

11-4 

0-970 

36 

4-6 

2-38 

36 

12-4 

0-970 

36 

7-3 

2-38 

27 

6-4 

0-72 

27 

3-75 

1-79 

27 

8-85 

0-72 

27 

4-95 

1-72 

27 

12-0 

0*725 

27 

6-80 

1-73 

27 

15-8 

0-71 

27 

7-75 

1-77 

27 

18-15 

0-71 

27 

8-8 

1-75 

18 

8-8 

0-485 

18 

4-8 

1-21 

18 

12-0 

0-472 

18 

5-7 

1-18 

18 

13*6 

0-480 

18 

7-1 

1*18 

18 

16-15 

0-480 

18 

9-1 

1-18 

18 

18-20 

0-467 

18 

9-3 

1-18 

12 

12-6 

0-333 

12 

7-6 

0*775 

12 

15-8 

0-330 

12 

8-9 

0-765 

12 

18-1 

0-328 

12 

11-5 

0*775 




12 

12-9 

0-76 




12 

14-8 

0-76 




12 

18-2 

0*775 




6 

7-9 

0-457 




6 

9-7 

0*465 




6 

15-0 

0-447 




6 

19-0 

0*453 



(3) Apiezon oil 



36 

6-7 

O-Slg 

36 

4-9 

1-28 

36 

IM 

0-632 

36 

6-7 

1-26 

36 

12-7 

0-528 

36 

8-2 

1-28 

36 

16-2 

0-63, 

36 

13-6 

1-28 

27 

7-4 

0-392 

27 

4-9 

1-02 

27 

10-7 

0-40* 

27 

6-85 

1-02 

27 

13-6 

0-38* 

27 

12-2 

1-03 

27 

17-4 

0-40, 

27 

14-8 

1*02 




27 

17-1 

1-02 

18 

10-6 

0-278 

18 

5-45 

0-65 

18 

11-7 

0-26, 

18 

7-45 

0*645 

18 

16-2 

0-26, 

18 

11-4 

0-65 

18 

18-1 

0-272 

18 

15-8 

0-66 




12 

9-2 

0-44 




12 

17-0 

0-44 




12 

13-4 

0-44 




‘12 

23*2 

0-44 



Oscillatory motion of a fluid along a circular tube 373 


Length 

Tube B 

Oil 

amplitude 

in. 

cm. 

36 

4-4 

36 

5*7 

36 

11*5 

36 

131 

36 

15-4 

27 

6*8 

27 

9-16 

27 

15*8 

27 

20-8 

18 

13-8 

18 

14-0 

18 

16*1 

18 

20-8 

12 

12-4 

12 

15-0 

12 

16*6 

12 

21-5 



Tube C 

36 

4-9 

36 

7-3 

36 

10*5 

36 

12-6 

36 

20-2 

27 

9-9 

27 

11-0 

27 

11-9 

27 

19-8 

18 

10-5 

18 

12-7 

18 

15-4 

18 

19-6 

12 • 

13-0 

12 

15-9 

12 

17-6 

12 

23-0 


Table IV {continued) 
(4) Benzole oil 


Mercury 


Oil 

Length 

corrected 

in. 

0-75 

36 

0-75 

36 

0-75 

36 

0-735 


0-74 


0-605 

27 

0-61 

27 

0-595 

27 

0-60 


0-37 

18 

0-37 

18 

0*377 

18 

0-375 

18 

0-254 

12 

0-254 

12 

0-245 

12 

0-26 

6 


6 


6 

(5) Fud oil 

0-86 

36 

0-83 

36 

0-85 


0-88 


0-88 


0-657 

27 

0-668 

27 

0-68 

27 

0-68 


0-488 

18 

0-48 

18 

0-465 

18 

0-48 


0-334 

12 

0-338 

12 

0-335 

12 

0-343 

6 


6 


6 


6 


Tube C 


Oil 

Mercury 

amplitude 

Oil 

cm. 

corrected 

0-55 

26-8 

0-63 

26-8 

0-85 

26 


0-50 

20-0 

0-77 

19-0 

0-95 

19-8 

0-76 

13-2 

0-96 

12-6 

1-41 

13-2 

1-24 

12*7 

1-42 

8-75 

1-65 

8-4 

1-80 

8-6 

1-8 

5-0 

2-45 

4-9 

3-3 

4-95 


Tube D 


0-34 

39-5 

0-43 

39 


0-38 

34 

0-45 

35 

0-55 

33 

0-44 

24 

0-65 

24 

0-78 

24-8 

0-52 

15-6 

0-80 

16-8 

1-03 

16-7 

1-23 

7-8 

1-58 

7*75 

1-95 

8-4s 

2-25 

8-65 
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Table IV {continued) 

(6) Transformer oil (7) Petrol 

Tube O Tube D 



Oil 

Mercury 


Oil 

Mercury 

Length amplitude 

Oil 

Length 

amplitude 

Oil 

in. 

cm. 

corrected 

in. 

cm. 

corrected 

36 

2-7 

4-08 

36 

2*05 

3*38 

36 

3-3 

3-97 

36 

3-8 

3*5g 

36 

41 

4-04 

36 

4-0 

3*63 

36 

4*7 

4-h 

36 

5-5 

4*0 

27 

2-9 

3-0, 

27 

2-55 

2*68 

27 

4-35 

3 I 5 

27 

2-75 

2-68 

27 

4-9 

3*1q 

27 

3-6 

2*8 

27 

5*5 

3-Oj 

27 

4-8 

3*0 

18 

2*15 

2-1 

18 

3-05 

1*7^ 

18 

4*3 

2-05 

18 

3-80 

1*78 

18 

5*25 

2 -li 

18 

4-75 

2*12 

18 

6*0 

2 - 0 , 

18 

5*26 

2*08 

12 

4-2, 

1-3, 

12 

3-8 


12 

6*8 

1-38 

12 

4-5 

1-38 

12 

9-3 

1'46 

12 

6-5 

1*70 

12 

10-5 

1-4, 

12 

8-5 

1-98 




6 

3-2 

0*66 




6 

5-2 

0*71 




6 

7-8 

0*76 




6 

10-4 

0-96 




6 

12-7 

1-16 




6 

13-3 

1*33 

21 . Adopting (provisionally) a length correction of 1 in. for every tube, 

we analysed the figures of Table IV 

in accordance with the formulae ( 22 ) 

and (25) of Part I, and 

in this way obtained the following estimates of 

viscosity (in poises) : 







Table V 



Oil 


A 

B 

G 

D 

Castor oil 


9-18 

9-08 

— 

— 

Mobiloil BB 

4*71 

4*74 

— 

— 

Apiezon oil 


2-50 

2-59 

— 

— 

Benzole oil 


— 

1-48 

1*71 

— 

Transformer oil 

— 

— 

0-275 

— 

Fuel oil 


— 

— 

0*061 

0*071 

Petrol 


— 

— 

— 

0*0062 


Exact figures not being available for comparison, the significant feature 
of Table V is the consistency of results obtained for the same fluid in 
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different tubes. This is very close as regards comparisons involving tubes A 
and jB, less close in the comparison of B with (7, and less close again in the 
comparison of G with D, It was to be expected that tubes of small diameter 
would give less consistent results, because (i) less accuracy of bore is 
attainable and (ii) measurement of amplitude is less easy (since the indi- 
cators have less magnifying effect). But even so Table V suggests that the 
theoretical formulae are reasonably correct, and its figures may be accepted 
as fair approximations. They are needed in examining the question whether 
the length correction of § 20 can be explained. 

22. In this connexion two distinct effects must be recognized. First, 
resistance will be opposed on account of losses at entry and exit: there is 
a sudden change of section at each end of the tube, and each will entail some 
loss of ^'head’\ At velocities and for dimensions which occur in practical 
hydraulics, such losses vary with the squares of the relative velocities; 
at very low speeds (when viscosity predominates) they will vary linearly; 
and at intermediate speeds they may be expected to obey some intermediate 
(vl/p) law. Secondly, at some more or less critical value of Reynolds’ 
number the flow may be expected to become turbulent throughout the 
whole or greater part of the tube: then the whole basis of our theoretical 
formulae will disappear, so that measurements can be interpreted only on 
an empirical basis — useless for practical viscometry. 

Suppose that the motion of the fluid in the reservoirs is approximately 
‘'potential flow” except at points very close to the ends of the tube. Then 
the loss of head due to viscosity will be inappreciable except at such points, 
and the reservoirs may be regarded as effectively of infinite volume. Some 
part of the pressure difference will be expended in accelerating the fluid 
from rest in the reservoirs to its fuU velocity in the tube, and this part will 
not be recovered at exit (where the fluid is decelerated) because, on account 
of viscosity operating on intense velocity -gradients at the ends, the motion 
is not reversible. There will be a “loss of head due to sudden change of sec- 
tion”, which as stated above is known to be closely proportional to v^: 
so the pressure difference thus demanded will be proportional to i.e. to 



Now the pressure difference required to maintain a response | X | against 
the friction loss in a tube of length 2h and radius a is given, for low 
velocities, by 

P = \X\la^ 
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according to (26). Therefore an “entry and exit ” loss of the type considered 
here may be expected to involve a fractional error in the measured ratio of 
the responses of the mercury and test fluid, compared with its limiting value 
as the amplitude 0, which will be proportional to 


pn‘ 




^ g ^ ‘ 16/' 


a 
^ [ih 


a 




(29) 


(JS being Reynolds’ number defined as in § 11) for values of It which on the 
one hand are not so low that the loss of head in the reservoirs is a linear 
function of the velocity, and on the other hand are not so high that turbulence 
supervenes. 

As remarked in § 20, corrected for meniscus effect in the mercury the 
ratio of responses tends to a definite limit for every set of experiments as 
the amplitude of oscillation is reduced. By expressing the ratio in each 
experiment as a percentage of the appropriate limiting value, all of the tests 
can be compared on a common basis; and by fixing attention on the percen- 
tage error, the effects in question are magnified. Systematic tendency to 
turbulence will be revealed by departure of the results from linearity as 
predicted by (29). 



0 0*4 0*8 1*2 1*6 2*0 


logio Baj 2h 
Fig. 12 

23, Fig. 12 shows the experimental results plotted in this manner to 
logarithmic scales. According to (29) they should fall on a straight line 




377 


Oscillatory motion of a fluid along a circular tube 

equally inclined to both axes, up to the point at which turbulence introduces 
additional losses in the tube itself. The scatter of the points is considerable, 
especially at the higher values of J?a/2A, where they relate to fluids of very 
low viscosity (petrol and fuel oil) tested in tubes of small diameter (difficult 
to measure with accuracy) and short, so that end effects have increased 
importance. They would have seemed more consistent if the response had 
been plotted as ordinate instead of the percentage error. But in a general 
way they confirm the prediction of (29), and suggest that a method using 
small excursions and fairly long tubes should give results to which, with very 
fair accuracy, theory can be apphed. 

No clear indication is afforded regarding turbulence. This is not surprising 
in the light of the somewhat scanty evidence which is available regarding 
the criterion of steady flow in a pipe, from which it appears that the critical 
value of R may be 70,000, or even higher, in the absence of imposed dis- 
turbances, and is not less than 1000* even when disturbances are present ;t for 
in our experiments the highest value of R was about 2400, and the relevant 
points (in the upper range of Raj^h in fig. 12) relate as stated above to short 
tubes, in which end effects must be expected to mask the effects of turbulence 
in the tube itself. It seems safe to conclude from our results that no trouble 
need be expected on account of turbulence provided that R > 1500. 

SXJMMAEY 

This paper is concerned with oscillatory motion (either free or forced) 
of a viscous fluid along a circular tube: the restoring force comes in both 
instances from the gravity head’^ which results from the passage of fluid. 
Part I is a theoretical discussion of the problem. Part II deals from a prac- 
tical standpoint with complicating factors (e.g. turbulence, or meniscus 
and other end effects) which the theory does not take into account, and 
briefly discusses a possible application to viscometry. Part III gives the 
results of experiments made to test the predictions of Parts I and II. 
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The low-temperature properties of gaseous helium 

By H. S. W. Massey, Ph.D., and E. A. Buckingham, Ph.D. 

Queen^s University, Belfast 

(Communicated by J, E, Lennard- Jones, F,R.S, — Received 27 June 1938) 

Helium is unique in that it persists as a monatomic gas down to tempera- 
tures so low that quantum effects become important. These effects arise 
in two more or less distinct ways. Quantum mechanics must be used in 
dealing with the relative motion of the gas atoms, leading to modification 
of the classical formulae even if the Boltzmann statistics are employed in 
describing the behaviour of the atomic assembly. It is further necessary, 
however, to allow for the symmetry properties of the atoms by making use 
of the Bose-Einstein instead of the classical statistics. Usually the quantiza- 
tion of the relative motion introduces the more important deviations from 
classical theory, but it is of interest to examine also whether it is possible 
to show, by comparison with experiment, that the Bose-Einstein statistics 
are the correct ones to use in dealing with helium atoms. In this paper we take 
account of both these quantum effects in determining theoretical values 
for the viscosity and second virial coefficients of helium, in the temperature 
range 0-25° K. Experimental values of these coefficients have been obtained 
at a number of temperatures in this range; comparison of observed and 
calculated values then leads to interesting conclusions concerning the inter- 
action of helium atoms, the vahdity of the quantum theory at these low 
temperatures and the correct statistics to apply. At the same time results 
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are obtained for the total collision area of helium atoms capable of experi- 
mental tests by molecular ray methods. 

The classical limit of the viscosity formula has been discussed by Massey 
and Mohr (1933) and by Uhlenbeck and Uehling (1933), and of that for the 
second virial coefficient by Uhlenbeck and Beth (1936). No classical 
analogue of the total cross-section exists (Massey and Mohr 1933). In an 
accompanying paper by one of us (R. A. B.) the classical theory of the 
equation of state of helium and also of neon and argon is discussed and the 
conclusions drawn therefrom used to supplement those of this paper in 
providing information as to the form of the interaction of helium atoms. 
A complete knowledge of this interaction may be important for a discussion 
of the remarkable properties of liquid helium. 


1. The QX7ANTAL FORMULAE 

Let F(r ) be the energy of interaction between two hehum atoms at distance 
T apart. The wave equation for the relative motion of the two atoms, 
each of mass M, with energy E — ¥h^l 4 : 7 r^M and angular momentum 

V{za+i)}^is 

^ 

^ 2 {rfi) + p- V ^ j (rfi) = 0. (1) 

The asymptotic form of the solution of this equation which is a proper 
function at the origin is 

sin {kr ~ ^In + Si). 

It is possible to express the formulae for the total elastic cross-section, 
viscosity coefficient and second virial coefficient in terms of the phases Si 
as follows. 

The total elastic cross-section for collision between two gas atoms with 
relative energy E is (Mott and Massey 1933) 

= + ( 2 ) 

If no symmetry properties need be taken into account the summation is 
taken over aU integral values of I from 0 to oo, but if the Bose-Einstein 
statistics are valid the sum is twice that over even values of I only, while in 
the Fermi-Dirac case it is twice that over odd values only. 
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The coefficient of viscosity T) at temperature T is given in terms of 
the viscosity cross-section Q^{E) by Chapman’s formula (1917): 


V{T) = 


10/c»T3/47Ta:T\3 1 
\ M ) ttM’ 


( 3 ) 


where 


5j7r 

h, = ^{MKTf. 


Q^{E) is then given by (Massey and Mohr 1933) 

4?r^ p + 6Z^-2?-2 2(; + 2)(?+l) 

fc2^\(2i-2)(2Z+3) 21 + Z 


xcos(5/-^i+2)8in^zsin^j+2 , (4) 


the limits for the summation being the same as for Qo(E). 

For the second virial coefficient B{T) we have the formula 


given independently by Cropper (1937) and Beth and Uhlenbeck (1937). 
With Boltzmann statistics e = 0, and the summation is over aU integral 
values ofZ from 0 to 00. For the Bose-Einstein case e = 1, and the summation 
is twice that over even values of I, while in the Fermi-Dirac case e = — 1 
and twice the sum over odd values of I is to be taken. 

■®diso represents the contribution from discrete quantum states for the 
relative motion, and takes the form 


B. 


Nh^ 


disc 


2{7rMKT)^ 




( 6 ) 


where is the statistical weight of the level of energy Of course only 
even or odd levels will contribute if Bose-Einstein or Fermi-Dirac statistics, 
respectively, are valid. With the interaction energies typical of gas atoms 
only a finite number of discrete quantum states occur, so there is no difficulty 
about convergence in calculating The convergence of the series 

involving the phases depends on the fact that 0 when kr'>-l for such 
47r^M 1(1 4-1) 

values of r that - [ V{r) j - - g - - (Mott and Massey 1933). This condition 

shows that, except at very low temperatures, we must expect to take into 
account a considerable number of terms. 
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2. The atomic iNTBRACTioisr and the calculation 

OF PHASES AND ENERGY LEVELS 

To carry out detailed calculations it is necessary to assume some form for 
the interaction energy F(r). For this function we employed the form 

F(r) = 7-7 X 10-10 1-47 x ergs, (7) 

(r in A) 

given by Slater ( 1928 ) as likely to represent the best initial approximation. 

To solve the wave equation ( 1 ) with this function one must have recourse 
to mechanical or numerical methods of solution, if approximate methods are 
not to be employed. We therefore solved the equations of form ( 1 ) which 
arose by means of a model differential analyser a description of which has 
been published elsewhere (Massey, Wylie, Buckingham and Sullivan 1938 ). 
Checks of the performance of the machine were made by numerical integra- 
tion at suitably chosen values of the constants. 

As the form (7) does not represent the interaction even approximately 
for small distances r the integration could not be started from the origin. 
Instead the following procedure was adopted. The equation ( 1 ) was inte- 
grated inwards from the zero of the function 

assuming different initial values of dijrjdr, until a value was found which, 
gave a solution tending asymptotically to zero at the origin. With this slope 
the equation was then integrated outwards from and the asymptotic form 
found. The sensitivity of the determination of the “proper” slope at 
is so high that the inner integration need not be carried so far that (7) 
becomes invalid. 

In Table I we give the values of the phases for a number of values of k 
and I in the range of importance. 

The calculation of the discrete energy values presented no difficulty. 
Only one level exists, for i = 0 and for it 

Eq = 0-0083 X 10-^® erg. 


3. Calctjlation of the coefficient of viscosity 

Using the formula (4) and the values of 8^ given in Table I, we obtain the 
viscosity cross-section as a function of E illustrated in fig, 1 on a 
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logarithmic scale. Curves I, II, III are obtained using Bose-Einstein, 
Fermi-Dirac and classical statistics respectively. A second horizontal scale 
is attached indicating the temperature at which the corresponding value 
of E gives the maximum contribution to the viscosity coefficient as repre- 
sented by the formula (3). It is then clear that we can only expect appreciable 
differences between the results obtained with different statistics at very 
low temperatures indeed. 


Table I. Values oe phases Bi 


X z 

0 

1 

2 

4 

6 

8 

10 

001 

2-797 

— 

— 

— 

— 

— 

— 

0-05 

(1-91) 

0-043 

— 

— 

— 

— 

— 

0*10 

l‘23o 

0-305 

O-OO 7 

— 

— 

— 

— 

0-15 

(0-75) 

0-75 

(0-06) 

— 

— 

— 

— 

0-2 

0-40 

0-85 

0-16^ 

— 

— 

— 


0-3 

- 0-262 

O- 6 O 5 

0-43 

0-01 

— 

— 

— 

0-4 

(-0-84) 

0-27 

0-655 

(0-08) 

— 

— 

— 

0-5 

-1-37 

- 0-195 

0*435 

0-192 

— 

— 

— 

0-6 

(- 1 - 86 ) 

— 

(0-16) 

0*335 

— 

— 

— 

0-667 

- 2-22 

— 

-0-06 

0-41 

O-lOs 

— 

— 

0-889 

-3-27 

— 

-0-92 

0-26 

0-20 

0-06 

— 

1-1 

-4-36 

— 

(-1-75) 

(- 0 - 20 ) 

0-31 

O-I 67 

0-032 

1-333 

-6*32 

— 

-2-67 

- 0-805 

O-I 87 

0-26 

O-OO;, 

2-0 

-7-83 

— 

-5-07 

-2-84 

-1-23 

-0-17 

0-21 


Phases in heavy type have been calculated by accurate numerical integration, 
and the remainder (except those in brackets, which have been interpolated) by 
mechanical integration of the wave equation. 


The viscosity coefficient may be obtained as a function of temperature 
from (3) by numerical integration. Values obtained in this way arc given 
in Table II and compared with the recent experimental values of van 
Itterbeek and Keesom (1938). The agreement at temperatures above 16° K 
is quite good, but the calculated values are slightly too large, that is to say 
the theoretical viscosity cross-section is too small. Below 15° K the agree- 
ment becomes less satisfactory and the discrepancy is in the opposite sense. 
This will be discussed further in § 6 along with the results derived from 
calculation of the second virial coefficient. At the lowest temperatures the 
values obtained neglecting symmetry properties are also given (column II), 
and it is again clear that no conclusions can be drawn regarding the correct 
statistics to employ, though the calculated values of column I have been 
derived on the reasonable assumption of the validity of the Bose-Einstein 
statistics. 
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Table II. Viscosity of helium (in 10~® c.g.s. units) 


(Calc.) 


T(°K) 

(Exp.) 

I 

II 

Ill 

1-64 

5-47 

(3*4) 

— , 

— 

2-0 

— 

4*35 

5*05 

— 

3*0 

— 

7*10 

7*75 

— 

4*23 

12*67 

(10*7) 

— 

— 

5 

— 

12*75 

— 

— 

10 

— 

22*3 

— 

— 

14*27 

27*87 

(28*4) 

— 

— 

15*0 

29*46* 

29*4 

— 

36 

16*55 

30*77 

(31*4) 

— 

— 

20*2 

35*03* 

36*1 

— 

43 

20*38 

35*19 

36*3 

— 

— 

25 

— 

41*2 

— 

— 

30 

— 

46*3 

— 

— , 


Experimental results of van Itterbeek and Keesom (1938) except those marked *, 
for which see International Critical Tables. 

Calculated values : 

I. Using Bose-Einstein statistics. ( ) interpolated. 

II. Without allowing for symmetry properties. 

III. Values given by Massey and Mohr (1934). 

It is of interest to compare the results of the present calculation with 
those obtained by Massey and Mohr (1934) using the same interaction energy 
( 7 ) but calculating the phases by a combination of Jeffreys’ and Born’s 
methods. They found the values given in column III of Table II which are 
too large, i.e. indicating that the calculated viscosity cross-sections were 
too small. The reason for this is that the perturbation method used to 
obtain the smaller (higher order) phases is not capable of giving with any 
accuracy the positive phase shifts due to the attractive part of the field. The 
contribution from the repulsive field is exaggerated in such a method, so 
the positive phases obtained were all too small. The same objection applies 
to the values obtained by Massey and Mohr by a second perturbation 
method in which the actual interaction function was approximated by an 
analytical expression for which the phases could be exactly calculated and 
the effect of the surplus field allowed for by a perturbation calculation. It 
is generally true that perturbation methods are only capable of giving 
accurate results, under very stringent conditions, when applied to problems 
involving strong repulsive fields even when the perturbation is q^ite small. 
As the higher order phases become relatively less important as the number 
of terms involved in the series increases, the values obtained by Massey and 
Mohr for higher temperatures are more accurate. 


25*2 



384 


H. S. W. Massey and R. A. Buckingham 


4. Total elastic ceoss-sbction 

It is now possible to investigate, by molecular ray methods, the free paths 
of gas atoms and hence the total collision cross-sections. Experiments of 
this type in helium would be very useful in providing additional information 
as to the form and magnitude of the interatomic force. The calculated form 



o 


o 



Fig. 1. Calculated cross-section for helium atoms. Total cross-section Q, 

Viscosity cross-section I, Bose-Einstein statistics. II, Fermi -Dirac statistics. 

Ill, Without allowance for symmetry properties. 


for the total cross-section as a function of the relative energy of the colliding 
atoms is given in fig. 1 on a logarithmic scale. The oscillatory behaviour of 
this function results mainly from the assumption of the Bose-Einstein 
statistics and not from a Ramsauer effect due to the attractive field. This 
may be seen by comparison with the curve calculated without taking account 
of symmetry properties. 
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rc’K) 

Fig. 2. Second virial coefficient of heliunci. I, Calculated assuming Bose-Einstein 

statistics. II, calculated assuming Fermi-Dirac statistics. probably correct 

form of curve. + Keesom and Kraak. x Holborn and Otto. © NijhofE, Iliin and 
Keesom. 


5. The second virial coefficient 

In fig. 2, curve I, is illustrated the form of the function BT^ between T = 0° 
and 26° K, calculated from (5), assuming Bose-Einstein statistics and the 
phases given in Table I. The dotted curve II represents that given by the 
Fermi-Dirac statistics. This curve has not been obtained with such accuracy 
as the first, for, of the odd order phases, alone was calculated directly, 
the remainder being determined by interpolation. The third curve represents 
what is probably the true curve as indicated by the experimental points 
of Keesom and Kraak (1935), Nijhoff, Iliin and Keesom (1928) and Holborn 
and Otto (1924-6). 

Features of the experimental results reproduced by the theory are the 
maximum in the neighbourhood of 10° K and thezero (Boyle point) at about 
21° K, while at the same time the order of magnitude is given quite well. 


jsri 
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The chief discrepancy is that the calculated features are displaced to too 
low temperatures in each case. This is clearly to be attributed to defects 
in the interatomic interaction assumed which were foiihd in § 3 to lead also 
to incorrect values of the viscosity coefficients at low temperatures and 
will be discussed further in § 6 . Even allowing for this inexactness of the 
interaction, it is abundantly clear that there is little possibility of dis- 
tinguishing the correct form of statistics by means of the virial coefficient 
except by measurement at very low temperatures indeed ( < T K). 

It is of some interest to trace the form of the calculated curves to the 
behaviour of the phases (see Table I). At very low energies of relative motion 
all phases but Sq tend to -f 0 with increasing rapidity as the order increases. 
Sq tends to a value n owing to the existence of a discrete energy level. As 
the energy increases the phases rise successively to positive maxima after 
which they decline to zero and increase rapidly in the negative direction. 
Consider first the behaviour of B ^T'^, where B jj refers to the value calculated 
on the assumption of Bose-Einstein statistics. Integrating by parts and 
remembering that tends to n we have 

(8) 

At very low temperatures ( < 1 °K) the effect of the discrete level ))redomi- 
nates giving a term falling off rapidly from negative infinity with increasing 
temperature. Owing to the smallness of Eq this term soon becomes small 
and the dominating term is the second. The sum over the phases is illustrated 
as a function of k in the inset fig. 2 with an appropriate temperature scale 
attached. The minimum at T = 2 ^^ K appears because of the decrease of 
Sq combined with increase of and this gives rise to the maximum in Bj^T^ 
at 1 *^ K. As T increases, first one and then a second broad maximum occairs 
due to ^2 and ^ 4 . After tliis the sum becomes rapidly negative duo to the 
rapid attainment of large negative values by and The result is then 
to produce first the minimum in at 7° K and then the rapid change of 
sign involving the zero at 21 ° K. 

The behaviour of B^T^ for the Permi-Dirac case is very similar. We have 

where there is no influence from any discrete energy level. At very low' 
temperatures (< 1 °K) this falls below B^T^ in absolute magnitude not 
only because of the absence of the exponential but also because 
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is less than 8^ under these conditions. This is illustrated from the phase sum 
curve in the inset fig. 2. Tn all cases the second term dominates as the 
temperature increases. The phase sum rises to a maximum due to almost 
in the same region whore the corresponding sum for Bff is a minimum 
(2“ K). Owing, however, to the fact that in 7?/,., unlike Bn, the first term is 
of opposite sign to the second, ihe not result is to give nearly the same values 
for both B,,, and B,} in this range (above l-T)” K). At higher temperatures 
still the difference between the two phase sums becomes small and the effect 
of the first term unimportant, so Bji and Bj,. tend rapidly to equality. 


(5. DlSOUSSIOW OK THE RESULTS 

It remains for us to discuss the results obtained from comparison of 
calculated and observed vahies for the viscosity and second virial coefficients 
in so far as they throw light on the interatomic interaction. We assume that 
the Boao-Einstein statisticts are valid although, as we have seen, there is 
nothing in the observed results which could distinguish the various possi- 
bilities. 

Prom § 5 we see that, in the temperature range 2-7° K, the calculated 
absolute value of the second virial coefficient is greater than the observed. 
This would be rectified by reducing the mteraction energy at large distances 
for, on the one hand, this would remove the discrete energy level and on the 
other reduce the contribution from in this temperature range. Since, 
however, 8^ must attain about as large a maximum as before although at 
greater energies, the attractive field at smaller distances must be somewhat 
increased. Rough estimates based on the behaviour of the phases seem to 
indicate that the field at separations greater than 3-5-5 A must be reduced 
by between 10 and 20 %. Such a modification of the field would also tend 
to remove the (liHere{>anoy below 10° K in the viscosity coefficient. At 
those temperatures the positive phases predominate in determining Q^; 
reduction in the attractive field at large distances will reduce these phases 
and hence Q^, giving a larger viscosity. Estimates show that the same order 
of magnitude is required for the modification of field. 

It is not difficult to justify these modifications theoretically. The van der 
Waals’ force constant for helium is quite likely to be overestimated by as 
much as 20 % in (7), and this would give too large a field at large distances. 
Now in the formula (7) dipole-quadripole mteraction terms, which give 
a contribution varying as r~^ for large r, are neglected. Approximate 
estimates (Buckingham 1937) indicate that at the field minimum this term 
contributes 20-25 % of the r-« term. If such a term were included in (7) 
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with reduced van der Waals’ force constant for the term, the modified 
attractive field would be reduced at large distances while remaining prac- 
tically unaltered or even being increased at smaller. This would be of the 
required form. The small deviations in the viscosity coefficient above 10° 
could easily be removed by small changes in the magnitude of the repulsive 
field. 

Although the quantal theory worked out in this paper does not give results 
in exact agreement with experiment it is clear that the discrepancies can 
be removed by theoretically plausible modifications of the interatomic 
interaction energy assumed. These modifications are not incompatible with 
the results found in the accompanying paper by one of us (R. A. B.) on the 
virial coefficients at higher temperatures. 

It should not be difficult to obtain an interaction function of considerable 
accuracy and it is hoped to do this in a later paper. An accurate field would 
be very valuable for theoretical developments concerning liquid and solid 
helium. 


Stjmmary 

The viscosity and second virial coefficients of helium gas are calculated 
in the temperature range 0-26° K using exact quantum formulation and 
the interatomic interaction given by Slater. It is found that there is very 
good agreement with the observed viscosity down to 15° K, but below this 
temperature the calculated values are too small. The correct form for the 
variation of the virial coefficient with temperature is obtained, but the 
calculated behaviour is in error in predicting too low temperatures for the 
position of the maxima, etc. (The calculated Boyle point is 21° compared 
with the observed 23°. ) 

It is shown that the discrepancies may be greatly reduced in both cases 
by small modification of the Slater field involving reduction of the van der 
Waals’ force at large distances and inclusion of dipole-quadripole interaction : 
No difference between the theoretical results obtained by assuming different 
statistics is sufficiently definite to be distinguished from small errors in the 
assumed interaction, in the temperature range from 1°K upward. 
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The electromagnetic energy of a point charge 
By M. H. L. Pryoe, Trinity College, Cambridge 
{Communicated by P, A, M, Dirac, F,R,S. — Received 30 June 1938) 

1 . Inteodxjctiok 

There are many reasons for preferring the point model of the electron, 
in which the field equations of empty space hold all the way up to the centre 
of the electron, to the Lorentz model, in which the charge is distributed 
over a small sphere. The point model is not without difficulties, however, 
and two have attracted special attention. The first is that the field becomes 
infinite at the charge, so that the Lorentz equations of motion cannot be 
applied directly; the second is that the ordinary expression leads to an 
infinite electromagnetic energy in the neighbourhood of the charge. As 
these difficulties occur both in classical and in quantum electrodynamics 
it seems reasonable to look for their solution, first in the classical theory, 
and then try to translate it into the quantum theory. A recent paper by 
Dirac (1938) has satisfactorily removed the first difficulty from the classical 
theory. The present paper shows how the second can be removed also. 
The translation of these methods to quantum theory has not yet been 
accomplished. Some papers by Wentzel (1933, 1934) have also dealt with 
this subject, both from the classical and the quantum standpoint, but they 
do not seem to be altogether without difficulties, and the method is rather 
complicated to use in actual problems. 
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2. The elbotromaqnetio energy 

The ordinary expression for the electromagnetic energy in a region of 
space is 

where E, H are the electric and magnetic vectors, and F is the element of 
volume. The classical derivation of this is briefly as follows: one calculates 
the rate at which the electromagnetic forces, pE+j x H per unit volume 
(p, j being the charge and current density), do mechanical work on the 
charge distributions in the region. This is cJjEtiF, which can be trans- 
formed by means of the Maxwell equations to * 

the second integral being taken over the boundary of the region. Thus the 
rate of change of the sum of the mechanical energy and J(E^ + H^) dVjSTr 
is given by the surface integral cJ[E x H].dS/47r; this can be interpreted 
as meaning the conservation of energy if J(E^ + H^)d!F/87r is the electro- 
magnetic energy in the region and Jc[E x H]. dS/47r the rate of flow of 
energy out of the region across the boundary. This derivation is strictly 
valid only if p is everywhere finite (but not necessarily continuous), and 
therefore does not apply to point charges. Furthermore it gives only the 
rate of change of the energy, leaving the energy itself indeterminate to 
the extent of an additive constant. 

It is reasonable to assume that the concentration of the charge into a point 
will not alter the expression for the energy in a region of space, apart from 
an additive constant, if this region is free from charges. (A convenient 
formulation of this is as follows: if two electromagnetic fields differ only in 
a region containing no charges, the difference of the electromagnetic energies 
associated with them is the integral of the difference of their energy den- 
sities U ( = [E^ + H^J/Stt) over that region.) 

It is possible to write down a finite expression for the energy, consistent 
vith this principle. Let it be assumed for convenience that there is only 
one charge in the field; all that follows can be easily extended to many 
charges. Then let the charge be surrounded by a small closed surface, 
whose diameter is smaller than any physically important dimension and 
wiU eventually be made to tend to zero, and let the integral of the energy 
density U be formed over the whole of space outside the surface. As the 
diameter tends to zero the integral tends to infinity. If, however, a quantity 



391 


The electromagnetic energy of a point charge 


can be found, depending only on the surface and the variables describing 
the charge, such that its sum with the integral tends to a finite Kmit, then 
this sum will satisfy the above requirement. This will be so if a vector 
field K, depending only on the variables of the charge, can be found such 
that U' U — div K is integrable in the neighbourhood of the charge 
(i.e. does not go to infinity more rapidly than r-^). A possible expression 
for the electromagnetic energy is then 


Wei = lim 


JzJdF + jK.tZS 


( 2 - 1 ) 


the volume integral being taken over the region of space outside the surface, 
and the surface integral being taken with the outward normal. Equation 2* 1 
expresses the central idea of this paper. Loosely speaking, the first term is 
the usual infinite energy and the second term is a negatively infinite energy 
arising from the charge itself. 

If K falls off at infinity more rapidly than this can also be WTitten as 
an integral over the whole of space: 


TFei = J(C/-divK)(iF =ju'dV. 


(2-2) 


Although the physical significance is hidden in this formulation, it is often 
more convenient to work with it than with equation 2T. 

The total energy is of course the sum of the electromagnetic energy and 
some energy associated with the charge itself, which may be called the 
mechanical energy. The distinction between electromagnetic and mechanical 
energy is not sharp, for a different vector K will in general give a different 
value of the electromagnetic energy, which must be compensated in the 
mechanical energy to keep the total unaltered. 

For this procedure to be physically correct two conditions must be 
satisfied: the conservation of energy must follow from the field equations 
and the equations of motion for a point charge, and it must be relativistically 
invariant. Momentum and energy must therefore be treated on an equal 
footing. 


3. Relativistic eormulation 

Relativistic vector and tensor notation will be used throughout. The 
velocity of light will be taken as unit. Greek indices take the values 0, 1 , 2, 3 ; 
Roman indices take the values 1, 2, 3. The co-ordinates of a point in space- 
time are written x^\ refers to the time co-ordinate, x^ to the space 

co-ordinates. Indices are raised and lowered by means of the metric tensor 
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g,. (goo = 1 , = S^22 = ~ 1. 9^/.. = ^ if ^ The electromagnetic field 

is given by the antisymmetric tensor {E^ = Pqu = ^325 etc.). The 
total energy and momentum are components of a vector p^, which can be 
separated into an electromagnetic and*a mechanical part, 

= ^>ei+Pinech> 

although, as already noted, the division is not absolute. 

The ordinary expression for p^i is given by the space integral of the 
component of the energy tensor: 


with 


= J dx^dx^dx^, 

Tua- = IF°'P F^pg''’'}. (3-1) 


^yoo _ uy rpvcr jg symmetric and satisfies the conservation law 



(3-2) 


In the relativistic theory, the components of K, together with those of 
the similar (three-dimensional) vectors associated with the components 
of momentum, can be seen to form part of a tensor of third rank 
antisymmetric in /i and v, 

^ (3.3) 

Those of K are in fact {a = 1,2, 3), and those of the vector associated 
with the component ph are The (three-dimensional) divergence of 

these vectors must differ from T®®" by an integrable amount. Because of the 
antisymmetry, the three-dimensional divergence is the same as dKf^^^jdx^K 
Thus defined analogously to W by 

F'v<r = ( 3 . 4 ) 


must be integrable. T''"' also satisfies a conservation law 

= 0 (3-5) 

at all points not on the world-line of the charge. This follows from 3*2 and 
the antisymmetry of 

At first sight it would not seem necessary to require that should be 
symmetric; but if these methods are also applied to discuss angular momen- 
tum, it will be convenient to have it so. It will appear later that can 
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be so chosen that dK^^^jdx^ is symmetric, although itself is not sym- 
metric in V and cr. It is therefore natural to add this restriction. 

The relativistic extension of equation 2-2 is 

dx^dx^dx^ ( 3 * 6 ) 

This is a more convenient form to take than the extension of 2 * 1 , for it can 
be discussed with less mathematical apparatus. It is of course strictly 
valid only if falls off more rapidly than at infinity, but since it is 
only its behaviour near the charge that is important and at large distances 
Ki^vcr ]30 made to behave as we please, this is unimportant. 

Let Phil) and p%i{^) denote the values at two times and ig* These are 
given by integrals over two three-dimensional sections of space-time, 
x^ = and x^ = 1 2 - Let the world-line of the charge be surrounded by 
a tube of small diameter (a section x^ = const, will cut the tube in a closed 
surface surrounding the charge); the diameter of the tube will ultimately 
tend to zero. In the region of space-time between the sections x^ = ti and 
x^ = ^ 2 J outside the tube, 3*5 holds exactly. From this it follows, by 
the theorem of Gauss and Green, that the integral of the “normal com- 
ponent” of over the boundary of the region is zero; i.e. 


r r^<^dS,-f T^<^d8,-h{ T'^^dS, = 0, (3*7) 

J 1 J 2 J tube 

where j , J are taken over the part of the sections x^ = and x^ = 

outside the tube, and dSj, is the directed “surface element”; in the first 
integral it has been taken in the inward direction to correspond with the 
positive direction of time (it is assumed that > ^i), and away from the world- 
line on the tube. As the diameter of the tube tends to zero, the first two 
integrals tend to respectively. The integral over the tube 

therefore tends to a definite limit, irrespective of the shape of the tube. 
This limit must be expressible as a line integral along the world-line. If r 
denotes the proper time along the world-line, measured from some arbitrary 
zero, it may be written 

lim f T'^^dS, = - (3*8) 

J tube J 1 
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Energy and momentum will be conserved if ^p^ecii satisfies the equation of 
motion 

(3-10) 

{A dot means differentiation with respect to the proper time.) 

If a different is taken, differing from the fibcst by {dAK^^^^jdx^'' 

being integrable), the new will differ from the old by an amount 

Apl^ = lim jAX^^^dcr^, 

where dcr^ stand for the components of the surface element of the surface 
round the charge, in the three-dimensional space = const. This limit 
exists, for dAK^^^jdx^ is integrable. Equation 3*9 shows that is changed 
by an amount 

AR- = -Apli^ 

The change inp^^g^i^ compensates the change in^p^i: 

The equation of motion now reads 

^^inech -^^meeh “ R^ A R’^^ 


which is of course identical with 3*10. 

Equation 3*7 still holds if the sections x^ = x^ — are replaced by 
any two time-like sections, not necessarily parallel to one another. The 
vectors phil), i^ei(^) electromagnetic energy and 

momentum vectors defined in two different Lorentz frames of reference 
{frames in which the two sections respectively are sections of constant time). 
Combined with the (integrated) equation of motion 3T0, this gives 

= p'^{2). 


which now expresses, not only the conservation of energy and momentum, 
but also the fact that the definition of p^ is independent of the co-ordinate 
system. 


4. Finite energy and momentum — equations of motion 

It must now be shown that a tensor exists. We shall use the following 
notation: 
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are the co-ordinates of a point in space, at which the fields, etc., are 
being evaluated. 

are the co-ordinates of the point where the world-line of the charge is 
cut by the past branch of the light-cone starting from the point the point 
will be called the retarded point. 

vi^ is the four-velocity z^, evaluated at the retarded point. 

are the derivatives of the velocity with respect to r, at the retarded 

point. 

is the null- vector joining the retarded point to the variable point 
= x^ — z^). 

s is the invariant ''retarded distance’’ s^v,., 

K = Sf^V,,, 

r 

The inner product of two vectors will be written in bracket notation: 

The actual field will be written as the sum of the retarded field of the 
charge and the "incoming” external field 

-P" = -^ret + '^in- (^*1) 


The retarded field is given by 


■^ret = fi (-■ - - a — \ • 

(5 S I 


(4-2) 


In the neighbourhood of the charge, s tends to zero, and it is convenient 
to classify the orders of infinity of the various terms with the help of the 
powers of s; s, 5^, k are 0(s), and vf% are 0(1). The retarded field is 
0(0- 

The energy tensor is quadratic in F^, and can therefore be written 

where Tret! tensors formed from according to 3-1, and 

Tt i i v is the cross-term. is 0(s~*). and are 0{s~^) and 0(1) respec- 
tively, and are therefore integrable. Thus must be such that the terms 
of order s~*‘ and s~^ in both Tjft and d&'’'^ldx>‘ are equal. 

TjJt is gi’^®'® by 

s5 )■ 


(4-4) 
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In the appendix it is shown that the divergence of the tensor 


(9K(s^tf — sV)s'^ ^ 


( 1 + 2/c) (s/‘g’"^ - + Siv^s” - v^s^) vP + 3(v^s‘’ - iPsi^) 

(4.5 


is ,r—Kf‘'’'^ = — 
ox^ in 


e® ((S/c® + 2/c - 1 ) {v>’s’' + s’’v<^) - ^g'"^ 


(1-k) (s^iP + ifs^) ~2{v,s) s'^sP 


, (4-6) 


which differs from 4-4 only by terms of order s~^. Defining a analogous 
to 

(4-7) 


this gives 


= eM 9k^ 2{v>s) 


47r I <s® 


To ensure that the amount of energy radiated away from the charge 
during its past history be finite, let it be assumed that previous to some 
remote time it was moving uniformly in a straight line. is then of 
order at infinity, for at sufficiently large distances and k vanish; 
equation 3-6 is therefore valid. The expression for the electromagnetic 
energy is then 

p%i=^{TZl+T%^+T^^)dx^dx^dx^. (4-9) 

This is finite. For a charge in uniform motion, with no external field, it 
is zero; this is in agreement with the result of Wentzel (1934). The electro- 
magnetic energy is not necessarily positive. 

To determine R^ one must evaluate the integral of along a world-tube 
of infinitesimal diameter. Only and will contribute anything, for 
the integral of Tm will tend to zero. The only important terms in 2mix are 

To evaluate the contribution from an element 8r of the world-line it is 
simplest to take a co-ordinate system in which the components of at 
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the element are (1, 0, 0, 0), and a tube of spherical section. The contribution 
is then 

BfSt = - 

i.e. R’^ = -^T'«"dar^, (4-10) 

where dcr^ has the same meaning as on p. 394. 

Let X, y, z be the co-ordinates of a point on the sphere and e its radius; 
then to the required order of approximation 

— s — e, — X, s'^ = y, 8^ = z {x^ + y^ + z^ = e^). 

The integration can be carried out separately for J?®, R^\ it is quite straight- 
forward if one remembers that in the particular co-ordinate system chosen 
^0 _ =z —(v^v) (these follow from {v,v) = C, (t;, v) = 0). The 

result is 

J?o = 0, = ejPgo. 

In a general co-ordinate system this reads 

+ {v, v) v^} + eFf^ (4*11) 

R^ satisfies the equation 

v^R^=:0; (4-12) 

^^st therefore satisfy the condition 

^<rPSiech = 0. (4*13) 

This is most simply achieved if p^ech ^ constant multiple of 

Pmeoh = 

We have seen that the electromagnetic part of vanishes for a charge 
in uniform motion; its total energy and momentum is then therefore 
The constant m is therefore the actual inertial mass of the charge and its 
own field. 

The equation of motion is 

mv^ — 4- {v, v) rP‘} = CjPg (4* 15) 

This is the equation given by Dirac (1938, equation 24). 

The tensor 4-5 is not the only one that can be built up from the retarded 
variables to satisfy the requirements. To it could be added 

Ae^ — 5 V) 

IGtt 


Vol. CLXVIII. A. 
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where A is a numerical factor. The divergence of this is 


167r\5® 



which is also of order s~^. It is easily found that this changes by an 
amount — The corresponding mechanical vector is + 

The tensor 4*5 was chosen to satisfy 4*12, so that the mechanical part of 
could be taken to be mv^, without any additional terms. 


5. Symmetry between retarded and advanced variables 

Up to this point the theory has been developed in an unsymmetrical way 
as regards the advanced and retarded fields. It is possible to formulate it 
quite symmetrically if one forms a tensor like 4*5 in which the advanced 
variables occur instead of the retarded. Let us call these two and 
Iii fbe appendix it is shown that near the world-line — 
is 0(5“^), and that, further, its integral over a small closed surface tends to 
zero. It is therefore immaterial which of the two is used in defining 
and a symmetrical presentation is achieved by using 

•^sym = i(*®^ret + -^adv)* (^*^) 

Let the field be written in the form 

F = i(-^et + -^a(iv) +/> (^*^) 

and let denote the energy tensor formed from K^ret + ^^adv) according 
to 3*1, that from/, and the cross-term. We define by 

rp'v<r mpcr ^ 

sym -^sym 0^;i*^^sym* 

In evaluating by integrating 

over a world-tube, it is easily seen from the symmetry that the contribution 
from is zero, and the only contribution comes from namely 

R<r = 

This gives the symmetrical form of the equation of motion (Dirac, 1938, 
equation 22), 

= ef^v^, (5*3) 

I am greatly indebted to Professor Dirac for letting me use the manuscript 
of his paper. 
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Appendix 

The rules for differentiating the retarded variables are easily obtained 
by differentiating 


giving 


dxf^ dxf^ 


Now 5*" is a null-vector; hence ^ 0, 


— -ti 


daf s ’ 
doit ^ s 


The derivatives of if and s are 


dv^ _ ifs^ dif _ 
dxf^ s ’ dx^^ s ’ 

dx^ s 


With these rules it is easy to derive the following results: 
9 r k{sV — s^v^) 5°'l (v, s) 


9 r - 4( 1 - /c) -h 

i3 J ~ ie + ^5 

9 rK(s^g^°'—s^g^^)“l^ — 4/c(l— k(v^s^ + 4:S^v^)’-(v,s)s^3°‘ 


Kg^^+s^v^ 


9 2;^”| —SKS^'if ^ 'ifv^+s^v^ 

s* J "" s® s* ’ 

9 r {vV — v^sf^) 5^"| _ 4/c( I — k) (v, s ) “ k{v^s ^ + s^v^') 

dx^ J 




9 r v^gf^^-\ 


3 ( 1 — x) 'ifs^ 2Kg^^ — B'if'if 4- 
i® i5 • 


26-2 
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Multiplying these by 9, 1, 2, 3, 3, 1 respectively, adding and multiplying the 
sum by e®/167r, we find 

1677’0a^( a® s® 

(1 + 2k) {s^-g'”’ — s''sf'^) + ZivV — ifsi^) if + 3(i5'“s'' - v^si^) s“'| 


_ c® f ( 8 K®+ 2 K-l)g’'a°' 

477' [ S® 

( 1 — k) {s''if + ifsf) — 2(v, s) 

+ J’ 

■which is the result quoted in 4*6. 

To compare Z^et ^adv world-hne let us express them in terms 

of new variables. Let be the point on the world-line such that — y^^ 

is orthogonal to the velocity taken at yf^. Let (7,7) == — and let r 
be the difference in the proper times at and Then to the required order 
of small quantities 

= y/i 4. rA^ — -f 0(r®), 

T =r{l + J( 7 ,A)} + 0 (r®), 
v!^ = A-“-?-A/‘+ 0 (r®), 
i;j“ = A'^H- 0{r), 
s =r{l-K 7 >-^)} + 0(r®), 

K = ( 7 , A) + 0 (r®). 

Calculating to the order r~® we find 

rr«>,r _ e® f9(r> , {1 + Mr> '^)} yV" + 3{1 - ( 7 , A)} A/yA"^ + ZhYT 

167ri 7^ r* 


+ 


3(7, A) Ay^ + 37/'A''A°' + 3AM‘'7°’ Ay°'+ 3A'“A'^A°' 


2r^ 




where the minus sign at the end indicates that the similar terms with ji 
and V interchanged must be subtracted. 

The corresponding result for obtained by reversing the sign of A 

and leaving that of A unchanged. The difference of the two is 


-‘^ret “^^adv 


3e®( 3(7,A)7M‘'7°' 
Stt ( r® 


+ 


(7, A) XY'' + 7^A’'A‘^ + A^A>’7°' 

r® 


_... + 0(^-1), 


which is 0{r~^). 
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To calculate it is best to take a co-ordinate system in 

which A has components (1, 0, 0, 0) and to integrate over a sphere. The 
components of dcr„ are then ey°‘dQ, where dD is the element of solid angla 
on the sphere, 7“ the co-ordinates of a point on the sphere, and e the radius. 
For cr = 0 the integrand vanishes; for cr = 6 the integral is 

_ 3 -h 0(e) = 0(e) . 

Both tensors therefore give the same result for the energy and momentum. 
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The porous diaphragm method of measuring diffusion 
velocity, and the velocity of diffusion of 
potassium chloride in water 

By G. S. Hartley and D. F. Rtjnnioles 
University College, London 

{Communicated by F, 0, Donnan, F.R,S. — Received 12 July 1938) 

The velocity of diffusion of substances in dilute solution is a very informa- 
tive property, but one of which it has been possible in the past to make but 
little use, on account of the very low accuracy of all but the most extended 
and laborious experiments, as is well seen in the collection of data for KCl 
in water from various authors plotted by McBain and Dawson (1935). 
The chief experimental difficulty has been the elimination of convection 
which will be produced to some extent by any temperature fluctuations or 
vibration however small, and particularly by the process of dividing up the 
diffusing solution when this is necessary for analysis. Convection is least 
serious when concentrated solutions of a heavy solute are examined, because 
the large density gradient has a stabilizing influence: it is also less serious 
the more rapidly the solute diffuses. Unfortunately, however, there is as 
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yet no satisfactory method of interpreting results in concentrated solutions, 
and the method of diffusion is most in demand for slow diffusing colloidal 
solutes. 

The technique, introduced by Northrop and x 4 nson (1929), and later 
applied by several other workers (McBain and Liu 1931; LaingMcBain 1933 ; 
McBain and Dawson 1935; Valko 1935; Cole and Gordon 1936; Mouquin 
and Cathcart 1935), of allowing the diffusion to take place only within 
a porous diaphragm, constitutes a very great advance. Convection within 
the diaphragm is almost completely eliminated and is generally utilized 
outside the diaphragm to maintain the two outer reservoirs of solution 
uniform in composition. As a consequence of this uniformity we have an 
approximately steady state in the diaphragm. The method therefore includes 
the advantage in mathematical interpretation of the steady state method 
developed by Clack (1908-24), namely, that the rate of diffusion across 
the diaphragm is an explicit function of the concentration c and the 
diffusion coefficient D for each concentration, being equal to 

jfcj DcZc, (1) 

where c' and c are the concentrations in the reservoirs and is a constant of 
the dimensions of length. In Clack’s apparatus h is the ratio of the cross- 
sectional area to length of the diffusion tube. In the diaphragm apparatus 
the value of h can only be determined by calibration with a solute of known 
diffusion coefficient. 

This function permits exact calculation of the value of D for any particular 
concentration when measurements have been made over a range of concen- 
trations. In non-steady state diffusion measurements, exact calculation 
of the diffusion coefficient, when this varies with concentration, is pro- 
hibitively difficult, as has been explained by Gordon (1937). The tables of 
Stefan (1879) and Kawalki (1894), which are usually employed to evaluate 
the diffusion coefficient from experimental results in the non-steady state, 
were worked out on the assumption that D was constant throughout the 
experiment and could not, owing to several complications, be worked out 
on any other assumption. 

The results discussed here were for the most part obtained several years 
ago by one of us (G. S. H.) in an investigation of the porous diaphragm 
method. The first experiments, made before the publication of Northrop 
and Anson’s work, compared the rates of diffusion of N /5 hydrochloric acid 
and N/2 potassium chloride into water through a no. 4 Jena G filter. The 
ratio of the former to the latter, quite consistently obtained, was about 
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25 % in excess of that predicted and found by Oholni (1904). The method 
was therefore temporarily abandoned, but when normal and satisfactory 
results were reported by other workers we repeated the measurements with 
other Jena G filters (both 3 and 4 porosity) and ourselves obtained normal 
results in nearly all cases. One other no. 4 diaphragm, however, behaved 
anomalously in permitting sodium chloride to diSuse apparently almost as 
rapidly as the potassium salt: it did not however give constant results for 
any electrolyte examined. During the work reported in the following paper 
when many more diaphragms were in use, it was found again that a few had 
to be discarded owing to failure to give reproducible results. We mention 
this to give particular emphasis to the necessity in this method of using 
several units of apparatus. 

The apparatus used was of a different t3rpe from that of Northrop and 
Anson and McBain. It seemed probable that, when very dilute solutions 
were examined, gravity could not be relied on to produce uniformity of the 
solutions on either side of the filter, right up to the surfaces of the latter.* 
Accordingly, an apparatus was designed in which the stirring was performed 
mechanically. This permitted also easy adaptation to a method of analysis 
by conductivity which could be carried out without interruption of the 
experiment. 

One unit is shown in fig. 1. The filter disk A (30 mm. diameter) formed the 
base of a bottle-shaped vessel of Jena G glass of about 35 c.c. capacity. The 
disks were obtained from the makers sealed into the middle of long tubes. 
Tor use in this type of apparatus these were cut near to the disk and then 
ground level with it. The bottle was held, by means of the extension B 
of its stopper and a rubber bung G, inside an outer vessel of pyrex which it 
fitted fairly closely. When in use the bottle was completely filled with water 
or dilute solution and the outer vessel with the more concentrated solution 
up to the level D, above the disk but below the stopper. The apparatus was 
immersed below the level E of water in a thermostat at 18° C. This was 
slightly below the room temperature so that there was little tendency to 
condensation in the upper part of the outer vessel. The vessel was supported 

* The same question has been raised by Mouquin and Cathcart, who also used 
a rotational apparatus in consequence. The rotation in their case was about a 
diameter of the diaphragm as axis. Mehl and Schmidt (1937) appear to have mis- 
understood the difficulty since they stress that, in their experiments by the stationary 
method, tests showed the liquid in the reservoirs was uniform. We do not doubt that 
it will be uniform in the bulk of the liquid, but there must be a more or less stagnant 
layer immediately adjacent to the diaphragm surface so that the diffusion layer is 
effectively slightly increased. It seemed to us that the thickness of this stagnant 
layer is to be expected to increase as the density difference of the solutions is 
decreased. 
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by iB-tting the glass cam F in a brass chuck, the upper part resting in a suitable 
saddle. The axis of the vessel was inclined about 30° to the vertical and the 
chuck, of which four were housed in one tank, was rotated uniformly by 
an electric motor and gearing. Rotation of the vessel about the oblique 
axis caused the solutions to be stirred by two pyrex glass spheres, a heavy 
one G in the bottle and a floating one H below the disk. 



The stopper of the bottle carried two Arrhenius type platinum electrodes 
Jl, 1 cm. in diameter, about 1 cm. apart and the lower one about l-5cm, above 
the disk. Since the system was not perfectly symmetrical, the stopper was 
always turned till the electrodes were in the same position with respect to 
a mark on the vessel. The resistance was found to vary only slightly with the 
position of the electrodes so that a very exact method of fixing this position 
was not necessary. The ebonite contact block L, which had two concentric 
channels cut in it, was fixed to the stopper extension. The leads from the 
electrodes terminated in these channels, which contained mercury. Stout 
copper wires, suitably mounted on insulating supports, dipped into the 
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mercury and permitted connexion to be made between the electrodes and 
a Wheatstone bridge while the vessel was rotating. 

The resistance cell constant of each cell was measured by filling both 
vessels with standard dilute potassium chloride solutions, using six con- 
centrations ranging from 0*0004 to 0*0014 N. A graph was then constructed 
for each unit, plotting logio (concentration) -flogjo (resistance) against 
logio (resistance). The first function is of course approximately constant, 
and a very open scale was used. The sKght variation included not only the 
variation of equivalent conductivity with concentration but also the varia- 
tion of error in resistance measurement, due to non-ideal leads, resistance- 
and-capacity -in-series shunts and capacitative coupling between oscillator 
and bridge. Conversion of resistance measurement to concentration was 
thus easily made by subtracting log^o (resistance) from the corresponding 
sum of logs on the graph and taking the antilog. A further simplification 
was made by considering the residual conductivity of the water used as 
being in effect due to a small additional concentration of potassium chloride. 
This procedure was justified since it is only the differences between concen- 
trations at different times during each experiment which have to be 
measured with high accuracy. 

The stoppers were used without grease, since the rate of diffusion through 
the no. 4 diaphragms is seriously reduced by slight contamination. Surface 
tension was relied on to prevent entry of air through the ground joint, and 
the slight pressure difference prevented any flow of solution into the bottle. 
The procedure of an experiment was as follows. Tirst to wash through the 
diaphragm a large volume of pure deaerated water, and fill the bottle with 
the dilute solution, also previously deaerated in a filter flask. After insertion 
of the stopper, the outside of which was dried with filter paper, the bottle 
was placed for half an hour in a beaker containing some of the solution which 
was to be used in the outer vessel of the apparatus. “During this stage the 
steady gradient in the diaphragm was approximately established. (It could 
then be assumed that all the salt diffusing into the bottle during the experi- 
ment came from the outer vessel and the decrease in concentration of the 
latter could then be calculated from the measured capacity of the bottle and 
the standard volume used in the outer vessel.) The standard volume of 
concentrated solution w^as now introduced into the outer vessel, the bottle 
fitted in, and the whole placed in the thermostat and set in motion. 

After allowing at least 2 hr. to elapse, a tune found from preliminary 
measurements to be sufficient for the steady state to be fully established, 
readings were commenced. These were taken in groups of four with intervals 
of about 10-20 min. betw^een each reading in a group and of a time between 
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each group depending on the concentration gradient in use, varying from 
2 or 3 hr. when nging a N/10 solution in the outer vessel to a day when a 
N/400 solution was used. 

These intervals are considerably less than those used by most workers, 
but the absence of any disturbance during the experiment enabled very 
hi gVi reproducibility to be obtained. The short intervals permitted a simpli- 
fication of the method of calculation. 

We will denote the concentrations in the bottle by c' and those in the 
outer vessel by c, v' and v being the corresponding volumes. Numerical 
suffices to the c’s denote values at corresponding times t, suffix 0 denoting 
the values at the beginning of the experiment. Then we have 


dc ,do' 

(2) 

C = Cq — — (C' — Cq), 

(3) 

11 

b 

(4) 


Our first approximation is to assume that the changes in c and c' are too small 
for there to be a significant change in the mean diffusion coefficient D 
defined by 

D{c-c') — j Ddc. (5) 

We may write (4) in the form 


dt 


KD{c-c'), 


( 6 ) 


K = h/v' being a characteristic constant of each cell. Integrating (6) with 
the aid of (2) we obtain 


J- y Co+{v'/v)c'o-{v'/v+l)c [ 

^Cq+(v'Iv)c’q-{v'Iv+ 1 ) 4 ' 


(7) 


In the present calculations we made a further simplification by writing 


KD^ 


Cg — 4 _ Sc' 

{c-c'){t^-tj) ~ Ac St’ 


( 8 ) 


the average concentrations c, c'. being (c-i+c^)l2, {c'-^-\-c'^l2 . 

By expansion of (7) it can be shown that the first error term in using (8) is 

1 {v'lv+Vi'^{8c')^ Cq (v'Iv)Cq -F (v'/v -I- 1) c' 

12 Ac 


( 9 ) 
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and since, in these experiments, amounts to at most 4 % of and v'jv 
was about 1/3, (8) is certainly sufficiently accurate. In work on electrolytes 
in dilute solution, where D varies considerably with concentration, error 
in (7) due to the first approximation (constant D) may be more important 
than the additional error in (8) due to the second. With the short intervals 
used here, it can be shown that error due to the first approximation is also 
negligible. 

By calculating from the first reading of one group to the last of the next, 
from the second reading to the next to the last and so on, four completely 
independent values of Sd /St were obtained for each pair of groups and all 
four had very nearly equal values for the mean concentration difference. A 
specimen calculation will make this clear and demonstrate the reproduci- 
bility obtainable. In the first column of Table I are given the times of the 
readings in one group and in the second the values of d corresponding. 
In the third and fourth columns are given the times and concentrations 
for the next group in reverse order. Taking the differences between values in 
each row we obtain the values of Sd and St. In the last column are given the 
c' values for each interval. The times are in minutes and concentrations 
in g. equiv. per litre at 18° C. 

Table I 


h 

ci X 10’ 

h 

X 10’ 

dd/Stx 105 

d X 10® 

139*7 

3838 

418*5 

9164 

1910 

650 

160-2 

4036 

400*9 

8831 

1913 

643 

179-1 

4608 

386-1 

8549 

1909 

657 

197*1 

4939 

370*7 

8257 

1911 

660 


The deviation of the Sd/St values from the mean suggests that the fourth 
figures in the c' x 10^ values are of doubtful significance even for the deter- 
mination of concentration increase. The third figures are probably not 
reliable in the absolute concentration determination, but this is only 
necessary to a much lower degree of accuracy. Since the c' values are nearly 
the same we take the mean value of Sd/Stx 10^, namely 1911, as corre- 
sponding to a mean c' of 0*00065. In this experiment the initial solution in 
the bottle was distilled water (corresponding to Cq = 0*00001), the initial 
external concentration was 0*10002 and v'/v had the value 0*46, whence 
0*10002 — 0*46 X 0*00064 = 0*09973. Substituting in (8) we obtain 

-K^5S:g??I = 1929xlO-^ 

The change in D during each experiment was less than the experimental 
error. Calculation for the next group interval in the above experiment 
yielded, for example, _ 

^■0?.ooio=1930x10-^ 
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a value slightly higher than before, whereas it can be shown from the results 
for other concentrations that the change in the limiting concentrations 
must here produce a very shght fall. When lower external concentrations 
were used, it became possible (and necessary, to secure results of comparable 
accuracy) to use larger group intervals. A greater relative change in the 
concentrations resulted, but the drift in jD as the experiment progressed 
was still not great enough to be detected with certainty. In tabulating the 
results we have therefore taken the average value of KD for each experiment 
to correspond to the average concentration hmits. These were sensibly the 
same for all experiments with the same external concentration, and in all 
cases except that where the external concentration was KT/IO, the mean 
internal concentration was the same, 0*0007, the initial internal concentra- 
tion being adjusted so as to reahze this and so keep the cell resistance in the 
optimum range for measurement. 

In experiments with external concentrations N/ 1 00 and below it was found 
necessary to make a correction, amounting to 1*3 % in the case of the 
N/400 solution, for a slow decrease of resistance found to occur even when 
the diffusion vessels were filled throughout with the same very dilute 
solution. This seemed to be due, in part, to slow solution of the glass of the 
diaphragm, being greater for the finer ones (no. 4), and, in part, to imper- 
fections in the pyrex-platinum seals. To correct for this effect the diffusion 
vessel was set up with the same very dilute solution throughout and 
readings taken over a period, not usually more than 24 hr., until the decrease 
of resistance was constant. The external solution was then changed with 
the minimum of other disturbance and the diffusion measurement carried 
out as before. At the end, the external solution was again changed for one 
made up to the same concentration as that of the internal one and, after 
a brief period for the excess concentration in the diaphragm to disperse, 
the ‘‘ background ” decrease of resistance was again measured. The decreases 
were allowed for by considering them to be, in effect, due to an additional 
increase of potassium chloride concentration. There was not usually much 
difference in the rate of increase of this effective concentration at the 
beginning and end of the experiment: the mean value was subtracted from 
the total apparent rate of increase during the diffusion. 

The results obtained are summarized in Table II. It will be seen from the 
last two columns that a very high degree of reproducibility is obtained 
in these measurements. The deviation recorded is that of the average of 
the four independent results for each group interval from the final average. 
It is doubtful, however, whether the absolute accuracy is as high as the 
reproducibility might suggest. The three columns headed KjDSA show the 
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results obtained separately for three rates of revolution, the subheading 
figures being the number of seconds per revolution. There is a considerable 
discrepancy between them at the higher concentrations, higher values 
being obtained the greater the speed. This indicates that the stirring in 
some way penetrates the diaphragm itself to a small extent. No such effect 
could be detected in the no. 4 diaphragm. The ratios of D values for the 
N/40 solution to those for N/10 are 1-029 and 1-030 for the two no. 4 dia- 
phragms and 1-026, 1-027 and 1-025 for the three no. 3 diaphragms at 7 sec. 
per revolution (cells B and G were used at this speed only). At 4* 1 and 2-9 sec. 
the ratio for 3 A becomes progressively lower, 1-022 and 1-018. It is probable 
therefore that the difference in the ratio between the no. 3 diaphragm at 
7 sec. and the no. 4 is to be attributed to a small residual stirring error in 
the former. 

Table II 




KDx 

10^ (4) 


KD X 10^ (3) 










- 



^ 





No. group 

R.M.S. 

c 

c' 

A 

B 


A 

B 

C 

No. 

exps. 

intervals 

deviation % 

Average 

Average 




4-1 

"¥9 


AB 

^A 

4B 

3A 

4B 

ZA 

(0-0000) 

(0-0007) 


(2022) (2060) 










0-00246 

0-00069 

— 

1986 

2028 

— 

2026 — 

— 

4 

4 

12 

12 

0-3 

0-4 

0-00495 

0-00070 

— 

1971 

2016 

2016 

2017 — 

— 

6 

6 

17 

17 

0-2 

0-3 

0-00993 

0-00070 

— 

1948 

2000 

— 

2003 — 

— 

4 

4 

10 

11 

0-2 

0-2 

0-02489 

0-00070 

2467 

1915 

1970 

1974 

1979 1388 

949 

9 

11 

20 

25 

0-2 

0-2 

0-04981 

0-00074 

— 

1889 

1946 

— 

1960 — 

— 

5 

4 

9 

8 

0-3 

0-3 

0-09965 

0-00081 

2401 

1859 

1920 

1931 

1943 1352 

926 

8 

9 

15 

18 

0-2 

0-3 


In the lower concentrations there is still a discrepancy between the two 
diaphragms, there being a greater change with concentration in the no. 4, 
although there is now no appreciable effect of rate of rotation in either. It 
seemed to us most probable that some kind of surface effect is coming into 
operation, greater in the finer diaphragm and at the lower concentrations. 

We shall select, therefore, to obtain the relationship between diffusion 
coefficient and concentration, the no. 3 values for the concentrations up 
to N/lOO, i.e. as long as there is no appreciable stirring error, and the no. 4 
values from N/1 00 upwards, assuming the surface effect to be then negligible. 
To permit accurate extrapolation to zero concentration one must know the 
way in which the curve will approach the value. It has been shown 
theoretically (Schreiner 1924; McBain and Liu 1931 ; Hartley 1931 ; Onsager 
and Fuoss 1932; Gordon 1937; not all these authors use the same thermo- 
dynamic functions but their equations are equivalent) that the ratio of the 
diffusion coefficient at a sufficiently low concentration C to that at zero 
concentration, is given by 

-Pq . , 

Do" ^d\ogC’ 


( 10 ) 
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where / is the mean activity coefficient, provided that there is no in- 
fluence of interionic forces on the mobilities. That there is, in diffusion, 
no first order effect, is generally agreed, but Onsager and Fuoss have 
shown that there will be a second order effect tending to increase the 
diffusion velocity. Their derivation of this effect has been called in question 
(Hermanns 1937; Gordon 1937) and a viscosity correction and volume 
correction have also been discussed. In concentrations below N/400, all 
these corrections are certainly very small. We therefore felt justified in 
using the equations of Onsager and Fuoss to provide us with a curve to 
which to fit our results asymptotically. We have calculated values by the 
Onsager and Fuoss equation for all our concentrations for comparison. 
We used for evaluation of the thermodynamic term the equation chosen 
by Guggenheim (1935) for the osmotic coefficient g, conforming to the 
Debye-Hiickel limiting law and fitting the freezing point data of Adams 
(1915). The use of the osmotic coefficient is especially convenient for the 
calculation of Dg, which is the coefficient most easily compared with our 
results. We may write, with sufficient accuracy in concentrations below 
N/10, 

ilogjfc) d[gc) 

dlogc ~ dc ’ ^ ’ 

whence, denoting the Onsager-Fuoss mobility by ^(c) we have 

f (12) 

J 0 -^0 Jo 

1 r® 

or = 

the second term in which can be estimated graphically. The values calculated 
are given in the fourth column of Table III and plotted in fig. 2. 


Table III 






Mehl and 

McBain 






Schmidt 

and others 

c 

4JB 

3A 

Theor. 

(adjusted) 

(adjusted) 

0*0025 

0*990 

0*984 

0*984 

1*004 



0*0050 

0*980 

0*977 

0*978 

.0*981 



0*010 

0*968 

0*968 

0*971 

0*965 

0*972 

0*020 

— 

— 

— 

0*954 

0*954 

0*025 

0*951 

0*953 

0*960 

— 



0*050 

0*937 

0*941 

0*951 

0*937 



0*10 

0*922 

0*909 

0*942 

0*931 

0*924 

0*20 

— 

— 

— 

0*925 

0*917 

0*50 

— 

— 

— 

0*931 

0*903 

1*0 

— 

— 

— 

0*944 

0*949 
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Our experimental values are proportional to B%,. A small correction is 
necessary to bring them proportional to X)g (c being here the nearest round 
concentration to c). It was found that the correction from c to c was 
negligible and that c' could be taken as 0-0007 in all cases. The correction 
formula derived from (5) is 

= 5g.0007+ (14) 

Concentration 


0 95 


0-90 

Pig. 2. 0 Present work G4, 0 Present work G3, A Mehl and^chmidt (adjusted), 
V McBain and others (adjusted), 0 Cohen and Bruins, absolute probable loca- 

tion), Clack, absolute (D/jDq, corrected for water displacement ; to be compared 
with X). 

Sufficiently accurate values of (multiplied by the appropriate K) 

were obtained by extrapolating .S^jDo-ooo? against to c = 0 and are given 
in brackets in Table II. The values obtained for were divided by constants 
ohosen so that the values for no. 3 and no. 4 diaphragms agreed for c = 0-01 
and so that the selected series approached tangentially the theoretical 
Dl curve. The values obtained by this method of calibration are given 
in columns 2 and 3 of Table III, the selected series being printed in heavy 
type. 

There is probably very little eflfect of temperature on I^qIDq in low 
eoncentrations, so that our values may be compared with those obtained 
by McBain and Liu and McBain and Dawson at 25° and by Mehl and 
•Schmidt at 30° C. These workers all used the stationary porous diaphragm 
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method. Bringing their values arbitrarily into the best average agreement 
with ours between c = 0*01 and c = 0 * 10 , we have the figures in columns 5 
and 6 of Table III. 

There is fairly good agreement as to the variation of diffusion coefficient 
with concentration in the range from 0*005 to O-lN, although the experi- 
mental results cannot be strictly comparable, since the values of the other 
workers quoted have not been corrected as above for the deviation of the 
concentration limits from the initial values. The agreement found indicates 
that our doubts about the adequacy of gravitational stirring in the dilute 
solutions are not justified, or at least that the ''stagnant” layers have the 
same effective thickness at all concentrations. 

The actual values recorded by these workers do, however, differ from ours, 
those of McBain and collaborators being about 3 % higher, while those of 
Mehl and Schmidt are 8 % lower. This arises from the different methods of 
calibration used. 

Mehl and Schmidt used several methods. Firstly, they extended their 
measurements to very low concentrations (about N /2000 for KCl) and extra- 
polated empirically to zero concentration. The limiting slope obtained is 
some six times greater than the theoretical. The curve strongly resembles 
those we obtained ourselves in low concentrations before correction was 
made for the apparent increase of concentration on the dilute side due to 
solution of glass and other sources of contamination. In the absence of 
more experimental details it is not possible to attach great weight to these 
figures. 

Their second method was the ingenious one of measuring the electrical 
conductance through the diaphragm when filled with suitable electrolyte, 
large platinum electrodes being clamped on either side of the diaphragm 
for this purpose. This method agreed well with the first, but it is possible 
that the stagnant layer adjacent to the diaphragm surface in the diffusion 
measurements is of thickness greater than the distance of separation of the 
diaphragm surface and the electrodes. Although, as we have seen, there is 
no change in this thickness with concentration gradient within the limits 
investigated, the finding of Mouquin and Cathcart that the diffusion through 
a given diaphragm was some 5 % more rapid when the apparatus was 
rotated, suggests that the stagnant layer thickness is not neghgible. 

Their third method 'was a comparison with Clack’s measurement on KOI, 
but they quote his earlier values (1908) which improved technique (1924) 
in later work increased by some 10 %. Agreement of our calibration with 
Clack’s more recent measurements is discussed below. 

The fourth method was by comparing measurements on 2*0 N NaCl by 
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the diaphragm method with the results of Oholm at 5° C, corrected for 
temperature by an equation proposed by Anson. 

McBain and collaborators used the value of Cohen and Bruins (1923) 
for calibration. This was obtained by the '‘four layer ” method, starting with 
N/10 KCl in the lowest layer and water in the other three. It therefore 
seems certain, as has been pointed out by Gordon (1937) that the value 
cannot correspond to as is assumed by McBain, but will refer more 
nearly to a lower concentration range, the mean concentration of all four 
layers being 0*025 N. The calculation of the diflfusion coefiScient in the 
Cohen-Bruins experiment was made by the Stefan-Kawalki tables which 
were worked out (and could only be worked out) on the assumption that the 
coefficient is independent of concentration. The effect of this in a case where 
there is considerable concentration dependence is, as Cohen and Bruins 
realized, complex. It has the eiffect, as can be seen from the last column of 
Table IV, of making the coefficients obtained from layers 2 and 4 (4 is the 
uppermost) considerably higher than those from layers 1 and 3. 


Table IV 


Cohen and Bruins 


Concentrations for D = 


Concen- 


Vessel 

0*922 

Fimction 

0*951 

Apparent D 

tration 


1 

0*03629 

0*03619 

0*03581 

0*928 

0*035 

0*945 

2 

0*02841 

0*02831 

0*02827 

0*944 

0*029 

0*955 

3 

0*01992 

0*01994 

0*02013 

0*923 

0*021 

0*945 

4 

0*01537 

0*01556 

0*01579 

0*936 

0*015 

0*951 


We have attempted to obtain an approximate allowance for this effect 
by the following method. Imagine four equal vessels to be connected in 
series in such a way that diffusion can take place from one to the other under 
steady state conditions through identical columns and that the diffusion 
can be interrupted at will. If we allow diffusion to occur for a definite time 
from vessel 1 to 2 only, then for the same time from 2 to 3 only, then 3 to 4 
and back again to 1 to 2 and so on, we obtain finally a distribution not very 
different from that in the layers in the four layer method. Starting with 
a concentration of 0*1 in vessel 1 and zero in the others, using a constant 
value of 0* 2 X log^ 1 0 for the product of time interval and the k of equation ( 1 ) , 
and working through eleven cycles of operations, we obtained the figures in 
columns 2, 3 and 4 of Table IV. Column 2 refers to D (equation (1)) equal 
to 0*922 throughout (= in our results*). In column 4, D is taken 

= 0*951 throughout. To obtain the values in column 3 we substituted 

* The absolute values of D in this calculation are of no consequence, since k is 
quite arbitrary, and the amount diffusing depends on the product hD, 
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equation (5) in equation (1), assumed D to be constant only for each separate 
diffusion period, allotting to it the value of JD/Dq from our results for the 
relevant concentration range. The concentration ranges were taken first to 
be the means of those in the other calculations, and the cycle of calculations 
was then repeated to obtain a better approximation. 

The concentrations obtained for the four vessels appear sufficiently close 
to those in the corresponding layers in Cohen and Bruin’s experiments to 
justify our use of them to obtain the effective average concentration. In 
column 5 we have calculated the apparent diffusion coefficients obtained 
from our hypothetical experiment — i.e. the values which would have been 
obtained had diffusion proceeded according to the conditions of column 3 
but been calculated from the concentrations in column 3 on the assumption 
that the diffusion coefficient was constant. Column 5 is obtained simply by 
linear intrapolation of column 3 between columns 2 and 4. The average 
value in column 5 is equal to our D/Dq value for 0*6 N. Comparing columns 
5 and 7 we see that the discrepancies between the values from the various 
layers are qualitatively explained. The Cohen-Bruins average value is 1*6 % 
higher than ours. 

It seems to us that convection in the Cohen-Bruins apparatus may have 
led to too high a value. The great care taken to eliminate vibration and 
temperature fluctuations is no guarantee that the fundamental difficulty 
of mixing of the layers during separation was overcome. The effect of the 
shearing method used for bringing the layers together and separating them 
was examined only in the initial condition of an experiment when a very 
great concentration gradient exists in the region of maximum shear. During 
separation there is only a very small density gradient to prevent non- 
horizontal flow. The very great reproducibility of the results does not dis- 
prove this possibility of mining, since all the experiments were carried out 
in exactly the same way and for nearly equal times. 

To Compaq our results with those of Clack, it is most convenient first to 
convert our D’s into D’s, the diffusion coefficients at definite concentrations. 
From equation (5) we obtain 

■Dc = -DS+c^(5g), (16) 

which gives a simple graphical method for the conversion. Applied to our 
results it gives the lower curve on fig. 2. Tor c = 0-8, we find D/D,, = 0-905. 
This figure must now be corrected to give the diffusion coefiicient on the 
diflFusion-relative-to-solvent basis used by Clack, i.e. it must be increased 
by a fraction cF of its value where V is the partial molal volume of KCl 
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in dilute solution (0-027 litre). We thus obtain the value 0*907. The figures 
given by Clack (1924), in what he considers to be his most accurate experi- 
ments, work out to DjDQ = 0-889 and 0-896. The mean is 1*5 % less than 
our value. 

We cannot obtain values for DIDq at higher concentrations from our own 
measurements nor at lower ones from Clack’s . If however we take the values 
of Mehl and Schmidt, adjusted to our method of calibration, differentiated 
and corrected for solvent transfer, we calculate at (7 = 0-10, 0-25, 
0-50 and 1-0 to be 0-923, 0-934, 0-960, 0-997. The data of McBain and 
collaborators similarly yield 0-907, 0*923, 0-955, 1-017.* Clack’s mean values 
give 0*887, 0*872, 0-883, 0-915. These are considerably lower and might 
therefore seem to favour Mehl and Schmidt’s calibration, which gives values 
8 % lower than ours. It must be noticed however that the discrepancy 
is not constant, that between the adjusted values of Mehl and Schmidt at 
30° C and those of Clack at 18*5° C increasing from 3-6 % at — 0*10 to 
8*2 % at C = 1-0. We suspect that the influence of temperatures on D/Dq 
is becoming serious in the concentrated solutions. 

It is evident from the foregoing discussion that there is still room for 
a more thorough and accurate investigation of the diffusion of simple 
electrolytes, but w'e think that the values in heavy type in Table III, 
using the theoretical extrapolation method of calibration and giving results 
in reasonable agreement with the best wurk by absolute methods (1*5 % 
below Cohen and Bruin’s value, taken to refer to Dg'®®, and 1-5 % above 
Clack’s mean value for C = 0*08) are at least accurate to 2 %. 


The stirring effect in the rotational apparatus 

The rotational apparatus described offers great advantages with regard 
to reproducibihty when a conductimetric method of analysis is used, and 
also the advantage, pointed out by Mouquin and Cathcart, that it is 
applicable when there is a negligible density gradient in the diffusing solution. 
It suffers however from the drawback that there is appreciable stirring 
apparently within the coarser diaphragm. 

Preliminary to the work reported in the following paper, we decided to 
investigate the effect more closely. 

* The value of D for C=Q'6 has been ignored as erroneously low. These workers 
also determined the differential coefficient directly, finding D/Dq = 0-921 and 0*955 
at 0 = 0' 5 and 1*0. In higher concentrations there are much greater discrepancies 
between the differentiated integral values and the directly determined differential 
values. 

27-3 
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The apparatus was constructed on a sounder mechanical principle. All 
the gearing was outside the thermostat tank, the diffusion units passing 
co-axially through the large worm-driven final gear wheels. The motive 
power was a constant-speed A.C. motor and a gear-box enabled the speeds 
to be varied. We are indebted to Mr G. E. Pensom for the design and 
construction of the mechanical part of the apparatus. In the diffusion units 
themselves the outer rubber bung was replaced by a glass stopper, grooved 
round the middle and greased in the upper part only, and the water level 
of the thermostat was above this stopper. The electrodes were sealed into 
Jena N glass. The reproducibility of the measurements was not further 
improved by these improvements in design. The measurements were made 
at 25° C. 

The first variation investigated was that of the density of the glass stirring 
spheres, as it was thought that they might press too hard on the diaphragm 
surfaces. There was no change however in the effect of speed of rotation on 
the apparent rate of diffusion. A glass pendulum suspended by a glass ball 
and ring joint from the lower electrode support was also tried, but was 
found unsatisfactory in the conductimetric analysis method. 


Electrolyte 

Table V 

Bevs. 

D, 

cm.Vsec. X 10® 

and cone. 

per min. 

4 ” 

3 

KCl, 0*05 N 

6 

1-87 

1*88 

— 

9 

1*88 

1-91 

— 

18 

1-90 

1-99 

— 

30 

1-88 

2-36 

— 

45 

1-92 

3-76 

Mg 2 S 04 , 0-1 N 

9 

0-65 

0-66 


45 

0-64 

M2 

Cetyl pyridinium 

9 

0-75 

0*75 

chloride, 0*05 IST 

45 

0-74 

M7 


The values of the apparent mean diffusion coefficient for three electrolytes 
are given in Table V. Calibration was effected by the figures of Table III 
applied to the results for potassium chloride extrapolated to zero speed of 
rotation. It will be seen that there is hardly any effect of speed of rotation 
on the results vfith the no. 4 diaphragm. For the no. 3 (coarser) diaphragm 
there is a very big effect in the higher speeds. The effect was unusually great 
in this particular diaphragm. Other no. 3’s, used in the work reported in 
the following paper, showed a much smaller effect. The abnormally great 
effect, due probably to the presence of a few large pores or cracks, con- 
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veniently illustrates an important feature of the effect — ^that it is by no 
means Knear against the speed of rotation, but increases as a considerably 
higher power than the first. 

One factor operating to produce this result is that transfer of solute by 
convective flow will not, when small, be simply additive to that produced 
by diffusion. This may be appreciated by considering a simplified diaphragm 
containing only two equal pores, up one of which and down the other there 
is a slow flow of solution. As a further simplification we will consider the 
flow to be uniform, not Newtonian, the velocity being everywhere = F. 
In the steady state of combined diffusion and convection the rates of transfer 
of solute across normal sections of the pores must be, for each pore, constant 
throughout its length, the rates being 


A being the cross-sections of the pores. If the concentrations at the ends of 
the pores accommodate perfectly to those of the reservoirs, which we will 
consider to be 0 (for x = 0) and c (for x = X), we obtain, by integration 
of (16), assuming D to be constant. 


— AVC 

^-VXID _ i * 


(17) 


Now K 1 + K 2 is equal to the total rate of transfer through an area 2 A 

2A.C 

and distance X from concentration 0 to c. It is therefore = — 
where Dap is the apparent diffusion coefl&cient. Whence 


Dap_lFZr 1 1 "1 

D ~ 2 D • 


(18) 


For very great values of F, Dap is determined solely by F, but for 
F-2 l/D<^ 1, corresponding to a slight flow superimposed on diffusion, we 
obtain, by expansion of (18), 
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the terms in {VXjD)^ cancelling out. Thus when the error due to convection 
is small it is proportional to the square of the convection velocity. This will 
not of course apply if the small error is due to excessive convection through 
a few out of the many capillaries present in the diaphragm. We might expect 
therefore in practice that the error will at first be proportional to a power 
of the convection velocity intermediate between 1 and 2. 

In the case of the rotational apparatus there are two possible sources of 
convection — a backward and forward movement through a given part of 
the diaphragm as it turns from its lowest to its highest position and flow 
in a constant direction in a given part due to centrifugal force. 

The former would depend on the density difference of the upper and lower 
solutions and would be greater the smaller the speed. There is no evidence 
of its operation. The latter, whether due to the diaphragm contents having 
a greater angular velocity than the free liquid (which will be subject to 
braking action by the glass spheres), or to the density difference of the upper 
and lower solutions, must be, for given solutions, proportional to the square 
of the angular velocity. 

Combining this conclusion wdth that above with regard to convection 
in general, we should expect the error to be proportional to a power of the 
angular velocity between 2 and 4. This explains the observed result for 
potassium chloride. It is surprising, however, that the effect is no greater 
as would be expected from equation (18) for the more slowly diffusing 
electrolytes. 

It is evident from these results and considerations that the rotational 
apparatus, which has considerable advantages for pure electrolyte work, 
can be made to give accurate results even with a no. 3 diaphragm, if 
sufficiently low velocities of revolution are used. 

The authors are pleased to express their indebtedness to the Department 
of Scientific and Industrial Research for a Senior Research Award held by 
one of them (G. S. H. 1929-32) during his share in the experimental investi- 
gation, and to Imperial Chemical Industries for a grant to the other. 

SmVDMARY 

A continuous reading apparatus for measuring the rates of diffusion of 
pure electrolytes through porous diaphragms is described. 

Data obtained for the diffusion of potassium chloride as a function of 
concentration are presented and the absolute values obtained by extra- 
polation. 
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The comparison of the results obtained with the best available data by 
absolute measurements shows that there is still room for more accurate 
work in the whole problem, but it is believed that the diffusion coefficients 
in the range from N/lOOtoN/10 are accurate to within 2 %. 
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The determination of the size of paraffin-chain salt 
micelles from diffusion measurements 

By Gr. S. Hartley and D. F. Renniclbs 
University College, London 

{Communicated by F. 0 . Donnan, F.R. 8 , — Received 12 July 1938 ) 

In aqueous solutions of paraj 0 S.n-chain salts — salts, one of the ions in 
which is a long paraffin-chain with the ionic group at the end — there exists 
a fairly well defined ^'critical” concentration (about N / 1000 when the chain 
has 16 0 atoms), below which the salt behaves as a normal electrolyte. 
In the neighbourhood of the critical concentration, all physical properties 
which have been measured with sufficient accuracy suffer a rather abrupt 
transition (Hartley 1936U; Adam 1936; Powney and Addison 1937; Adam 
and Shute 1938). At concentrations well above the critical, the behaviour 
is that of a colloidal electrolyte and there is no doubt that the paraffin-chain 
ions are almost aU aggregated into '"micelles 

The abruptness of the transition is satisfactorily explained, according 
to the reasoning of Bury and collaborators (Bury and Jones 1927; Bury 
and Grindley 1929; Bury and Davies 1930; see also Murray and Hartley 
1935), if the micelles have a large optimum size, much smaller aggregates 
not being formed in appreciable amount. 

It was not found possible, from measurements of electrical mobility 
(Hartley, Collie and Samis 1936), to determine the size of the micelles 
except between very wide limits, on account of the large and uncertain 
effect of the ionic atmospheres. All we could do was to assume a value for 
this size based on a picture of the constitution of the micelle and the forces 
operating to produce it, and to show that this value could reasonably explain 
the experimental data. The present work was undertaken with a view to 
obtaining a direct measure of the size of the micelles. 

Our picture of the micelle was of a spherical unit with the paraffin chains 
lying in a chaotic or “liquid’’ manner in its interior. The evidence for this 
arrangement (or lack of arrangement) is: (1) that paraffin- chain salt solutions 
have a very general solvent action for organic substances almost insoluble 

* Howell and Robinson (1936) and Howell and Warne (1937) have put forward 
an alternative theory of the critical concentration. For reasons put forward in another 
paper (Hartley 1938) we believe it to be quite untenable. 

[ 420 ] 
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in water (Smith 1932; Hartley 1937; Lawrence 1937; McBain and Woo 
1938); (2) that the micelle is produced by the strong mutual attraction of 
the water molecules ''squeezing ” the paraffin out of solution; (3) that clear, 
mobile solutions of paraffin-chain salts show no stream double refraction; 
(4) that, if the chains were arranged parallel to each other in a pseudo- 
crystalline unit, the existence of an optimum size of micelle, required by the 
experimental evidence, would be unintelligible. 

This last point emerges clearly from the calculations of Meyer and van 
der Wyk (1937) who assumed the parallel chain arrangement (Thiessen 
and Spychalski 193 1* * ***) as a basis for a statistical treatment of micelle forma- 
tion and concluded (p. 1 324) : "Nous ne trouvons a cette hypothdse (optimum 
size of micelle) aucune base plausible: le fait qu’a Taide de cette supposition, 
il est possible d’obtenir des resultats qui concordent assez bien avec 
Fexperience, semble devoir etre considere comme purement fortuit."” 

It appears necessary, in view of this misunderstanding, to repeat the 
explanation (Hartley 1936a, p. 47) of the difference from the point of view 
of statistical mechanics, between the "liquid” and "crystalline” micelles. 
Meyer and van der Wyk (1937) make the doubtless correct assumption 
that, when another paraffin-chain ion attaches itself to an already existing 
group of V ions arranged parallel to each other, the loss of interfacial energy 
is almost independent of the value of v. The paraffin chain is considered, 
as a simplifying approximation, as a small cylinder of paraffin, after the 
manner of Langmuir and Harkins. The a priori probability of the attachment 
will increase proportionally to the area available for attachment. This leads 
to a distribution of frequencies of occurrence of micelles of different sizes 
which may have a flat maximum at a certain size, ‘but in which the average 
size (as well as this optimum size) increases continuously as the concentration 
is increased. If we compare now our fuUy developed spherical "Mquid” 
micelle with a "crystalline” micelle of the same content, we see that its 
a priori probability is much greater, because, although we impose about 
equal restrictions on the position of the ionic end groups of the constituent 
paraffin chain ions in the two cases, we impose a much more severe restriction 
on the orientation of the chains in the latter case. The loss of free surface 

* The evidence for a crystalline structure of the micelles is based on X-ray measure- 
ments. It refers however to soaps in. what McBain distinguishes as the “curd” 
state. The micelle that we are discussing is that found in the clear mobile solution and 

it appears that Meyer and van der Wyk miast have these solutions in mind because 
they utilize freezing point data by McBain and Betz on some sulphonic acids which 

are in clear solution at the freezing point. Many paraffln-chain salts do not appear 
in the curd form at all, coming out of the clear solution on cooling as ordinary 
macroscopic crystals. 
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energy is also slightly greater in the formation of the liquid micelle, since 
its surface, for a given content, is smaller and more nearly entirely ionic. 
The much smaller groups of ions are, however, either in the same condition 
as before, having the same probability, or they are themselves chaotic, in 
which case the chains will touch in one or two places only, and their free 
surface energy be therefore much increased. 

When the large micelle is “liqxiid’', we should expect therefore a much 
greater frequency for its occurrence relative to that of the smaller micelles 
than is allowed for in the calculations of Meyer and van der Wyk. This does 
not mean however that we should expect only an increase in the average 
size at all concentrations. We have referred to the fully developed’" 
micelle, by which we mean a spherical micelle as large as is consistent with 
the ends of the chains being able occasionally to reach the centre without 
the ionic groups being drawn out of the water into the non-polar interior of 
the micelle. The radius of the interior will therefore be of the order of the 
length of a fully extended chain. One or two chains only need at any time 
be in this extended and radial condition, the remainder filling up the 
available volume as would the molecules of a Uquid paraffin in a very small 
droplet. An extension of the micelle beyond this size would require, either 
that some of the ionic groups become submerged in the paraffin interior, 
against which very strong forces will operate, or that the sphere be extended 
into an ellipsoid, wHch will decrease the a priori probability of the arrange- 
ment, because the permissible orientation of the chains will be more 
restricted. As the micelle size increases beyond that of the fuUy developed 
spherical micelle, the frequency distribution wiU again approach that 
derived by Meyer and van der Wyk. 

We should expect therefore that there will be a fairly well defined optimum 
size for the micelles almost independent of concentration, and that this size 
will correspond to a sphere of radius of the order of the length of a fully 
extended chain. 

The difeusion of colloidal electrolytes 

In order to obtain a direct estimate of the size of charged particles from 
diffusion measurements, it is necessary that these be carried out in a 
“swamping” excess of a simple electrolyte (Hartley and Robinson 1931; 
Bruins 1931, 1932). If a solution of the colloidal electrolyte alone is investi- 
gated, the mobile ' ' gegenions ’ " compel diffusion to occur at a rate comparable 
with that of an ordinary electrolyte. The comparison of magnesium sulphate 
and cetyl pyridinium chloride in Table V of the previous paper provides 
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a good example of this. This high diffusion coefficient is very insensitive 
to changes in aggregation of the colloidal ion and is very sensitive to the 
presence of electrolyte impurities. Its relationship to the mobilities includes 

the factor 1 where /is the activity coefficient, so that a knowledge 

of the thermodynamic properties of the solution is necessary before even 
a limited amount of information can be obtained. In the presence of 
a swamping excess of simple electrolyte, however, the diffusion potential 
is eliminated, so that the colloidal ions diffuse independently, the thermo- 
dynamic correction disappears (/ being constant throughout the system), 
and influence of electrolyte impurities is negligible. Of the two mobility 
corrections of the Onsager theory the ''endosmotic” one is completely 
absent, but it is possible that a small relaxation term remains (Hartley 
1935), the magnitude of which is a question which still awaits theoretical 
examination. 


A considerable amount of work has been done on the diffusion of dyes 
in solution, but colloidal electrolytes of the paraffin-chain salt type appear 
to have received little attention. McBain and Liu (1931) examined 
potassium laurate and Laing-McBain (1933) sodium oleate, by the porous 
diaphragm method. They used, however, no additional electrolyte, except 
a trace of alkali to suppress hydrolysis. The results, though of interest in 
confirming the high value to be expected for a colloidal electrolyte alone, 
are consequently of little value for estimating the size of the colloidal 
aggregate. Jander and Weitendorf (1934) studied the diffusion of the sodium 
salts of valeric, capric and lauric acids in excess of sodium hydroxide or 
chloride. AU of these, even the valerate, diffused more slowly the higher the 
concentration of fatty ion, but it appears from the figures that the results 
in the concentrations below 0*02 N must be erroneously high, as they would 
correspond to electrical mobilities of the ions considerably greater than is 
to be expected (for example, to 23 ohms“^ cm.^ (g. equiv.)~^ at 10° C for 
C9H19COO” and 28 for C4HgCOO', which would correspond to 28 and 35 
at 18 ° C, while Kohlrausch and Holborn (1916) give only 26 at this tem- 
perature for the latter). It is probable that the error was due to convection. 
The free liquid, four-layer technique was employed and, since the soaps 
make very little change in the density of aqueous solutions, and the diffusing 
salt must have some effect on the distribution of the ‘'swamping’’ salt, it is 
very likely that the density gradient was not sufficient to stabilize the 
solution (compare Freundlich and Ivruger 1935). In the case of the caprate, 
the diffusion coefficient, after remaining approximately constant between 
0*03 and 0*05 N, suffered a second faU in higher concentrations, the value in 
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0*15 KT solution corresponding to a radius of the particles, according to the 
Stokes-Einstein equation, of about 14 A. There was no evidence however 
that a constant value had been reached. In the ca*se of the laurate, where 
the micelles would be expected to form in much lower concentration, only 
results in concentrations below 0-01 N are given, presumably owing to 
limited solubility (the measurements were made at 10° C). 


DeTERMIISTATION OE the PARAFEm-CHAIN RADICAL 

Since the amount of the diffusing paraffin-chain ion must be determined 
in the presence of excess of other ions, the distribution of which will also 
be slightly modified by the diffusion process, non-specific methods of con- 
centration determination, such as conductivity and optical refraction, 
cannot be employed. A method first developed in collaboration with 
N. K. Adam was applied. This depends upon the fact that the colour of 
sulphonphthalein indicators is not only displaced to the alkaline side by 
paraffin-chain cations but is also qualitatively changed (Hartley 1934). 
The second change only is utilized. Bromphenol blue was found to be the 
most suitable indicator. Even very low concentrations (less than 10 ~^N, 
and therefore below- the normal critical concentration for micelles) of the 
cetyl pyridinium ion change the normal alkahne purple to a pure blue, the 
transmission in the red end of the spectrum being displaced or eliminated. 
The colour change is used as an end-point for the direct titration of paraffin- 
chain anion against paraffin-chain cation. These form an insoluble salt. 
When the paraffin-chain cation is removed in this manner, the alkaline 
purple colour is restored. Both the amount and coagulation of the pre- 
cipitate are at a maximum at the equivalent end-point of the titration, 
and are a useful indication of the approach of the colour change. The 
accuracy of the titration varies with the nature of the paraffin-chain ion. 
The soaps, for example, give very indefinite and non-stoicheiometric end- 
points, but N/1000 cetyl pyridinium or trimethylammonium ions can be 
titrated against N/1000 cetyl sulphate, or cetane sulphonate, to within 1 %. 
At lower concentrations the accuracy is somewhat less. The titrations are 
not seriously affected by the presence of electrolytes up to a concentration 
of N/2; above this there is a distinct lag in the restoration of the purple 
colour and the end-point becomes less sharp. 

A stock solution of cetyl pyridinium chloride, standardized electrometri- 
cally against silver nitrate, was diluted to N/1000. A solution of cetane 
sulphonate, remaining clear at room temperature, was prepared from a 
standardized solution of cetane sulphonic acid by the addition of technical 
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triethanolamine in slight excess. These two solutions were used as standards 
for subsequent titrations. The titrations, wherever possible, were performed 
at room temperature; the alkah cetane sulphonates and cetyl sulphate, 
by reason of their low solubility, were titrated at 60°. In this case the 
accuracy of the titration was shghtly lower. 

Determinations were made on 2 c.c. samples in 15 c.c. test tubes, the 
opposite solution being run in from a microburette, graduated in hundredths 
of a c.c. OT c.c. of M/5000 bromphenol blue, made slightly alkaline with 
ammonia, was used in each titration. The titration tube was placed in 
a comparator between tubes containing mixtures 3 % on either side of the 
end-point. The solution was titrated to a colour mid-way between the purple 
and blue colours shown by the outer tubes. Facilities were provided in the 
comparator for viewing the solutions both by transmitted and scattered 
light. The presence of the fiocculent precipitate made this desirable. 
Ordinary electric light is preferable to daylight. The indicator showed 
appreciable red fluorescence at the end-point. 

Experimental 

For use with paraffln-chain salts, the type of diffusion cell previously 
described was modified by having provision for the removal of a portion 
of the solution for external analysis without interrupting the progress of 
the diffusion. The cell is shown in fig. 1. The porous diaphragm divides the 
cell into two compartments. The lower compartment contains the paraffin- 
chain salt solution and is closed at the bottom by a glass stopper. As the 
strong emulsifying action of the paraffin-chain salt solution on grease 
precludes its use in ground glass joints, the outside of the stopper is con- 
tinued in the form of a tube, which provides an airlock when the ceU is 
immersed in the thermostat. Air is prevented from entering the lower 
compartment by the surface tension acting at the joint, wMle leakage of 
solution past the joint is prevented by the hydrostatic pressure of the 
thermostat liquid. 

Eight cells of this type were employed. They were arranged in two thermo- 
stats, four cells in each, and were rotated from a common driving mechanism. 
Further extension of this mechanism was impracticable, and as it was 
necessary to increase the number of diffusion cells, in order to obtain 
sufficient measurements in the time available, a number of stationary 
diffusion cells were constructed. The work discussed in the previous paper 
had shown that the use of gravitational stirring was satisfactory. The effect 
of paraffin-chain salts on the density of the swamping electrolyte is very 
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small and therefore the actual density gradient may be determined by 
the redistribution of the latter during the diffusion. In order to ensure that 
there was sufficient density difference, a deliberate slight inequality of 
the swamping electrolyte concentration was used. 



Fig. 1 


Twelve stationary type difiPusion cells were constructed, and arranged 
in an air thermostat. The thermostat consists of four long chambers of 
square section joined together to form a rectangle. Air is circulated round 
the rectangle by a fan in one of the vertical chambers, the other containing 
the thermoregulator. The diffusion cells are placed in the horizontal 
chambers, six in each. A section through one of the horizontal chambers 
and a cell is shown in fig, 2. Glass doors are provided to enable the cells 
to be placed in position. A double V brass rest (shown in perspective in 
inset) is fixed to a rigid portion of the thermostat through a universal 
clamp D and the diffusion cell is held in position in it by strong elastic bands. 
After preliminary levelling of the porous diaphragm with a plumb-bob 
attachment, the universal clamp is locked, and the diffusion cell can 
then be removed for cleaning and filling and replaced in exactly the same 
position. The compartment A contains the concentrated solution and is 
closed at the top by a glass stopper (ungreased) and at the bottom by the 
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porous diaphragm. J? is a lipless beaker, the top of which is flattened out 
in the form of a flange which presses tightly against the rubber bung 0 
to form an almost airtight joint. The beaker contains the dilute parafiSn- 
chain salt solution. Removal of this beaker and replacement by one con- 
taining fresh solvent is effected from underneath the horizontal chamber as 
shown in the figure; in this way undue disturbance of the temperature of 
the thermostat is avoided. 



Fig. 2 


The diffusion cell constants were determined with 0-05 N potassium 
chloride, the sample of dilute solution being transferred to a conductivity 
cell and the salt concentration determined conductimetrically. The lower 
accuracy of the method of analysis of the paraffin-chain salt solution at 
low concentrations made it necessary to allow a relatively greater amount 
of substance to diffuse through the diaphragm between each measurement, 
vdth a resultant greater change in the concentration of the concentrated 
solution. The diffusion coefficients were calculated by the same method as 
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in the previous paper. Despite the much longer intervals the diffusion 
coefficients calculated by the approximate equation (8) were not appreciably 
different from those calculated by the exact equation ( 7 ), The more 
convenient equation (8) was therefore used. As in the measurements de- 
scribed in the previous paper, several determinations of the diffusion 
coefficient were made with each filling of the diffusion cell, successive 
samples of the dilute solution being removed after sufficient paraffin-chain 
salt had diffused through the porous diaphragm. After removal of a sample 
of dilute solution, it should, ideally, be replaced by one of identical composi- 
tion. No determinable error, however, resulted from the more convenient 
procedure of replacing the sample by an equal volume of pure swamping 
electrolyte, provided that this was allovred for in the calculation of 8 c' and 
Ac (equation (8)). 

It was necessary to make several preliminary measurements to establish 
that the porous diaphragm method, in the stationary and rotational forms, 
was satisfactory in its application to the diffusion measurements with 
paraffin-chain salt solutions. These measurements were made with cetyl 
pyridinium chloride, prepared as described by Hartley (19366). Sodium 
acetate was mostly used as the swamping electrolyte; this had the advantage 
that high concentrations of electrolyte could be used without precipitation 
of the cetyl pyridinium salt. 

Table I 



Cetyl 

pyridininm 

cone. 

Salt and 

Type of 
cell* 


DxKP 


cone. 

Temp. 

G3 

G4 

A 

0-05 

NaCl 0*5 

R 

30 

9*6 

9*5 






9*7 

9*6 






9*8 

9*3 






— 

9-6 

B 

0*01 

NaAc 0*1 

S 

25 

9*5 

9*2 




R 

25 

9*2 

9*2 

C 

0*02 

NaAc 0*4 

R 

25 

8*8 

9*0 


0*02 

NaAc 0-4-0-3 

R 

25 

— 

8*7 

D 

0*05 

NaAc 1*0 

S 

30 

9*1 

9*1 




St 


10*9 

9-2 


* R = rotational, S = stationary, 
t Diaphragm deliberately inclined 8° to horizontal. 


The total time of the diffusion measurements was usually from three to 
four weeks, enabling several determinations to be made. A series of results 
in two typical experiments is shown in Table I (A). It is seen that within 
the experimental error, there is no difference between the diaphragms of 
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different porosity, indicating absence of effects due to absorption in the 
diaphragm. All the measurements recorded in Table II were made at 
least in duplicate, using the diaphragms of different porosity, designated 
G3 and G4 by the makers, who give the mean pore diameters as 18 and 
4:/i respectively. 

In Table I (B), the agreement between results with the stationary and 
rotational apparatus is demonstrated. The figures recorded here, and sub- 
sequently, are the means, usually of three determinations, for each experi- 
ment. In some cases the means include the results of more than one 
experiment. 

As pointed out above, it was necessary, in the stationary apparatus, to 
produce adequate density differences by a deliberate inequality of swamping 
electrolyte concentration. This will in general set up a small potential 
gradient. The results in Table I (C) show that with a 25 % difference in 
sodium acetate concentration the diffusion is hardly appreciably decreased. 
Except in test experiments, a 5 % difference only was used. The error from 
this source is therefore negligible. 

In Table I (D) is shown the effect of deliberately tilting the diaphragm 
in the stationary apparatus. 8° of tilt produced a 15 % error with the G3 
diaphragm and none with the G4. This experiment was made in the highest 
concentration of salt, and a 10 % inequality was used. Since the convection 
error is (see previous paper) more nearly proportional to the square than 
to the first power of the angle and of the density difference, and since the 
diaphragm is levelled to within 1° in the ordinary measurements, the error 
from this source is also negligible. 


Size of cetyl pyridinium micelles 

It was seen in the previous section that there was good agreement between 
the diaphragms of different porosity for cetyl pyridinium chloride with 
sodium chloride or sodium acetate as swamping electrolyte. The agreement 
was not disturbed when sodium sulphate or potassium oxalate was used. 
Moreover, the stationary and rotational methods gave the same results. 
There can be no doubt therefore that we are measuring the true diffusion 
coefficient. 

Experiments with different gegenions were undertaken largely because 
a parallel transport number investigation (Samis and Hartley 1938) indi- 
cated that in solutions of the paraffin-chain salt alone there were significant 
differences. Since it soon appeared that the differences, in excess of simple 
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salt, were small, it was not considered necessary to prepare the appropriate 
cetyl pyridinium salt in each case, the simple salts being added to cetyl 
pyridinium chloride. In the case of the sulphate, three measurements 
(marked f in Table II) were made with no chloride ion present and indeed 
no change was observed. 

It is necessary for the application of the Stokes -Einstein equation that 
there should be sufficient concentration of simple electrolyte to eliminate 
the effect of diffusion potential. The concentration necessary might be 
determined experimentally by increasing the concentration until there is 
no further fall of diffusion coefficient. Unfortunately, however, there are 
other effects — that of viscosity, the '"atmosphere relaxation” effect and, 
in some colloidal electrolytes (Valko 1936), changes of aggregation — ^which 
produce a slow steady fall of diffusion coefficient. 

Some colloidal electrolytes make a considerable structural contribution 
to the viscosity and what effect, if any, this has on the diffusion velocity 
is doubtful. Fortunately, in the present case, the paraffin-chain salt, in the 
concentrations used, makes very little difference to the viscosity of the 
simple salt solution to which it is added. The variation of diffusion 
coefficient with concentration of paraffin-chain salt at a constant con- 
centration of simple salt will therefore be due only to potential and 
aggregation effects. It will be seen from Table II that there is no such 
variation outside experimental error. The ratio of simple to colloidal 
salt is therefore adequate to eliminate the diffusion potential. We have 
marked with an asterisk the only values in Table II obtained from experi- 
ments where this ratio was less than 10 : 1. It was, in these, 5 : 1 and the 
diffusion coefficient is but little increased. 

It must also be concluded that there is no appreciable change of aggre- 
gation. We know that, at sufficiently low concentration, the single ions 
must preponderate in the equihbrium with the micelles. The single ions wiU 
have a diffusion coefficient at 25° of about 56 x 10“'^ (calculated from the 
electrical mobility), i.e. about six times that of the micelles. It is obvious, 
therefore, from the figures in the table, that, even at a concentration of 
0*002 N cetyl pyridinium (with 0*04 N sodium acetate), there must be only 
a very small fraction of the paraffin-chain ions present in the simple form. 
In pure solutions of cetyl pyridinium chloride, conductivity and transport 
number (Hartley, CoUie and Samis 1936) measurements show that there 
is no appreciable aggregation, at concentrations below 0*0009 N*. These 
conclusions are not in contradiction because the addition of simple electro- 
lyte is known to decrease considerably the critical concentration for micelles 
(Hartley 1936a, p. 37, 19366, 19386). 
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Table II 


Cetyl 

pyridinium 

cone. 

Salt and 

cone. 

Temp. 

Dx 107 

Radius 

0-002 

0-04 

Na acetate 

25 

9-8 

24-2 

0-005 

1-0 

25 

7-1 

24-5 

0-01 

0-1 

25 

9-4 

24-9 

0-01 

0-2 

25 

9-2 

24-5 

0-01 

1-0 

25 

7-4 

23-7 

0-02 

0-4 

25 

8-9 

23-8 

0-02 

0-7 

25 

8-0 

24-1 

0-02 

1-0 

25 

7-3 

24-0 

0-05 

1-0 

25 

7-2 

24-3 

0-005 

0-1 

Na chloride 

25 

8-5 

28-4 

0-01 

0-5 

30 

9-4 

27-9 

0-02 

0-1 

25 

9-4* 

25-5 

0-02 

0-2 

60 

19-4 

25-9 

0-02 

0-4 

30 

9-9 

26-8 

0-02 

0-5 

30 

9-4 

27-9 

0-02 

1-0 

30 

9-0 

28-1 

0-05 

0-5 

30 

9-6 

27-4 

0-005 

0-1 

Na sulphate 

25 

8-6 

27-9 

0-005 

0-4 

25 

8-3t 

27-0 

0-005 

1-0 

25 

7-7 

25-7 

0-01 

0-2 

25 

8-6 

27-3 

0-01 

0-4 

25 

8-3t 

27-0 

0-01 

1-0 

25 

7-5 

26-0 

0-02 

0-1 

25 

8-7* 

27-5 

0-02 

0-4 

25 

8-4 

26-8 

0-02 

0-4 

25 

8-6t 

26-2 

0-02 

1-0 

25 

8-0 

25-0 

0-02 

0-4 

K oxalate 

30 

10-1 

26-1 

0-02 

1-0 

30 

9-5 

25-9 

0-05 

1-0 

30 

9-8 

25-1 


As there is no change in diffusion coefficient with concentration of diffusing 
electrolyte at any one concentration of swamping electrolyte, the mean 
diffusion coefficients {D of the previous paper) require no correction (to D) 
before the Stokes-Einstein equation is applied. We have substituted in the 
Stokes-Einstein equation the viscosity of the simple salt solution used as 
solvent. The radii thus obtained are recorded in column 6. This allowance for 


28-2 
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the eflfect of the simple salt on viscosity is in the present case more important 
than in most of the work on dyes, where much lower concentrations have 
been used. It cannot presumably be exact, if only because the ionic distribu- 
tion around the micelles means that the solvent is in effect not homo- 
geneous, but it produces so great a unification of the results that it is 
probably approximately correct. [Compare for example the diffusion 
coefficient and radius values for 0-02 N cetyl pyridinium and various con- 
centrations of sodium acetate.] 

The average deviation of the individual diffusion values from the mean 
was in general about 2 %, but somewhat greater when the cetyl pyridinium 
concentration w^as less than 0*01 N. When sulphate was used as swamping 
electrolyte the deviation was shghtly greater than with the other salts. 
The method of calibration discussed in the last paper was used. It must 
be borne in mind therefore that the values of the micelle radius may have 
an absolute error somewhat greater than that indicated by the internal 
reproducibihty. 

It may lastly be noticed that, on increasing the concentration of any one 
of the swamping electrolytes, there is very little change in the apparent 
radius, if indeed any, outside the experimental error. We can therefore 
conclude that the atmosphere relaxation effect, which would operate to 
reduce the diffusion coefficient, and hence increase the apparent radius, 
has a negligible effect. Indeed in the case of the sulphate the average 
apparent radius in IN electrolyte is somewhat less than in the lower 
concentrations. It is extremely improbable that there is a real decrease 
in the micellar radius, and the observed decrease, which is only just outside 
the experimental error, is probably well within the error due to substitution 
of the bulk viscosity in the Stoke-Einstein equation. On account of the 
ionic distribution about the miceUe, this substitution cannot, as pointed 
out above, be exact, and will be less exact where the gegenions are divalent. 

Over a 24-fold range of cetyl pyridinium concentration, from N/500 
to N/20, and with added electrolyte ranging from N/25 to N, there is thus 
no appreciable change in the average size of the micelle. This is exactly 
what is to be expected from the other evidence on the constitution of these 
solutions and the arguments outlined in the introduction, the factors in- 
volved in miceUe formation leading to a well-marked preference for micelles 
of a very limited range of size. These arguments predict also approximately 
the size preferred. We should expect the micelle to be spherical having 
a chaotic paraffin interior of radius equal to the length of a fully extended 
chain. This length, from the terminal C atom to the ionic group, is about 
20 A. Assuming the density of the interior to be that of liquid hexadecane 
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(0*77) we calculate that this interior contains about 70 paraffin chains. 
Allowance must be made now on the surface of this spherical paraffin interior 
for the ionic pyridinium groups, attached gegenions and the hydration 
layer. For several reasons this can be made only approximately. If, for 
instance, the pyridinium is imagined to be in effect spread evenly on the 
surface, it would extend the radius by only 0-5 A. This is obviously absurd. 
The 70 pyridine nuclei must project considerably further than this, and the 
extension will be increased by the hydration layer, and in many cases, by 
attached gegenions. Though this extension exists only at some 70 discrete 
places, its effect on the frictional resistance of the aggregate must be much 
greater than if the corresponding volume were uniformly spread over the 
paraffin interior. An effective extension of some 3 or 4 A is probable. 

We must also remember that the paraffin interior of the micelle is ''filled ” 
only in the same sense as is a bottle of hexadecane fiUed by hexadecane 
molecules. The average distance between neighbouring C atoms of different 
molecules in hexadecane must be about 5 A. A mathematic cavity of this 
diameter in the interior of the micelle may thus not be a cavity in the 
physical sense. Even if the radius of the interior be taken as great as 23 A, 
the thermal perturbations of the outer interface could easily permit suffi- 
ciently frequent access of terminal C atoms to the centre. An effective 
overall radius between 25 and 27 A, as is found experimentally, is thus 
not in excess of that required by the constitution of the spherical "liquid ’’ 
micelle. 

The experiments reveal however a definite though small influence of the 
nature of the gegenions. Thus the average values for acetate oxalate, sul- 
phate and chloride are 24*2, 25*7, 26-6 and 27-2 A respectively. The radius 
of the micelle is very little less at 60° than at 25°. It wiU be evident from the 
foregoing discussion that the exact constitution of the outside of the micelle 
will have an appreciable influence on the effective radius, not so much 
because the different gegenions attached will occupy different volumes as 
because the differences in the closeness of their attachment will permit 
variations of the depth to which they, and hence the terminal C atoms of 
the chain, can penetrate. 

Diffusion of anionic micelles 

Choline cetane sulphonate, with choline chloride as swamping electrolyte, 
was the fiLrst system examined. It provides a clear solution at room tem- 
peratures of a salt with an anion of the same chain length as that of the 
cation previously examined. This solution was prepared from silver cetane 
sulphonate by grinding in a mortar with concentrated choline chloride 
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solution, the requisite excess of choline chloride being added at this stage. 
The silver chloride was filtered off and the filtrate diluted to the required 
concentration. 

Table III. Diffusion of choline cetane sulphonate at 25° C 


Sulphonate 

cone. 

Chloride 

cone. 

Dx 107 

G3 

G4 

Radius (A) 

0-02 

0*4 

6-9 

— 

31 

0*05 

1*0 

6-0 

6*5 

31 


The results, at 25°, are given in Table III. They indicate a micelle size 
considerably greater than that in the cetyl pyridinium salts. Although 
there is fair agreement between the results for the diaphragms of different 
porosities in the case where there are parallel experiments (in the other case 
the G4 apparatus in use cracked), a fine precipitate formed during the 
experiment, due presumably to alkah from the glass, and it seemed probable 
that this precipitate might interfere with the diffusion, particularly through 
the finer diaphragms and in long experiments (the second experiment 
recorded was of shorter duration than usual). It was decided therefore to 
conduct further experiments at 60° C. 

Potassium cetane sulphonate, swamped with potassium chloride, was 
used, and the measurements carried out in the rotational apparatus in an 
oil-covered water thermostat. Even in this case a precipitate still formed 
during the experiments, appearing first on the dilute” side of the dia- 
phragm. Since this may have been due to abstraction of some alkaline 
earth metal from the glass, further measurements were made on sodium 
cetyl sulphate (the alkahne earth salts of which are soluble) swamped 
with sodium chloride (with the addition of N/400 sodium hydroxide to 
retard hydrolysis of the ester): no precipitate formed in these solutions. 

The individual diffusion values are collected in Table IV, the figures 
being given in each experiment in the order determined. 

There is a very considerable discrepancy between the different dia- 
phragms, even for the sulphate ester, where no precipitate was formed. The 
values given by the coarser diaphragm are consistently higher than those 
from the finer,- and are generally higher at the commencement of each 
experiment. This suggests that the real diffusion coefficients will be higher 
still. The maximum value (of 20 x 10~^) obtained for the sulphate ester 
corresponds to a radius of 25 A, about the same as that obtained for the 
cetyl pyridinium micelle. There is thus no real evidence that the anionic 
micelle is much larger than the cationic, but the serious systematic dis- 
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turbance of the diffusion through the diaphragm makes it impossible to 
arrive at a more definite conclusion. 

Table IV. Diffusion of alkali salts at 60 ° C 


Paraffin-chain 


107 


cone. 




Sulplionate 

Salt cone. 

G3 

G4 

0-01 

0-1 

12-6 

10-5 



12-6 

11-0 



11-9 

10-1 



11-0 

— 

0-0067 

0-1 

10-7 

9-5 



11-5 

— 

0-005 

0-1 

13-1 

9-3 



11-7 

6-3 



— 

5-1 

Sulphate 




0-01 

0-1 

20-4 

17-0 



17-7 

12-6 



16-4 

10-9 


A possible source of this disturbance was the existence of a structure which 
is made evident at higher salt concentrations by the elasticity of the 
solution in bulk. We decided therefore to attempt some measurements at 
concentrations where this elasticity is very pronounced. The elasticity 
rendered it impracticable to use a lighter-than-water glass sphere for 
stirring the concentrated solution in the diffusion cell. It was necessary 
to construct a new type of cell. This was similar to the rotational diffusion 
cell described in the previous paper, but the concentrated solution was 
placed in the inner vessel and the stirring effected by means of a heavy 
mercury “filled glass pendulum attached by a ball and ring joint to the glass 
stopper. Stirring of the dilute solution (which is quite mobile) contained 
in the outer vessel was effected by the usual lighter-than-water glass sphere. 
This outer vessel is closed at the top by a rubber bung, through a hole in 
which a sample of the dilute solution may be removed with a pipette. The 
results, obtained at 60 °, are given in Table V. 

Table V. Diffusion from elastic solution at 60 ° C 


K cetane 
sulphonate 
cone. 

KCl 


i)x 10’ 

cone. 

G3 

G4 

0*01 

0-04 

9-4 

0-11 



8-6 

0-11 



— 

0-07 
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It will be seen that there is now an enormous discrepancy between the 
values given by the two diaphragms, in the same sense as that found pre- 
viously but altogether different in magnitude. It is almost certain that the 
stirring on the ''concentrated” side of the diaphragm was inadequate, but 
there is no reason to suppose that it was any less adequate for the G 4 
diaphragm. The hundred-fold reduction of diffusion velocity through the 
finer diaphragm must be explained almost entirely by the internal structure 
wliich can presumably build up more completely in this case. This very 
striking result may seem to be in contradiction to the conclusion of Laing- 
McBain (1933), who found no appreciable difference between the rate of 
diffusion from a mobile sodium oleate solution and a clear gel of the same 
concentration. It must be remembered that diffusion in this case was allowed 
to occur into water so that the transfer of paraffin-chain micelles was mainly 
due to the diffusion potential. It might not therefore be affected by the 
building up of larger structures since we are concerned with their electrical 
rather than their diffusion mobility. 

Diffusion of micelles containing other molecules 

Aqueous solutions of paraffin-chain salts are able to dissolve considerable 
amounts of many organic substances which are almost insoluble in water. 
The organic substance dissolves in the micelles (Smith 1932; Hartley 1937, 
p. 153 ; Lawrence 1937). Some diffusion measurements in such systems were 
made wdth a view to determining how much the micelle is swollen by the 
additional molecules. 

The measurements were made with cetyl pyridinium chloride and with 
choline cetane sulphonate, sodium and choline chlorides being used as 
swamping electrolytes. The organic liquids used, benzene and ?^-amyl 
alcohol, were added slowly to the aqueous solutions from a microburette 
until saturation was reached. The equilibrium was reached very slowly 
with benzene, but almost immediately with the alcohol. The saturation 
concentrations were very sensitive to temperature, and the room was 
therefore maintained at 25 ° C during the additions. Although, when half 
saturated, the solutions were very viscous, when fully saturated they became 
normally mobile (Angelescu and Popescu 1930). They showed a pronounced 
Tyndall cone, though similar solutions without the swamping electrolyte 
are clear. 

The rotational cells were used at 25 ° C. Although cetyl pyridinium 
chloride is precipitated by the sodium chloride at this temperature in the 
absence of the organic liquid, the presence of the latter lowers the solution 
temperature to well below its value in the absence of the sodium chloride. 
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In order to guard against loss of the benzene by evaporation, a layer of the 
free liquid was carefully run on top of the ‘"dilute” solution in the cell. 
This precaution was omitted in the experiments with alcohol, since it was 
less necessary with the less volatile liquid and would have introduced errors 
owing to the high solubility of the paraffin-chain salts in the free alcohol. 

Table VI 

Molecular ratio 

ParafHii-chain Swamping in micelle : D v 1 0? 


salt and 

salt and 

organic liquid to 
paraffin chains 

A ±\J 


cone. 

cone. 

G3 

G4 

Cetyl 

pyridinium 

chloride 

Sodium 

chloride 

Benzene 



0-05 

0-5 

0 

8-5 

8*5 

0*05 

0*5 

4 

13*3 

5-2 

0*05 

1-0 

4 

14*5 

— 



Amyl alcohol 



0-05 

1-0 

3-8 

3-4 

0*8 

Choline 

cetane 

Choline 




sulphonate 

chloride 

Benzene 



0-05 

1*0 

0 

6*0 

6*5 

0-05 

1*0 

4-4 

5*1 

3-6 


The results are shown in Table VI. For comparison, the diffusion coef- 
ficients measured in the presence of the swamping electrolyte alone are 
also given. It will be seen that not only is there a large discrepancy between 
the values obtained with the diaphragms of different porosity but that in 
the case of the benzene-cetyl pyridinium chloride solutions, the diffusion 
coefficient through the G3 diaphragm has increased by some 50%. The 
other solutions give the expected lower diffusion coefficient, although the 
discrepancy between the two diaphragms prevents any conclusion being 
drawn as to the micelle size. 

The presence of very small specks of benzene or amyl alcohol occasionally 
observed on examining the diaphragms after the diffusion measurement 
suggests a possible explanation of these anomalous results. Dilute solutions 
of cetyl pyridinium chloride leave glass vessels in a peculiarly greasy 
condition, due to the adsorption of the cetyl pyridinium cations on the 
negatively charged glass walls, leaving the paraffin part exposed to the 
solution. This paraffin layer is, however, wetted by the solutions themselves 
unless they are very dilute. In the diffusion measurements there will thus 
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be a layer of paraffin lining the walls of the capillaries in the porous 
diaphragm. As the thickness of this layer (of the order of the length of the 
paraffin chain) is small compared with the diameter of the capillaries, there 
will normally be no effect upon the rate of diffusion, and this is reflected 
in the results with cetyl pyridinium chloride discussed above. In the case 
of the benzene-cetyl pyridinium chloride solutions, however, there is the 
possibility of a much thicker layer of benzene becoming attached to the 
walls of the capillaries through the medium of the adsorbed cetyl pyridinium 
ions. In the smaller capillaries the benzene layer might be sufficiently 
thick to block them completely, thus reducing the effective diffusing area 
of the diaphragm. The benzene layer, however, would also provide a medium 
through which the cetyl pyridinium chloride could diffuse with an increased 
velocity. The complete immersion of the cetyl pyridinium cations in the 
benzene is improbable, but by being adsorbed at the benzene-solution inter- 
face, the ions could move through the capillary with their polar groups in 
the aqueous solution and the paraffin chains in the benzene. The cations, 
having passed through the capillary, could then reform into micelles. Thus 
the expected reduction in the rate of diffusion, due to the increase in micelle 
size upon solution of the benzene, would be further reduced by the blocking 
of some of the smaller capillaries in the diaphragm, while the partial 
blocking of some of the larger capillaries would result in an accelerated 
‘‘surface diffusion”. The observed rate of diffusion would be governed by 
these three factors, but would probably be lo’wer in the diaphragm with 
the smaller pore size. 

It might be expected that the amyl alcohol, having more affinity for water 
than has benzene, would be less adsorbed on the walls of the capillaries 
and that the surface diffusion would therefore be reduced. This is partly 
borne out by the results, for, although there is still a discrepancy between 
the G3 and G4 diaphragms, there is no acceleration of diffusion above its 
normal value. 

That the presence of the layer of organic liquid on the capillary walls is 
dependent on the initial adsorption of paraffin-chain ions is suggested by 
the better agreement between the G3 and G4 diaphragms when choline 
cetane sulphonate was used as the solvent for the benzene or alcohol. 
The accelerated surface diffusion does not then predominate in either 
diaphragm. The adsorption of the paraffin-chain anions on the negative 
glass walls is, of course, less than that of the paraffin-chain cations. 

Although it is possible that, with lower concentrations of organic solute, 
a better agreement, and therefore more significant results, might have been 
obtained, the results suggest that recourse must be had to the free liquid 
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method of diffusion measurement for these systems, as for the sulphonates 
and sulphates. For such slow diffusing substances, however, very great 
precautions against convection would be necessary. 

It is a pleasure to acknowledge our indebtedness to Professor F. G. 
Donnan for his interest and encouragement, and to the Research Council 
of Imperial Chemical Industries for a grant which made the investigation 
possible. To Dr Conmar Robinson we are indebted for helpful discussion 
of some of the problems that were encotintered during the course of the 
work. 


Summary 

1. The porous diaphragm method has been applied to the measurement 
of the diffusion of paraffin- chain micelles in aqueous solution with a swamping 
excess of simple electrolyte. 

2. For cetyl pyridinium salts the method is satisfactory and a radius for 
the micelle of about 26 A is found. The radius is independent, within 
experimental error, of the concentration of paraffin chain or swamping 
electrolyte, and very little dependent on temperature. These results are 
in excellent agreement with the ‘'spherical liquid micelle” theory. There is 
small, but definite, influence of the nature of the gegenion on the size of the 
micelle. 

3. For cetane sulphonates and cetyl sulphates the method fails to give 
reliable results, probably owing to the building up of a structure within the 
pores of the diaphragm. 

4. When the solutions are saturated with amyl alcohol or benzene the 
method again fails to give reliable results. A mechanism is suggested for 
the anomalies observed. 
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The thermal decomposition of nitrous oxide 

Bt R. M. Lewis and C. N. Hinshelwood, F.R.S. 

{Received 15 July 1938) 

When the thermal decomposition nitrous oxide was first investigated 
reactions were usually thought of as belonging to simple integral orders. 
Over the range 100-700 mm. the nitrous oxide reaction proved to be more 
nearly of the second than of any other order, showing that the activation 
process was coUisional (Hinshelwood and Burk 1924), and not one depending 
upon the absorption of radiation by isolated molecules — b, possibility at 
one time considered. For a first-order reaction the plot of the reciprocal 
of the half-reaction time against pressure is a hne parallel to the pressure 
axis, while for a second-order reaction it is a line inchned to the axis and 
passing through the origin. In a series of investigations (Volmer and 
Kummerow 1930; Volmer and Nagasako 1930; Musgrave and Hinshelwood 
1932; Hunter 1934) it has come to hght that the form of this curve ^or 
nitrous oxide is really rather complex, and may be divided into the following 
parts: {a) an initial steep increase, starting from the origin, which between 
50 and 100 mm. becomes shallower and passes into {b) an almost linear 
curve continuing up to several atmospheres when it gradually bends again 
passing into (c) an almost straight line of stiU smaller slope which continues 
up to 20-30 atm. when it bends round and becomes nearly parallel to the 
pressure axis, as for a reaction of the first order. Various interpretations 
have been suggested: (1) The curve results from the superposition of three 
‘‘ quasi-unimolecular” reactions, each of the second order at low pressures 
and of the first order at higher pressures (typical of reactions in which activa- 
tion is by collision and is followed by transformation of isolated molecules). 
The three components represent different activation modes with different 
transformation probabihties of the activated molecules (Hinshelwood, 
Fletcher, V erhoek and Winkler 1 934). (2) The curve is not really composite in 
form, but represents a single quasi-unimolecular reaction, the transformation 
probability of the molecules being a continuous function of the excess energy 
they contain. This view was supported by Volmer who, however, was not 
aware of the existence of region (c) of the curve, and believed that the portion 
{h) became parallel to the axis above about 10 atm. He did not recognize 
the distinctness of portion {a) but plotted the reciprocal of the velocity 
constant against the reciprocal of the pressure so that points corresponding 
to low pressures were spread out into an indefinite sweep which masked 
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the normal composite appearance of the curve. (3) The third interpretation 
has not been specifically formulated for the case of nitrous oxide, but is 
implied by Letort’s treatment (Letort 1937) of the analogous example of 
acetaldehyde: it amounts to the view that the changes of slope shown by 
the curve are not so much due to changes from one integral reaction order 
to another as to the existence of fractional orders, such as the order 3/2 
which arises in certain circumstances when the mechanism depends upon 
the intervention of atoms or radicles. Limited stretches of the nitrous oxide 
curve could be represented approximately by the equation of a reaction of 
the 3/2 order: and, although this would not apply over the whole range, 
nevertheless, if we assume that the curve is complex, we should not neglect 
the possibility that one of the components is of this type. The present paper 
contains new experimental data bearing upon these interpretations, and 
upon other problems presented by this interesting reaction. 

Experimental details 

The reaction is 2N2O = 2N2 + Og, with a very small proportion of 
2N2O == 2N0 + N2, each of which corresponds to a 50 % increase of pressure. 

The reaction was followed by measuring the change of pressure with time, 
in a 300 c.c. silica bulb, heated in an electric furnace, and provided with 
a manometer for direct reading, and with a Bourdon gauge which was 
sensitive enough to give rehable readings of the initial rate of reaction. 
The Bourdon gauges used were calibrated directly against the manometer, 
the relationship between the deflexion reading in the microscope eyepiece 
and the pressure being shown to be hnear. The temperature was measured 
by a Pt/Pt-Rh thermocouple and a pyrometer, the pointer of which was 
read by a microscope so that variations of 0-1° could be detected. Special 
care was taken to keep the temperature constant, and to reproduce it 
accurately from day to day. Since the accuracy with which the tempera- 
ture could be controlled during a few hours was greater than that with which 
it could be reproduced, the eyepiece scale was standardized each day with 
the aid of a rate measurement for pure nitrous oxide at a standard pressure. 
This corrected for the slight instability of the pyrometer zero, and ensured 
that the relative temperatures were accurately controlled: they should be 
within 0-5°. The absolute temperature was calculated after the pyrometer 
had been calibrated in terms of the melting-point of pure antimony, and 
should be within about 2^^. 

Nitrous oxide was obtained from a cylinder and the only impurities were 
oxygen and nitrogen: it was condensed in a trap surrounded by liquid air. 
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and all the permanent gases were pumped away before the nitrous oxide 
was allowed to evaporate into its container. Carbon dioxide was made 
by heating sodium bicarbonate; nitrogen and argon were obtained from 
cylinders and dried. 

When working with mixtures of nitrous oxide with other gases, the 
separate gases were introduced into a pre-mixer before admission to the 
reaction bulb. 

The dead space was estimated as accurately as possible and the appro- 
priate corrections applied to the results for runs followed manometrically 
and runs followed by the Bourdon gauge, the dead space being increased 
in the latter case. When the temperature difiference had been allowed for, 
these corrections were equivalent to 7 and 9 % of the bulb volume, and they 
were applied in a consistent way in all the experiments, so that if the half- 
reaction point was estimated in error as (50 — d)% , d should be the same 
throughout. 

Several end-points were determined and when this correction had been 
applied the mean increase in pressure was 49 % of the initial pressure. 


Half -reaction time and initial rate of reaction 

The interpretation referred to above under (1) has been criticized on the 
ground that it is based upon plots of the reciprocal half-time instead of 
an initial rate. If the differential equation for the reaction rate is a sum of 
several terms, it is evident that these terms can not be integrated mde- 
pendently, and that the reciprocal half-time will not be the sum of three 
reciprocal half-times characteristic of the separate components. It should, 
however, be obvious that if the integral curve is composite in form, this fact 
can hardly be due to anything but the composite nature of the differential 
expression from which it is derived. Nevertheless, it seemed desirable to 
see how far the curve of reciprocal half-time against pressure differed from 
that of the initial rate. The initial rates were therefore determined with care 
for comparison with the half-times. From Table I and the figs. 1 and 2 
it appears that the general course of the 1 /(half-time) curve is closely similar 
to that of the curve for l/p.dpldt, p being the initial pressure, and dpjdt 
the initial rate. It is clear, therefore, that a distortion of the curve based 
upon half-times, in such a way as to simulate a composite nature which is 
not really inherent in the differential equation for the reaction rate, is out 
of the question. In figs. 1 and 2 the actual values of 1/;P . dpjdt are plotted, 
while the values of Ijt^ are multiphed by a constant to make them equal to 
the former at 300 mm. 
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Initial pressure (mm.) 

Fig. 1. Influence of pressure on reaction rate at 747° C, showing similarity of curves 
derived from half-times and initial rates respectively. Circles = l/p.dp/dt; black 
dots = 1/4 X constant. 



sJ, 0-05 


0 200 

Initial pressme (mm). 

Fig. 2. Influence of pressure on reaction rate at 652° C. Circles = l/p.dpldt; 
black dots = 1/4 x constant. 
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Table I 



NaO— 747°C 

A 



NaO— 662*0 

A 


r 

P 

ilh 

llp.dpjdt 

r 

P 

m 

l/p,dpldt 

mm. 

sec.-i X 10”® 

sec.”^ X 10“® 

mm. 

sec.”^ X 10”® 

sec.”^ X io~® 

8*9 

47 

0*11 

24*4 

6-9 

0-022 

15-0 

65 

0*16 

45*3 

8*7 

0*033 

22*5 

72 

0*25 

70*2 

12*1 

0*046 

27-8 

98 

0*31 

88*2 

— 

0*048 

35-7 

120 

0*44 

99 

15*3 

0*052 

46-0 

156 

0*59 

147*5 

20*3 

0*062 

53-3 

159 

0*45 

179 

— 

0*067 

64*5 

216 

0*64 

195 

22*4 

0*077 

65-0 

186 

0*54 

222 

24*1 

0-082 

79-3 

236 

0*64 

252 

28*0 

0-087 

95 

276 

0*85 

324 

— 

0-097 

127 

339 

1*05 

330 

30*1 

— 

127 

336 

1*08 

390 

35*2 

0-110 

131*5 

355 

1*08 

410*5 

36*5 

0-115 

166 

407 

1*34 

415-5 

36*0 

0-120 

217 

465 

1*46 

492 

38*6 

0-128 

256 

532 

1*72 

519 

40*0 

0-131 

258 

524 

1*63 

543 

43*7 

0-147 

322 

595 

1*88 

557 

44*6 

0*137 

382 

658 

2*03 

568 

43-5 

0*152 

412 

699 

2*18 




452 

740 

2*30 




569 

877 

2-72 





Variation of activation energy with pressure. Determinations 
from half-times and from initial rates 

The initial rate-initial pressure curve as well as the curve for l/(half-tiine) 
initial pressure was determined for two temperatures nearly 100° apart. 
From the ratios at different pressures the activation energies were calcu- 
lated by the Arrhenius equation. The results confirm the previously reported 
increase in activation energy with increasing pressure. The meaning of this 
result is that at the lower pressures molecules with smaller energies are 
contributing a greater proportion to the total of the observed change. 
If the probability of transformation is smaller for the lower energies, then it 
is only at the lower pressures that the molecules with the lower activation 
energies survive deactivation by collision long enough to contribute to 
the observed reaction, so that the result is easily understandable. It does 
not, however, tell us anything about the problem as to whether there is 
a continuous variation of transition probability with energy content or 
whether there are distinct sets of activated molecules which differ in kind. 
If the reality of the composite rate-pressure curve is accepted, then we have 
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the latter possibility. The actual values of the activation energy agree fairly 
closely with those given by Hinshelwood and Burk (1924), Musgrave and 
Hinshelwood {1932) and by Hunter (1934): they are considerably higher 
than those given by Volmer (Volmer and Kummerow 1930; Volmer and 
Nagasako 1930). Upon the low values reported by the latter author various 
theoretical considerations about the non-adiabatic nature of the nitrous 
oxide decomposition have been based. In the light of the higher values 
these considerations lose their significance (Wigner 1938). 

The activation energies are tabulated in Table II. Those derived from the 
half-times are slightly greater at any given pressure. In each case the 
change with pressure follows a similar curve. 


Table II. Activation energies given by = 


1-98 X 2-303 , , 

^j5pj^xlog„roal., 


WHERE r IS THE RATIO OE 1/^^ OR OE Ijp.dpjdt AT THE TWO TEMPERA- 
TURES AND T 2 

= 747° C; = 652° C 


Pressure 

T from 


r from 


nun. 

m 

B 

Ijp.dpjdt 

E 

25 

16'0 

54,500 

11*3 

47,700 

50 

17-4 

56,200 

13-4 

51,000 

75 

17-8 

56,600 

15-1 

53,400 

100 

18-2 

57,100 

16-6 

55,300 

150 

18-7 

57,600 

18-2 

57,100 

200 

18-8 

57,700 

18-8 

57,700 

300 

19-2 

58,000 

18-8 

57,700 

400 

19-4 

58,300 

18-8 

57,700 

500 

19-7 

58,600 

18-8 

57,700 

600 

19-8 

58,700 

18-8 

57,700 


Influence of the reaction products 

It is known that small quantities of nitric oxide are produced in the 
reaction and that these exert a catalytic effect: it is also known that inert 
gases, such as nitrogen and oxygen, exert some accelerating effect. To show 
the magnitude of this influence Table III records a complete pressure-time 
curve for a reaction in which the initial pressure was fairly great. Erom this 
curve the velocity over small intervals was read off at different points of 
the curve, for which also the mean nitrous oxide pressure and the mean 
pressure of products could be calculated. The rather abrupt finish of the 
reaction is to be noted: the last traces of nitrous oxide in presence of a large 
accumulation of products decomposing with greatly increased speed. Fig. 3 
shows the influence of the products in preventing the fall in reaction rate 
at low partial pressures of nitrous oxide. Under the conditions of this 
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Time 

Change in 

Time 

Change in 

sec. 

pressure 

sec. 

pressure 

— 

— 

161 

88 

0 

0 

175 

93 

5 

3 

193 

98 

7*5 

5 

209 

103 

11 

8 

226 

108 

17 

13 

253 

113 

24 

18 

278 

118 

32 

23 

304 

123 

37 

28 

333 

.128 

48 

33 

368 

133 

55 

38 

404 

138 

63 

43 

447 

143 

73 

48 

504 

148 

81 

53 

570 

153 

90 

58 

655 

158 

100 

63 

780 

163 

111 

68 

990 

168 

123 

73 

1560 

172 

135 

78 

1860 

173 

148 

83 

1 54 min. (inf.) 173*3 



Partial pressiire of nitrous oxide (mm.) 

Fig. 3. Influence of reaction products on the curve of initial rate against nitrous oxide 
pressure. The rates are found by drawing tangents to a curve plotted from the results 
given in Table III. The lower curve is reproduced from fig. 1. 
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experiment the excess of products becomes very large for the smaller partial 
pressures of nitrous oxide: e.g. when the latter has fallen to 10 mm. there 
will be about sixty times this pressure of products. 

Influence of inert gases on the reaction rate 

Volmer and Bogdan (1933) determined the influence of various inert 
gases on the reaction rate. They believed that the reaction consisted of 
one single quasi-unimolecular reaction, whose unimolecular constant at- 
tained its limiting rate in the neighbourhood of 10 atm., and that the 
influence of the inert gases was to help the constant for lower pressures to 
rise towards this hmiting rate. They found this limiting rate by an extra- 
polation which the experiments of Hunter have since shown, to be un- 
justified, and they plotted their results for the inert gas influence in such 
a way as to force an extrapolation to this same hmit. Since this limit has 
no real existence the curves they give must be regarded as largely arbitrary. 

Table IV 

partial pressure of NgO at 662® C 


Na0 + 2C02 

_A 

NaO + SNa 

A 

N’aO + 2A 

A 

NaO + 4A 

A 


\jp.dpjdt 

P 

Ijp .dpjdt 

P 

^ 

Ijp , dp jdt 

P 

■\ 

Ijp.dpldt 

25 

0*052 

20 

0*028 

22 

0*029 

25 

0*035 

45 

0*072 

29 

0*041 

30 

0*031 

40 

0*049 

63 

0*080 

49 

0*054 

34 

0*043 

60 

0*055 

82 

0*092 

59 

0*059 

39 

0*041 

60 

0*057 

90 

0*100 

73 

0*065 

50 

0*048 

74 

0*066 

101 

0*113 

80 

0*068 

61 

0*050 

78 

0*062 

126 

0*117 

100 

0*076 

75 

0*059 

90 

0*073 

150 

0*131 

125 

0*082 

92 

0*065 

102 

0*079 

176 

0*135 

148 

0*096 

100 

0*070 

110 

0*084 

200 

0*144 

150 

0*096 

125 

0*074 

115 

0*083 

307 

0*180 

175 

0*100 

152 

0*082 

145 

0*092 

330 

0*182 

200 

0*114 

175 

0*087 

182 

0*096 

361 

0*216 

227 

0*114 

200 

0*093 

200 

0*104 

423 

0*218 

245 

0*125 

221 

0*093 

216 

0*097 

424 

0*220 

299 

0*137 

264 

0*108 

217. 

0*101 

458 

0*231 

310 

0*129 

298 

0*107 

230 

0*111 

492 

0*272 

349 

0*139 

342 

0*120 

286 

0*120 



384 

0*143 

352 

0*117 

327 

0*130 



396 

0*156 

401 

0*131 

339 

0*146 



426 

0*171 

432 

0*139 

359 

0*136 



471 

0*172 

486 

0*143 





517 

0*190 

490 

0*147 





566 

0*191 

564 

0*165 




Experiments have been made on the initial rates of reaction for the 
following mixtures: NgO -i- 2CO2, NgO -h 2N2, NgO -h 2A, NgO + 4A, the total 
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initial pressure being varied over a range of about two atmospheres. The 
results are given in Table IV and figs. 4 and 5. With carbon dioxide the 
increase in rate caused by the inert gas is almost uniform over the pressure 
range employed, the acceleration tending if anything to diminish at the 
higher total pressures. With nitrogen and with argon the influence is greatest 



Fig. 4. Influence of carbon dioxide and of nitrogen at 652° C. Black dots,. NgO + 2 CO 2 ; 
circles, N 2 O + 2 N 2 ; lower line, NgO alone. 

when the partial pressure of the nitrous oxide is lowest as is shown in figs. 4 
and 5 which reveal the fact that the influence of the inert gas is exerted 
principally on the low-pressure component of the total reaction. At the 
higher pressure the curves representing the rate in presence of argon become 
almost parallel to the normal curve, which is not at all what would be 
expected if the inert gas were contributing to the activation of the molecules 
in one single quasi-unimolecular reaction (Volmer interpretation). With 
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the assumption of more than one 'unimolecular reaction it is easy to explain 
the variable effect of the foreign gases, since transfer of activation energy 
is a specific phenomenon and may well be different for different types of 
activated state. This explanation, however, also meets with difficulties. 
According to the theory of the composite mechanism, the reaction over the 
range of pressure used in these experiments consists of one reaction which 
completes its change from the second order to the first, and a second part 
which is of the second order up to much higher pressures (the second part 



Initial pressure of nitrous oxide (mm.) 

Pig. 5, Influence of argon at 652® C. Black dots N 2 O + 4A; 
circles N 2 O + 2A; lower line N 2 O alone. 


being itself composite but representable by one constant in this range). 
The rate of reaction will be given by 


I dp ^ h-^p 
p^ dt ^ l-{-bp 




for nitrous oxide alone, and by 


1 dp + 

p' dt H-6p + 6'P 




in the presence of the foreign gas the pressure of which is P. In the experi- 
ments P always bore a definite ratio to p, the pressure of the nitrous oxide. 
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Further, if the mechanism of the foreign gas effect is one of simple activation 
and deactivation, the ratio of k[ to should be the same as that of b' to b 
(principle of microscopic reversibility). The equation then assumes the form 


1 dp ^ yk-^p 
p' dt'^ l-\-yhp 


■^Fk^p, 


This equation reproduces the results excellently for any given curve, a fact 
to which no great weight can be attached since there are three constants. 
The ratio of k^ to b should be. constant. This requirement is, however, not 
verified, as the following numbers show. 


Mixture 

yh 

yh 

rki 

hjh 

NaO 

1-75 X 10-3 

4*73 X 10-2 

1-92 X 10-* 

0*037 

NaO + 2COj 

5*47 X 10-3 

7*60 X 10-2 

3-68 X 10-* 

0*072 

]SraO + 2A 

2-69 X 10-3 

5*04 X 10-2 

1-94 xlO-^ 

0*053 

N 2 O + 4 A 

4*15x10-3 

6*80 X 10-2 

2-10x10-* 

0*061 

NaO + 2]Sra 

3*14x10-3 

4*98 X 10-2 

2-26 X 10-* 

0*063 


The figures in the last column show that, if we regard the lower part of the 
curve as consisting largely of a unimolecular reaction which attains its 
hmiting rate in the region where the whole curve bends rapidly round, then 
this limiting rate itself is raised by the presence of the foreign gas. Fig. 6 
shows the components into which the total curves can be analysed in 
accordance with the above equation, and reveals the increase by the inert 
gas of the limiting ‘Tow-pressure’’ rate. This result shows that the method 
of representation is incorrect or incomplete, even though it expresses the 
velocities correctly within the limit of experimental error. We therefore 
reconsider the interpretations (1), (2) and (3) referred to above. (2) and (3) 
are difficultly reconcilable with the results of Hunter (1934) for the whole 
range of pressure of 40 atm. which has been investigated, but they might 
be applicable to the range here considered, leaving alternative activation 
modes to account for the high-pressure results. Even for the low-pressure 
range, however, they have their difficulties. As regards (2), it would account 
only with difficulty for the rapid change of direction of the curve in the 
region of 100 mm. (the masking of this in Volmer’s method of plotting has 
been referred to). It would not account for the fact that with nitrogen and 
argon the constant Fk^^ changes so little with addition of the foreign gas 
compared with yk^. With regard to (3) it must be remembered that in the 
unimolecular decomposition oxygen atoms are produced: if these caused 
catalytic decomposition of more nitrous oxide, and if they recombined at 
a rate proportional to the square of their concentration, then the expression 
for the reaction rate, although it would be rather complicated in actual form. 
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could easily approximate to one involving [NgO]^, which would account for 
the change in direction of the curve in the neighbourhood of 100 mm. 
(A superposition of a curve of this form on the curve of a quasi-ummolecular 
reaction for higher pressures could by suitable manipulation of constants 
probably be made to reproduce the results with moderate accuracy. But 
this view entails further difficulties. In the first place the action of oxygen 
atoms on nitrous oxide has already been invoked to account for the pro- 
duction of nitric oxide NgO + O = 2NO, and the proportion of this found is 
small (Musgrave and Hinshelwood 1932). And secondly, it is difficult to 
see why the inert gas should not help the recombination of the oxygen atoms 
and so retard rather than accelerate the reaction.) 



Fig. 6. Formal analysis of curves into possible components. (1) In each case is the 
hypothetical low-pressure quasi-unimolecular component, and (2) the component 
which remains of the second order over this range of pressure. 

It remains to consider the following hypothesis: carbon dioxide, in virtue 
of its close similarity in structure to nitrous oxide, is capable of activating 
nitrous oxide molecules in the same ways as they activate one another in 
collisions, as is shown by the marked increases in yh-^ and Fk^. With nitrogen 
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and argon, however, Flc^ is not seriously affected, while y\ increases, though 
to a less extent than with carbon dioxide. As h-^jb is not constant, it must be 
supposed that all three gases are capable of producing by their collisions 
a form of motion in the activated nitrous oxide molecule which is not pro- 
duced in normal nitrous oxide collisions, and which is associated with 
a small transformation probability, as well as the normal activated form. 
The effect of this will be to add another, more or less independent, quasi- 
unimolecular element to the composite mechanism which will be prominent 
at the lower pressures and will have the required result of raising the low 
pressure part of the curve in the required manner. The equation would be 


1 _ y\p 

p' dt I + bp 


“h Tk^p + 


i+vy 


kjb no longer has to be constant, but can rise to 



as found. 

It is quite possible to analyse the composite curve found in presence of 
the foreign gas into the components which this interpretation demands: 
but the value of such a procedure is doubtful, since fresh constants have to 
be introduced, and, moreover, it is dififtcult to make allowance for the effect 
of the oxygen atoms at low pressures, and the production of the small 
amount of nitric oxide shows that some effect must be present. The further 
increase of kjb on increasing the proportion of argon from 2 to 4 also shows 
that such an analysis can not give by itself a complete explanation. Before, 
therefore, the exact mechanism of the action of the foreign gases at low 
pressures can be settled conclusively fresh evidence of a qualitatively new 
kind is probably needed. 

The result of this part of the present investigation may therefore best be 
stated in the following form. At the higher pressures (100-600 mm.) of 
nitrous oxide the foreign gases, argon and nitrogen, do not contribute much 
to the activation of the molecules principally concerned in the reaction. 
Carbon dioxide has, however, an effect comparable with that of nitrous 
oxide itself. At the lower pressures all the gases have an influence in 
facilitating reaction, whether because they are specifically capable of 
activating nitrous oxide molecules to states of relatively low activation 
energy with small transformation probabilities, or whether partly or wholly 
for another reason. 

The contrast between the case of axgon and nitrogen which are mamly 
effective in the low-pressure region and carbon dioxide which is nearly as 
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effective in the high-pressure region also, is further evidence that the reaction 
mechanism is kinetically composite. 


Summary 

Further experimental data relating to the thermal decomposition of 
nitrous oxide at 747° and 652° C are recorded. 

The variation of reaction rate with pressure is expressed both in terms of 
the reciprocal half-reaction time and in terms of the initial rates. The two 
curves obtained are similar enough to show that previous conclusions based 
upon the half-time curve are confirmed by the initial rate curve. 

The mean value of the activation energy falls at lower pressures, and the 
absolute magnitude of this energy agrees with most previous determinations, 
but not with those upon which has been based a theory that the reaction 
is abnormally slow for certain quantum-mechanical reasons. 

The influence of the products of reaction and of additions of nitrogen, 
argon and carbon dioxide have been studied. There is a contrast between 
the action of argon and that of carbon dioxide in that the former has 
a relatively greater effect at lower than at higher partial pressures of nitrous 
oxide. This fact is consistent with a greater complexity of the reaction 
mechanism than corresponds to the assumption of a single quasi-uni- 
molecular reaction. The nature of this complexity is discussed. 
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Progressive lightning. VI 

By B. F. J. ScHOiSTLAND, F.R.S.,* D. J. Malak, Docteur de VUniversite 
de Paris'\ and H. Collens, M.I.E.E. (S.A.)t 

{Received 15 August 1938) 

[Plates 7-12] 

In the course of photographic studies of lightning with the Boys’ 
camera, w'hich have been described in previous papers, discharges have 
occasionally been observed which did not seem to fit in completely with 
the general picture to which the majority conformed. A sufficient number 
of these apparently anomalous discharges has now been obtained for their 
peculiarities to be cleared up and for us to be able to show that their 
behaviour is in accord with principles identical with those which govern 
the more usual type of discharge. 

The anomalies to be discussed are of two kinds. In the first place there 
are discharges which exhibit abnormal first leader processes. Some 
mention of these has been made in a previous paper in connexion with 
their electrical effects, which are characteristic and easily distinguishable 
(Schonland, Hodges and Collens 1938). Secondly there are discharges 
some of whose subsequent strokes adopt a new channel for part of their 
length. 


1. AbNOEMAL FIRST LEADEE PEOCESSES 

In the general case the stepped leader to a first stroke travels to ground 
with a velocity which is approximately constant. When recorded by a 
camera with a slow-moving film or lens, the track of the luminous tip of the 
leader is a continuous line whose separation from the relatively undis- 
torted track of the more rapid return streamer becomes uniformly less as 
the leader approaches the ground (Schonland, Malan and Collens 1935, 
fig. 2). On a faster camera the leader is resolved into a series of steps 
whose ends lie on a similar line. 

A fast camera record of this kind is shown in the lower half of fig. 1, 
Plate 7 : the lens of the camera was fixed and the film was moved with a 

* The Bernard Price Institute of Geophysical Research, Johannesburg, 
t The University of Cape Town, Associate of the Bernard Price Institute, 
j The Victoria Falls and Transvaal Power Co., Johannesburg. 
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linear horizontal velocity of 50 m./sec. The time axis is in the direction of 
the arrow. The stepped leader starts from the base of the thundercloud at 
e and follows the line eghi as a result of its downward movement and of the 
film displacement. The steps from A to 7 do not show on the reproduction 
because the very bright return portion of the stroke IHGFE produced 
considerable halation. The leader track eghl is very nearly a straight line, 
the leader covering the (two-dimensional) distance of 1*9 km. to the ground 
in 0-0077 sec. with an approximately uniform velocity of 2-5 x IC^ cm. /sec. 
Closer inspection shows that a change in velocity from 2 - 8 x 10 '^ to 
2-4 X 10'^ cm./sec. takes place after the point g, with a corresponding re- 
duction in the length and brightness of the leader steps. It is to be noted 
that this is the point in the downward course of the leader at which it 
develops an important branch, the formation of which is shown by the 
horizontal stepped streak to the right of g. The change in the nature of the 
leader process after g is so small that in the case of this discharge the leader 
might well be regarded as of the normal or a type. When it occurs to a more 
marked degree, so as to show a pronounced discontinuous change of 
velocity, step-length and ste^-brightness at one or more points along its 
path, it forms the distinguishing characterisi}ic of what has been called the 
type y? leader (Schonland 1938 ). The example discussed above shows that 
the two types can merge into one another. 

{a) Type J3i leaders 

The commonest type leader (type ^ 1 ) shows a single sharp discon- 
tinuity in its downward movement. An example is given in the upper 
record (flash N 2 ) of flg. 1 , Plate 7. The leader begins at a .and travels over 
the first section ab of its path at an effective velocity of 7-2 x IC^ cm./sec. 
in bright steps each about 100 m. in length. The point b on the leader^ 
which later becomes B on the return stroke is shown by a fixed camera 
picture of the discharge to be the start of a long and prominent branch 
and the development of the leader to this branch is marked by the nearly 
horizontal line of steps to the right of b. From the point b onwards, the 
leader proceeds to ground along bcD with a considerably smaller effective 
velocity, 3-2 x 10 ^ cm./sec., in steps which are so short and faint as to be 
discerned with difficulty on the original record. 

A second example is given in fig. 2 , Plate 8 , which contains both the 
slow and the fast Boys’ camera records of the first stroke of flash 43. The 
former is reproduced to scale in fig. 3, with an arrow to show the direction 
of motion of the lens. 

The :^rst part of the leader, a 6 c, is very heavily branched and travels 
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from a to c at a high velocity, 1'6 x 10® cm. /sec. This part of the leader is 
shown on the fast Boys’ camera record, fig. 2, at IZ and 2Z, where it is 
separated into a succession of very bright steps. After the leader has 
reached c the record on the slow camera is faint but can still be seen along 
the part shown shaded in fig. 3. The eJBfective velocity from c to D, where 
the leader strikes the ground, is 1*05 x 10'^ cm. /sec. On the fast camera this 
portionT cannot be seen at all, siuce the luminosity, already weak, is 
stretched out by the lens motion so as to extend from the point c on 21 
to D on the image of the return stroke marked 2 and from 1 1 to the base 
of that marked 1. 

It 'will be seen from these two examples that it is a matter of some 
difficulty to secure a photographic record of the second and slower portion 
of a type j3-^ leader, since the low effective velocity causes a considerable 
reduction in the intensity of the light emitted by the streamer. For this 
reason we have been able to secure very few examples of the second 
portion of this leader process on our fast-moving cameras and cannot 
always record it on the slower cameras. 



Fig. 3. Type leader; flash 43, Fig. 5. Type leader; flash 140, 
first stroke. first stroke. 

Fig. 4, Plate 8 (left) shows the slow-moving camera record of the leader 
and return portions of stroke 140a and is reproduced to scale in fig. 5. 
Here the leader abcdE travels along the first part of its track, abed, at 
6*3 X 10^ cm. /sec., branching profusely. The final part dE is not recorded 
by the camera, but in view of the two cases already discussed and others 
which follow, it is presumed that the leader continues from d to ground 
with a lumiuosity which was too faint to be observed on this occasion. 
Measurement then indicates that dE was traversed at 1-3x10’ cm./sec., a 
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velocity -wMch is known to be so low as to require very good conditions for 
the streamer to be recorded photographically. Fig. 4, Plate 8 (right) 
shows another example, 98 a, where the first portion of the leader abed is 
bright, rapid and very heavily branched. An abrupt change to a slow and 
fainter portion, which is just visible on the original record, occurs in the 
neighbourhood of c. Owing to the confusion introduced by the heavy 
branching, measurements of the velocities cannot be made with accuracy, 
but the second and final portion travels at a velocity of the order of 
1-Ox 10’ cm./sec. 

Stroke 135 a is shown in fig. 6, Plate 11 (left), and reproduced to scale 
in fig. 7. The first part of the leader, a6, ends at the prominent branching 
point 6, which later becomes B on the return portion of the stroke. The 
change in velocity at b is from more than 1-0 x 10® cm./sec. (high velocities 
are not easy to measure on a slow-moving camera record) to 9-0 x 10® cm./sec. 
The luminosity in the second stage of the leader is too weak to be recorded. 




Fig. 7. Type leader; flash 135, first stroke. 

Fig. 8. Flash 135; second stroke, with dart leader 
showing change in velocity and branching. 

135b, the stroke subsequent to 135a, is interesting in connexion with 
the mechanism of the type leader. It is shown on the right of fig. 6, 
Plate 11 and in fig. 8. Since it follows the path already ionized by 135 a, 
the leader in this case is of the high velocity dart type and brightly luminous 
all the way down to the ground. It is unusual, however, in showing like its 
predecessor an abrupt change in velocity near the point b and in develop- 



Progressive lightning 


- 459 


ing strongly luminous branches at b and c. Before the point c its velocity 
exceeded 1-0 x 10® cm, /sec., after c it fell to 5*5 x lO"^ cm. /sec. What we 
consider to be a significant feature of the branching is that the return 
streamer DGBA, instead of retracing these leader branches in the usual 
manner, shows no sign of them whatever. Subsequent stroke leaders of 
this kind, though rare, have been observed a number of times and a second 
example is given by flash 40, which will be described later. 

Table I contains the values of the effective velocities Vi and of the 
two stages of type leaders in all the instances where measurement has 
been possible, together with the (two-dimensional) lengths of the stages 
and information concerning direct evidence of the second stage on the 
records. 


Table I. Type leaders 



First stage 

. A 

Second stage 

A 

Second stage luminosity 

A 


r 

Length 

\ 

f 

Length 




Flash 

km. 

cm./sec. 

km. 

cm./sec. 

Recorded 

Not recorde< 

92 

M2 

11-2 X 107 

0-64 

0-8 X 107 

— 

X 

77 

0-90 

10-0 

1-00 

1-9 

— 

X 

43 

0-48 

16-0 

1-44 

1-1 

X 

— 

140 

1*90 

6-3 

1-22 

1-3 

X 

— 

N2 

1-00 

7-2 

1-54 

3-2 

X 

— 

139 

1-90 

10-0 

1-26 

1-4 

— 

X 

40 

M5 

26-0 

1*90 

10-5 

X 

— 

135 

1-20 

>10-0 

1-20 

0-9 

— 

X 

112 

0-20 

* 

1-20 

0*7 

— 

X 

98 

0-40 

* 

0-70 (1-0) 

* Not obtainable. 

X 

— 


It will be seen that the second stage has been recorded in five out of the 
ten cases examined. The velocities, v^, associated with the first stage are 
all greater than 6*0 x 10^ cm. /sec. while those for the second stage, v^, with 
one exception, are less than 3*3 x 10^ cm. /sec. The exception, flash 40, 
which is discussed later, shows an abnormally high value of as well. 

Whether the second stage is recorded by the camera or not, the 
measurements indicate that its velocity does not fall appreciably below 
1-Ox 10^ cm./sec. The values of and given in Table I are plotted, 
together with data from the next section, in fig. 9. 

(6) Type leaders 

In a rather rare variant of the type /? leader, which we term type 
the second and slower stage of the leader is associated with the appearance 
of one or more fast dart streamers, which travel rapidly down from the 


30-2 
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cloud along the previously formed track and cease when they have caught 
up with the slower leader-tip. The first bright stage is thus followed after 
considerable intervals of time by one or more bright dart streamers, each 
of which travels farther than the last. Although it is difficult to record 
the slow and feebly luminous second stage whose progress is responsible 
for these later illuminations of the leader channel, it has been clearly 
recorded in one instance and may be presumed to have been present in all 
the four leaders of this type which we have observed. 

20*0 


o 

X 

10-0 

T 

o 


50 
4-0 
3 0 
2-0 
1-0 
0 

Type A Type 

Flash 92 77 43 140JV2 139 40 135 112 102 92 32 BZ 

Fig. 9. Velocities in the two stages of type /? leaders. 

First stage, # ; second stage, O V 2 O 

A small change in the velocity of the slow leader is usually associated 
with the appearance of these dart streamers. 

An example of a type y?2 leader, with one dart streamer, is the first 
stroke of flash 102, shown in figs, 10, Plate 11, and 11. In this case the first 
portion of the leader, (fig. 11), travels at 2*0x10^ cm./sec. and is 
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bright and easily recorded. The next stage b^cJD, which is shown in fig. 11 
as an interrupted line, is not recorded photographically. When it has 
reached Cg, 0*0082 sec. after the start of the first stage from a fast dart 
streamer travels along the leader channel to catch up with the slowly 
advancing tip at Og * The slow advance of the leader is then resumed along 

Cgi). 

An increase in the effective velocity of the second stage of the leader is 
found to follow the appearance of this dart streamer. The velocity before 
Cg, z^g, is found by measurement to be 9*0 x 10^ cm./sec. while that after it, 
^ 2 , is 1*3 X 10"^ cm./sec. The velocity of the dart streamer is greater than 
2-Ox 10® cm./sec. 



Fig. 11 Fig. 12 


Fig. 11. Type leader with dart streamer flash 102, first stroke. 

Fig. 12. Type leader with dart streamer fia^li first stroke. 

A similar behaviour is shown by flash 92, figs. 10, Plate 11, and 12. After 
the fixst stage has passed along a^b^d-^ (fig. 12) with a branch to c^, an 
apparent pause of 0*009 sec. ensues, at the close of which a bright dart 
streamer travels rapidly along a^b^d^ and onwards to e. We suppose as 
before that during this interval a slow streamer passes from d^ to e, to be 
caught up by the dart streamer at e, and continues on afterwards to reach 
the ground at F, The values of Vg and Vg in this case are found to be 
9*2 X 10® cm./sec. and 7*0 x 10® cm./sec. respectively. 

Flash jBZ, which unfortunately cannot be reproduced, shows two such 
dart streamers emerging from the cloud at different times to catch up with 
the slower leader process in front. The interval of time between them is 
0*0032 sec. and the second dart streamer travels 384 m. farther than the 
first. The record clearly shows the slow stepped process which continues 
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throughout these intervals to travel onwards to the ground. The slow 
process is iu this instance unaflfected by the occurrence of the darts and 
has velocities and before and after the last dart streamer which are 
both 1*2 X lO*^ cm. /sec. 

Values of the three velocities associated with the three portions of the 
leader track in these and one other case are shown with further relevant 
data in table II and are plotted in fig. 9. 

Table II. Velocities and othee data eoe type leaders 

TO FIRST STROKES 

Interval First stage Second stage 

before ^ " s / * v 



dart 

Length 

Length 

^2 

Length 


Flash 

sec. 

km. 

om./seo. 

km. 

cm. /sec. 

km. 

cm./sec. 

102 

0*0082 

1*2 

2-0 X 10« 

0*72 

9*0 X 106 

0*48 

1*3x107 

92 

0*0090 

0*6 

9-0 X 10’ 

0*80 

9*2 X 10® 

0*64 

7*0 X 106 

32 

0*0067 

1*6 

2-6 X 10® 

0*31 

(5*0 X 10®)* 

0*61 

(2*0x107)* 

BX 

0*0032 

0*9 

* 

>1-0x10® 0-40 1-2x10’ 

Values in brackets only approximate. 

0*40 

1*2x107 


(c) Discussion of type /? leaders 

The significant features of the type leader can be summarized as 
follows : 

(1) It begins with a rapid and brightly stepped portion which usually 
branches abundantly downwards from the base of the cloud. The velocity 
of this portion, as fig. 9 indicates, is always greater 6x10’ cm. /sec. and in 
one case is as high as 2*6 x 10® cm. /sec. 

(2) This first stage is followed, without any pause which has been de- 
tected, by a slower and much fainter one in which the leader travels down 
to ground with a velocity which is usually close to 1*0 x 10’ cm. /sec., and, 
except in one instance, is less than 3*3 x 10’ cm. /sec. 

As has already been pointed out (Schonland 1938) these facts suggest 
that the first part of the leader is brought into being by the presence of a 
strong electric field between the original cloud charge and a volume charge, 
opposite in sign, in the air below the cloud. The heavy branching of the 
leader and the fact that its first portion ends at a prominent branching 
point are indications of the extent of the space charge, to the neutraliza- 
tion of which the initial portion of the leader is mainly devoted. That the 
whole of the space charge is not always destroyed in this way is shown by 
the occurrence of leaders subsequent to the first, whose^branches, as in the 
case of stroke 135b above, repeat the branched system of the first stroke. 
The recoil streamers described in a previous paper (Schonland, Malan and 
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CoUens 1935) are probably of similar origin, streamers passing from the 
space charge to the conducting channel of the return stroke. 

The not infrequent occurrence of leaders which actually cease after 
executing their first and heavily branched portion (air discharges) is an 
indication that this portion is not controlled by an electric field reaching 
from the cloud all the way to the ground. Thus when the leader is found to 
proceed onwards along the second portion of its track we can expect it to 
do so at a velocity which is different from that prevailing during the 
earlier stage. The values given in Tables I and II and in fig. 9 show that 
this is the case. 

It is significant that the values of (and in fig. 9 , with few exceptions, 
are grouped closely around 1*0x10’ cm. /sec., the minimum velocity of 
advance of a negative streamer into virgin air. This clearly suggests 
(Schonland 1938) that when space charge and the powerful electric fields 
associated with it are no longer playing an important part in the develop- 
ment of the streamer, it advances by a process of direct ionization by the 
electrons in its tip. If photo-ionization of the air ahead of the tip ^ere an 
important factor in negative streamer development, the streamer would 
be moving along a previously prepared track and in low fields should show 
a higher velocity of advance than that observed. 

^What we have called the type /?2 leader does not differ in essentials from 
the type since the velocity of the second stage of the leader is only 
slightly affected by the dart streamers which catch up with it. 

The processes in a type leader appear to be very similar, though on a 
different scale, to those which are thought to occur (Schonland 1938) in the 
stepped leader itself, where a fast step streamer periodically catches up 
with the tip of a pilot streamer moving in front of it. Arguments have been 
adduced to show that in the latter case the step-interval of the order of 
50 /t-sec. is determined by conditions at the tip of the leader and not by 
processes occurring within the cloud. In the case of the steps due to dart 
streamers in the type yffg leader the interval, as shown by Table II, is of the 
order of 0*01 sec, and we would suggest that these streamers are controlled 
by processes within the cloud itself, being actually new leader discharges 
from new centres of charge within the cloud. As in the more usual case, 
where however they travel aU the way to ground and are the starting 
portions of strokes subsequent to the first, these new leaders pass down a 
previously prepared channel. In support of this suggestion it may be 
pointed out that the interval between the appearance of the first stage of a 
type yffg leader and of the subsequent dart streamer, as well as the intervals 
between successive dart streamers when these occur, are of the same order 
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as the intervals between successive strokes of a normal discharge. The slow- 
ness of the leader process thus causes the type /?2 stroke to embody in 
one stroke what would otherwise be two or more strokes from the cloud to 
ground. It would therefore be expected that type ^^2 discharges would not 
be followed by many subsequent strokes and this seems to be borne out by 
the fact that three of the four discharges of Table II have no subsequent 
strokes while the fourth, flash 92, has only one. 

A valuable illustration of the type discharge is afforded by a photo- 
graph taken by Workman, Beams and Snoddy (1936) on a camera with a 
slow-moving film. Their fig. 1 is described by them as a discharge which 
appears to pass to ground in four successive large steps. According to the 
discussion we have given, this would seem to have been a type y?2 discharge, 
the first large step corresponding to our first stepped leader stage, the next 
two to dart streamers superimposed on an unrecorded slow streamer in 
front of them and the last to the return portion of the stroke. From the 
data given by these authors we have calculated the velocities ^?2 ? ^^d 

^2 of the invisible leader processes before, between and after the supposed 
dart streamers and have found 2-7, 5-0 and 8*0 x 10® cm. /sec. respectively. 
The first two values appear at first sight to be inconsistent with the view 
that such a process cannot travel with a velocity much below 1-0 x 10*^ cm. /sec. 
but examination of the photograph shows that the portions of the track 
concerned in them were extremely tortuous and that the two-dimensional 
projection which has been used in the calculation may well be very much 
shorter than the actual length. The final portion, on the other hand, where 
the velocity is not far from that expected, is the most nearly straight of the 
three. The intervals between the large steps” on this record are again 
close to 0*01 sec., a value which gives support to the suggestion that in a 
normal discharge they would be successive strokes. 


2. Alterations in the track followed by subsequent 

STROKES OF THE SAME FLASH 

The lightning discharge to ground frequently consists of a series of 
separate strokes each of which usually follows the same path, since its 
downward moving leader is guided by the ionization which has persisted 
since the previous stroke occurred. Instances have been described in 
previous papers in which, when the interval is long, this ionization is in- 
sufficient for the rapid dart leader process to continue and the leader takes 
a slower dart stepped form. If the ionization required to guide a leader has 
completely disappeared over part of the track, we may expect to observe 
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this part of the new leader as a stepped virgin-air process following a track 
different from that of its predecessors. If further strokes occur at intervals 
which are not abnormally long, they will follow the new channel. An effect 
of this kind could occur, anywhere along the track of the discharge, but so 
far it has only been observed by us at its lower end. When such a flash is 
recorded on a fixed camera it appears to have forked down to ground in 
two or more places. 

If the ionization has been destroyed by wind and lapse of time at the 
upper end of the channel, we might expect to find the new leader emerging 
from the cloud in a fresh direction and adopting the older and still ionized 
portion of the channel later on in its progress. On a fixed camera the flash 
would then appear to have branches upwards into the cloud along a 
Y-shaped channel. The same effect would arise if, as suggested in a previous 
paper (Schonland 1938), the stroke in question started from a new centre 
of charge within the cloud and joined up with the old channel outside 
instead of inside the cloud. This second explanation is to be preferred if the 
interval before the appearance of the new upper section of the channel is 
not a very long one. 

Examples of these charges in the channels of subsequent strokes are 
given below. 


(a) Alterations at the upper end of the channel 

A flash with apparent Y-shaped upward branching is shown in the upper 
part of fig. 13, Plate 10 (flash 38, fixed camera picture). The slow-moving 
camera record below this picture indicates that the first two strokes, a 
and b, were preceded by leaders which came down from the right of the 
cloud-base while the third and following strokes, c to JC, were due to leaders 
which emerged from a point 0*25 km. to the left of the first two. The time 
interval between strokes b and c was 0-065 sec., only twice the most 
frequent value, 0*03 sec., which has been found for the interval between 
strokes. Since an interval of this order does not usually cause the leader 
to the stroke following it to show a much reduced velocity or to take the 
dart-stepped form characteristic of a trail barely capable of guiding it, we 
suggest that the behaviour of this stroke is caused by the appearance of a 
leader from a centre of charge in a different part of the cloud. 

In one instance only have we recorded upward branching in a single 
return stroke. In fig. 14, Plate 10 (flash 77, first stroke) the leader process 
is clearly visible along abed and if it continues onwards to ground from 
c to j& is of type The velocity ^73 calculated for the second stage 
(0-8x10’ cm. /sec.) supports this suggestion. The leader also shows an 
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upward bend or branch from c to d and the return portion of the stroke 
after travelling from E to (7, where the track is very contorted, branches 
along GBA' and CDSRA to reach the cloud-base in A' and A, In this case 
the branching at C as far as D on the left fork, and the whole way to the 
cloud at A on the right fork, is in accordance with the principle that the 
return streamer follows the track prepared for it by the leader. The photo- 
graph, which is not a very good one, offers no clue to the mechanism of the 
extension of the left fork onwards from D to A'. It is, however, probable 
that A and A' are coincident and that two leaders travelled down from this 
point, the left-hand one terminating close to the fork d of the other and so 
providing an alternative path for the upward return process. 


(b) Alteration at the lower end of the channel 

The fixed and the slow-moving camera records of flash N 6 are shown in 
fig. 15, Plate 10, On the fixed picture the channel apparently branches to 
the ground from the point X, The slow-moving camera shows that the 
first two strokes a and b took the right fork while the remaining four, from 
c to /, went to the left. The explanation of this effect is to be found in the 
unusually long time interval, 0-13 sec., between strokes b and c. This was so 
long that the dart leader to c was slow and can be seen as a fine line, C/, 
to the right of the return portion of this stroke. It is unusual for any leader 
other than the slow first one, to be detected by a slow-moving camera. 
The velocity of Ci as far as X was 3 x 10® cm./sec., a value which for a dart 
leader is so low as to indicate that the track it followed was barely able to 
guide the leader along it. At X we must suppose that the pre-existing 
ionization had disappeared completely and that the leader took a new path, 
showing from X onwards the prolific branching which is associated with 
advance into virgin air. Plash 130, figs. 16, Plate 12 and 17, Plate 12, is 
very similar to the one just discussed. Fig. 16 shows the fixed camera 
record (with downward forking at 8) on the right, the slow-moving camera 
record on the left and the double-lens Boys’ camera record in the centre. 
Fig. 17 is an enlargement of the record of one of the Boys’ camera lenses. 
The alteration in the channel at 8 was created by the leader to the second 
stroke, b, and can be ascribed to the exceptionally long interval of time, 
0‘18 sec., between the first and second strokes, as shown by the slow 
camera record. The leader to stroke b, which is marked 6^ m figs. 16 and 17, 
is dart-stepped and travels at 1-7 x 10® cm./sec. as far as 8, This indicates a 
previously ionized path which is only just able to guide the leader process. 
At 8 it becomes a stepped process advancing into virgin air along a com- 
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pletely new path. Both the dart-stepped and the stepped stages are 
clearly shown in fig. 17 where the former is visible as a broken line along 
bi from p to s, the point on the leader corresponding to S on the return 
stroke, and the latter from s onwards as a series of disconnected spots 
above the dotted arrow. The steps of the dart-stepped portion have an 
average length of 25 m. and a pause-time of 15 ywsec., while those of the 
stepped portion after s have the same average length and a pause-time of 
65 /6sec.,theeffectivevelocity changing at^from 1*7 x 10®to3*8 x lO^cm./sec. 

In both the instances described above, the alteration in the path 
followed by a subsequent stroke can be directly related to the occurrence 
of a very long time interval between strokes and an exceptional ageing of 
the ionized trail. It is known that the wind sometimes causes a considerable 
shift in the position of this trad (Schonland 1937) and it is suggested that 
in these cases it has destroyed the continuity of the track at its lower end. 

Flash 40, fig. 18, Plate 9, is a discharge which combines in its behaviour 
both the abnormalities which have been described in the present paper, 
for it offers a good example of a type first stroke leader and the lower 
portion of its second stroke takes a path which is different from that 
followed by the first stroke. The apparent downward forking thus pro- 
duced is shown on the fixed camera picture at the centre of fig. 18. 

The leader process to the first stroke is recorded in the fast Boys’ lens 
picture on the right. The first and rapid stage of the leader begins from the 
cloud-base at p and travels with long and very bright steps from p to q, 
branching at q along qu as far as u and along qr to further branches ending 
at s and t. The ends of this branched first stage are the points TJ, S and T 
on the fixed picture in the centre. After reaching u the leader enters upon 
its second slow stage and can be seen on the original negative to travel 
more slowly and with reduced velocity to reach the ground at 7. The 
branches along rs and rt also develop during this stage. The return streamer 
travels along VUQP to the cloud and along the branch QB to S and T. 

The behaviour of the strokes subsequent to this first one is indicated by 
the slow-moving camera record on the left of fig, 18. The second stroke, 
which followed the first after an interval of 0-04 sec., followed the branch 
qrt, which was developed by the first leader, and reached the ground at 7. 
In so doing it must have considerably extended its leader along qrs, for 
the return streamer YTBQP shows the full development of this branch 
as far as X. 

The next two strokes, (3) and (4), did not develop this branch but 
travelled along the new main channel to ground at 7. The last stroke of the 
series marked (5) in fig. 18, Plate 9, resumed the illumination of the branch 
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ESX in a most vigorous manner. This stroke also travelled to ground along 
the right-hand fork BY. 

The behaviour of the first leader and subsequent strokes of this flash 
indicates the presence of a considerable space-charge in the air in the 
region BSX. The field produced by this space-charge must be considered 
the cause of the exceptionally high velocity (2*6 x 10^ cm./sec.) of the first 
stage of the first leader and of its exceedingly bright steps. It is probable 
that during the interval between first and second strokes the ionization 
along the path QUV disappeared completely. The second stroke was then 
guided by the space-charge to ground along TY and into the air along 
BSX. The next two strokes occurred at intervals of 0*010 and 0*015 sec. 
after their predecessors, and followed the same channel to ground. The 
last stroke took place after a longer interval, 0*063 sec., and presumably 
was again influenced by the space-charge to develop strongly in the direc- 
tion BSX. The record shows that some form of partial discharge occurred 
between the fourth and last strokes, the nature of which cannot be properly 
determined. 

This work is part of the programme of lightning research sponsored by 
the South African Institution ^of Electrical Engineers. Our thanks are 
due to Mr J. A. Linton for his help in constructing the new camera used 
in obtaining fig. 1, Plate 7 and other data. 


SUMMABY 

An account is given of some apparently anomalous lightning discharges 
observed with the Boys’ camera, and it is shown that their behaviour is in 
accordance with the same principles as govern th^ more usual type of 
discharge. 

Certain abnormal first leader processes occur in two stages, the first rapid 
and the second involving a velocity close to the Kmiting value for negative 
streamer propagation. The first stage is considered to arise from the pre- 
sence of space-charge concentrations in the air below the cloud. Dart 
streamers may travel down from the cloud during the second slow stage 
and catch up with the leader tip. 

Changes in the lower portions of the channels used by successive strokes 
of the same flash are shown to be associated with long time intervals 
between strokes, whereby the conductivity and guiding power of the pre- 
vious track is destroyed. A case of change in the upper portion of the 
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channel is ascribed to the existence of a second centre of charge within 
the cloud. 
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A new Coriolis perturbation in the methane spectrum* 

I. Vibrational-rotational Hamiltonian and 
wave functions 

By H. a. Jahn 

Davy-Faraday Laboratory, The Royal Institution 

{Communicated by Sir William Bragg, O.M., P.R.S . — 

Received 25 May 1938) 

Intbodijotion 

It is known that the infra-red absorption band of the low-frequency funda- 
mental vibration {v^) of the methane molecule has a rotational structure 
which is much more complex than one would expect for such a simple 
molecule (Nielsen and Nielsen 1935)* It is our purpose to show that never- 
theless this complex structure can be explained on the basis of a regular 

* The term Coriolis perturbation is used to cover all perturbations in polyatomic 
molecules which arise from the interaction of the angular momentum of degenerate 
vibrations with the rotational angular momentum of the molecule (cf. Teller (1934) 
or Johnston and Dennison (1935)). The additional forces which arise in a rotating 
mechanical system were investigated by Coriolis (Journal Poly technique, 1832); see, 
for instance, Routh (1898), Dynamics of a Particle, p. 156 or Haas (igzS), Theoretical 
Physics, I, 45. The gyroscopic nature of the Coriolis (or compound centripetal) 
acceleration was pointed out by Thomson and Tait (1879), P^cotural Philosophy, 1 , 
392: see Webster (1912), Dynamics, p. 320. 
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tetrahedral model for the molecule. We shall see that the rotational levels 
of the vibration are perturbed by the rotational levels of the next nearest 
vibration in such a way as to produce in the spectrum just the observed 
complex structure. The perturbation arises from a Coriolis (or vibrational 
gyroscopic) interaction between the rotational- vibrational levels of the two 
diJfferent modes of vibration. In this first part we derive these Coriolis 
coupling terms in the vibrational-rotational Hamiltonian and find also the 
correct rotational- vibrational wave functions with which to carry out the 
perturbation calculation. In Part II we evaluate the matrix elements of the 
perturbation and determine the theoretical rotational energy spectrum of 
In the third and final part we use this energy spectrum to calculate the 
optical spectrum and compare this with the observed spectrum. Por this 
purpose we calculate the theoretical intensities of the rotational fine structure 
lines, taking into account the nuclear spin weights of the four equivalent 
hydrogen atoms. From this theoretical spectrum we calculate the theoretical 
envelope which would be observed with slit widths of approximately 
0-5 cm.~^ as used by Nielsen and Nielsen. This theoretical envelope is found 
to agree remarkably well with the experimental envelope, even without 
taking into account any vibrational or rotational change in the equilibrium 
configuration. 


1. PlJBE DEFORMATIOlSr AND ORTHOGONAL VALENCY MODES 

Before we can make any explicit calculation of the rotational- vibrational 
levels of the methane molecule we must first of all know the fundamental 
modes of vibration. In the following we make use of what we call the pure 
deformation and orthogonal valency modes (cf. Mecke 1930 ). These are not 
exact normal modes of vibration of the molecule, but we shall find that they 
are very good approximations to the true modes. They are based on the 
experimental fact that the energy required to stretch a C — H bond is con- 
siderably greater than the energy required to change the H — C— -H angles. 
Thus we can obtain a good approximation to the low-frequency modes by 
introducing the condition that all the C — H distances remain invariant. 
This removes four degrees of freedom and enables us to find five different 
orthogonal deformation vibrations in which only the angles change. The 
remaining four high-frequency modes are then determined simply by the 
condition that they should be orthogonal to these deformation vibrations. 
These high frequency valency vibrations will involve essentially changes in 
the C — distances ; they will also, however, involve to a slight extent 
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changes in the angles. In finding these modes it will help us considerably to 
make use of the fact that three normal modes of vibration of the methane 
molecule, for any force system whatever (consistent with the tetrahedral 
symmetry), are determined completely by symmetry. These are the totally 
symmetrical vibration of type (in the notation of Tisza 1933) and the 
twofold degenerate set of vibrations of type E. That these are completely 
determined is a consequence of the group-theoretical result that the 
methane molecule possesses one and ordy one of each of these irreducible 
types of vibration. We denote the vibration of type by Q-^ and two suit- 
ably chosen normal modes of type E by Qga of these modes 

of vibration the carbon atom remains at rest, in the hydrogen atoms move 
radially in phase either away or towards the carbon atom (so that this is 
a pure valency mode of vibration), whilst in Q20 Q25 hydrogen atoms 

move on a sphere about the carbon atom, so that the C — H distances remain 
unaltered. These latter give us therefore at once two of the deformation 
modes of vibration. In the three remaining deformation modes the carbon 
atom takes part in the vibration. These modes can be arrived at by re- 
garding them as compounded out of an infinitesimal translation of the 
whole molecule, followed by a backward displacement of the hydrogen atoms 
tangential to the equilibrium sphere drawn with its centre at the displaced 
position of the carbon atom. This will clearly satisfy the condition that the 
C — H distances remain unchanged, since neither of the two compounded 
displacements change them. The directions of displacement of the hydrogen 
atoms tangential to the sphere are determined completeFSr by the con- 
ditions of orthogonality to the translations, the rotations and the twofold 
degenerate vibrations. In the three remaining valency modes the carbon 
atom also moves and the hydrogen atoms move out or in radially towards 
the equilibrium position of the central atom (and not towards the carbon 
atom itself) so that the valency angles do change slightly. 

In the above way we found the following set of valency and deformation 
modes of vibration of the methane molecule. We use here the notation 
used previously (Jahn 1935): each mode of vibration is described by a 
set of vectors (a = 0 , ..., 4 ), 

= ('W'OrJ *^3rJ *^4r)s 

giving the displacements from equilibrium of the five atoms. (The index 0 
refers to the carbon atom, and the four hydrogen atoms are numbered as 
in the reference just mentioned.) These displacement vectors are expressed 
as linear combinations of the unit vectors x, y, z drawn parallel to the two- 
fold axes of the equilibrium tetrahedron. 
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(a) Deformation modes (CH distances do not change). 
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( 6 ) FaHencj/ mode^ (orthogonal to deformation modes). 


- 4 i~©i = -a:- 2 /H-z, ~x+y-z,x-y-z)\ 

O = 

2 V( 2 mo+lf) 


/ 4 m 

a;; 

\ ^0 


x+y-z, x-y + z, x-y-z], 


Qzy — 


2 .^( 2 mo + lf) 


/ 4 m 


jr + 2/ + 2:,a;4-2/~-2;, ~a; + 2/-2!, -x-^y-\-z\, 


©3s “2 


VwtQ 

^(2mo4 - jM”) 


/ 4 m 

2:; a; 

\ ^0 


+ J/ + 2 :, ~.a;-j/ + 2;,a;-2/ + 2J, ~a; + 2/ + 2; 
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Here m = mass of hydrogen atom, 

mo = mass of carbon atom, 

M = mo + im = total mass of molecule. 

The normalization factors have been so chosen that the reduced masses of 
the vibrations are all equal to m, the mass of the hydrogen atom: 

(X 

Hence if we introduce coordinates to describe a general displaced con- 
figuration Q by 

Q = • 

r 

where is the equilibrium configuration, then the vibrational kinetic 
energy has the form 

%T = m2??* 

r 

From group theory it follows, since the sets of displacements ^33., 
and Q43., both transformed in the same way according to the 

representation of the tetrahedral group by the Wigner symmetry 
operators, that the potential energy has the following form: 

2V = k^ql + k^iqla + ffls) + k^iql^ + qly + ql^) 

+ + tiv + SL) + 2^!34(9'te2to + 231,24V + 23 s24*)- 

If the above set of displacements were true normal modes, ^^34 would be 
zero. This is not the case, but it can be shown that it is small compared with 
the other constants.* 

That these displacements do form a good approximation to the true modes 
can be shown further by calculating the maximum angular momenta 
(^-values) of the two threefold degenerate modes of vibration. It has been 

* [Note added in proofs] The positive value of Rosenthal’s general force constant 
D {Phys. Rev. 45 , 538 (1934)) corresponds to a small value ^334= — 0 T 522 x 10 ® of the 
cross term, whilst the negative value corresponds to the large value ^34= — 0*9957 x 10 ®. 
Dennison and Johnston (Phys. Rev. 47 , 93 (1935)) have shown that the positive value 
of D is required to explain the spectrum of CH3D, thus giving conclusive evidence 
that the valency and deformation modes are good approximations. For the true 
modes, using the small value of ^34, we find 

<3'3 = 0 * 9994^3 - 0-034664, 

Q'4 = 0*034663 -f 0*999464* 

It should be pointed out that a positive value of Rosenthal’s constant D corresponds 
to a negative value of Johnson and Dennison’s (Phys. Rev. 48 , 868 (1935)) constant e. 
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shown (Jahn 1935 ; of. also Eokart 193 S) that the three components 
Sj (j=x, y, z) of the angular momentum of the vibrations are given by 

„ d d\ 

CKrs) 

8>r M's 

where the coefficients (Jp^ or G%^^, Op\ are the scalar products 
C%^'^ = S«»a(®«ar» ««s) = 

a 

G’-P'> = {yQr, Qs), 

(^P^=^{zQr,Qsl 

xQ^ being the set of displacement vectors obtained from Q, by replacing 
each vector of by the vector product x u^^j. of the unit vector x with 
and similarly for yQ^ and zQ^. Comparison with Teller’s ( 1934 ) definition 
of the ^-values of the threefold degenerate modes of vibration shows that 

y _ i^Qsy’ y _ 

m ’ . m ’ 

The simple calculation gives at once 

y _ ^ y _ 3 too “^™ 

3mo 4- 4m ’ ~ 2(3mo + 4m) ’ 

in agreement with Teller’s result that the sum of the ^-values must equal |- 
independent of the force system: 

y . y _ 3mo+4m 
2(3mo+4m) 

Substituting the values for the masses, we find 

^3 = 0 - 10 , ^ 4 = 0 - 40 . 

The esperimental values are (Childs 1936) 

^3 = 0-05, ^4 = 0-45. 

This shows that the modes we use do approximate to the true modes of 
vibration of the molecule. (It should be noted that the formulae given 
above allow us to calculate the ^-values for other tetrahedral molecules for 
which valency and deformation modes are also good approximations. Under 
this assumption we find for GeH^ ^3 = 0-018, ^4 = 0-482 and for SiH^ 
^3 = 0-046, ^4 = 0-454.) 
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2. The Coriolis ooxjplikg of and 

With the above explicit expressions for the modes of vibration we can 
calculate, using a method already developed (Jahn 1935), all the Coriolis 
coupling terms occurring in the rotational-vibrational Hamiltonian of the 
molecule. We want in particular to calculate the Coriolis coupling between 
the fundamentals and 1^2- 

The Coriolis coupling term in question can be written in the form 

A 


where A is the moment of inertia, Ly, are the components of the 
total angular momentum of the molecule and 8^^'^ are com- 

ponents of vibrational angular momentum obtained by combining the dis- 
placements of V4 with the momenta of and vice versa. (Cf. Teller 1934, 
who considers, however, only the coupling of vibrations of the same 
symmetry type.) These components of angular momentum are included in 
the general expression given above for the angular momentum of the 
vibrations. The only coefficients which do not vanish are the following 


^(2a, 4x) ^ 




2V(2m„ + if) 








^(2b, 4®) 


2^{2mQ + M) 


m = — 


We thus find the following expressions for the components of vibrational 
angular momentum occurring in 



with 



M 
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The Coriolis coupling term is an operator which acting on the 
vibrational-rotational wave functions of ^'4 converts them into vibrational- 
rotational wave functions of Vg and vice versa. It can thus produce a 
perturbation in the rotational levels of V4 and v^. Now Teller’s Coriolis 
interaction term 

A 

of the angular momentum of the vibration alone with the total 
angular momentum of the molecule has spherical symmetry and con- 
sequently does not completely remove the degeneracy of the rotational 
levels of v^. As is well known it causes each rotational level (except the 
J = 0 level) to split into three Coriolis levels (^-levels). The term 
however, has only tetrahedral symmetry and consequently can partly 
remove the degeneracy of these Coriolis levels. This causes a splitting as 
well as a displacement of the rotational levels and gives rise to the observed 
complex rotational structure of V4. 

Since the term is totally symmetrical with respect to the tetra- 
hedral group (as can easily be verified), it can only have non-vanishing 
matrix elements between wave functions which transform according to the 
same irreducible representations of It is our purpose in the following 
to find those correct Hnear combinations of the vibrational-rotational 
wave functions of which transform according to such irreducible repre- 
sentations. We shall carry out this explicit calculation up to the tenth 
rotational quantum number. 


3. Wave functions foe Teller’s Coriolis levels 

We denote the vibrational wave functions of which correspond to one 
quantum of vibration in the configurations by Vy, v^. It 

will be convenient to introduce the linear combinations 


= - 


V2 


Va = 


^-1 = 


Vx + lV, 


V 


• 


These functions transform according to the odd representation of the 
group Dio of all rotations and reflexions in the space of the threefold de- 
generate Aribrations. The rotational wave functions of the spherical 
top transform, for even and odd values of J respectively, according to the 
representations D^, D^ of the group of all rotations and reflexions about 
axes flxed in the molecule (cf. Jahn 1935). Consequently the vibrational- 
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rotational wave functions transform according to the product representa- 
tions 


DtxD^j = + + {J even), 

+ + (Jodd). 


The reduction of these product representations gives us the wave functions 
of the three Coriolis levels into which each rotational level is split by the 
Coriolis interaction term We denote the corresponding levels by 
Jj^i, Jj, Jj^i respectively. The formulae giving the explicit reduction of 
these product representations are well known and can be written as follows: 


W, 




{J+K){J+K+1) 
2J{2J+1) 




(J + K){J- 


J{2J+1) 


K) j 

U±Vo 


■I 


2 J(2J + 1) 




Wk{Jj) =J- 


iJ -K)iJ+K+l) 
2J{J + 1) 




{J + K){J-K+1) 
2J{J+l) 


“2-1% {K = 




{J-K) {J-K+\) 

2(J+1)(2J+1) 


“2+1V-1 + 


j{J+K+l){J-K+l) 

V (J-+1)(2J+1) 




l{J + K+l){J+K) 

V 2(J+1)(2/+1) 


“2-1% 


{K=J+1, 


-J-1). 


(We have omitted the magnetic quantum number ikf, since it does not 
enter into the transformation formulae; in particular we could take M= 0 
for which case the rotational wave functions become simply spherical 
harmonics. None of the Coriolis interaction terms remove the (2/ + l)-fold 
degeneracy which is described by the quantum number M.) These vibra- 
tional-rotational wave functions diagonalize the interaction term 
One finds easily for the matrix elements (cf. Johnston and Dennison 1935): 



J 

■1 1 

2A 


(j 


[Jj 

2A 


Jj 


2A 




j=^{J(J+l)-2JQ + 2^,(^,-l)}, 

) = +1) + 2(«/+1)C4 + 2^4(C4~1)}- 
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Since these Coriolis levels have spherical symmetry (i.e. transform ac- 
cording to irreducible representations of the full group of all rotations and 
reflexions), the number and degeneracy of the sublevels into which they can 
be split by the tetrahedrally symmetrical perturbation are deter- 
mined by the reduction of the representations D}, irreducible repre- 

sentations of the tetrahedral group. The general result of this reduction is 
easy to calculate and is given below, together with an explicit reduction 
carried out up to J = 10. 


4, Tetrahedrally irreducible harmonic functions 

The reduction of the representations D% Dj into irreducible represen- 
tations of the tetrahedral group is determined by the characters of the 
former representations for the group elements of These characters are 
as follows: 


Class 

E 

8O3 


60-4 


95 

0 

±fw 

TT 

IT 

+ |7r 


2J+1 

sin ( J + i) fTT 

sin {J+i)7T 

sin ( J-h i) TT 

sin (/ -f i) Jtt 

sin 

sin^TT 

sin Jtt 

sin Jtt 


i 

2J + 1 

sin ( J + i) fTT 

sin (J~hi)7r 

-sin(J' + i)7r 


sin Jtt 

sin Jtt 

sin Jtt 

sin Jtt 


From these characters and from the characters of the irreducible repre- 
sentations of one finds the reductions given in Table I. General formulae 
for any value of J can easily be found but are not necessary for our purpose. 
Our results include those of Gundy (1938) who has given the reduction of 
for J even and of for J odd. 

To carry out the explicit reduction we make use of the spherical harmonics 
7 ^ (Z — J), which transform according to for J even and 

according to D} for J odd. Having reduced the representations subtended 
by these functions, it is straightforward to obtain the reduction in the re- 
maining cases (i.e. for J odd and for J even). We follow Maxwell 
(1892) (cf. Elert 1928; Bethe 1929) and express the spherical harmonics as 
multipoles having their axes along the x, y and 2 axes. Their transformation 
properties with respect to the tetrahedral group are then easy to investigate. 

We replace the usual complex spherical harmonics 7 ^ (as defined for 







A new GorioUs ‘perturbation in the methane spectrum 479 


instance by Bethe 1933) for each value of J by the following 2 J + 1 real and 
orthogonal functions: 






= Yi. 


Table I 


J 

Reduction of DJ 

Reduction of 

0 



1 



2 

E+F^ 

E + F^ 

3 

+ .^1 4- ^2 

Ai 4- El 4” 2^2 

4 

Ai + E+Fi + F^ 

42 4- -£7 4" 2^1 4* 2^2 

5 

JEJ + 2jPj^ + 

E + F^ + 2F^ 

6 

Ai + A^-^" E 4-i^i + 2jp2 

4i 4-42 -f -£7 4" 22^ 1 4- 2^2 

7 

A^ 4 - -E7 + 22^1 + 2 - 2^2 

4]^ 4" E 4“ 22^1 4“ 22^2 

8 

4“ 2jE 7 4" 2J!^i 4“ 

4 2 4- 2 jE7 4 - 22^1 4- 22^2 

9 

Aj^-\“ A 2 4" -jE/ 4" 3 jP 1 4" 2E 2 

4j^ 4" 42 4“ -^57 4 * 2jPj 4" 32^ 2 

10 

Ai 4" A 2 4" 2jE 7 4" 2jF’i 4" 3-^2 

4]^ 4" 42 4" ^E 4" 32^n 4- 2jp2 

11 

-4.2 4- 2£7 4“ 32^14* 3 jp^2 

4i4-2JE74-32^i4-32'2 

12 

2u4j 4" -42 4" 2jE7 4" 32^1 4" 3jF^2 i 

Ai 4” 242 "J" ^■’^1 "f* 32^2 

13 

4i 4" 4.2 4“ 2^4” 42^ i4’ 3J?^ 2 

4 1 4-42 4" 2 jE7 4 * 32^1 4-42^2 

14 

Ai 4" 42 4" 3jG 7 4" 32^2. "i" ^-^2 

Ai 4- 42 4- 3jE7 4 - 4cEi 4* 32^2 

15 

4^ 4“ 242 "f" 4“ 42^2, 4* 42^2 

24^ 4-42 4“ 2274* 42^1 4- 42^2 


From Maxwell’s discussion (loc. cit.), we find the following expressions for 
these functions in terms of multipoles having their axes along the x, y and z 
directions: 




V2^! 




a<i- 


K) 


Vi = 


V2J! . 

4 (J+K)l{J-K)iy 




lF-^ = (0,0, J)^ 
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where (0, 0, J) is 

i>y 


the normalized mnltipole directed along the z axis defined 




r«l 


and 6^-^ are derived from functions bj^ which are linear 

combinations of multipoles having their axes directed along the x and y 
directions. These latter quantities are determined by the following expan- 
sions given by Maxwell: 




K{K- 


1.2 




= K{K- 1, 1) - {K- 3, 3) 

K{K-l){K-2) {K-Z) (j:-4) 


1 . 2 . 3 . 4. 5 


(A- 5, 5)- 


The functions 6^-® are derived from and 6^ respectively by 

replacing in the above expansions each factor {K—L, L) by the multipole 


{K-L, L, J-K) = ( - 


I^K-L d-f-K 

[dx^-^dy^dz'^-^yr)]^; 


The functions U^, and W-^ are all normalized to 47r. 

From these formulae we have derived expressions for the real spherical 
harmonics in terms of the multipoles (a, fi, y) (with a+fi+y = J) 

up to J = 10. The results are shown in Table II. 

Since the multipoles (a, /?, y) transform like the products x^y^zf, it is easy 
to see how these functions transform under the symmetry operations of the 
tetrahedral group T^. We denote the linear combinations of the real 
spherical harmonics U-^, W'^ which transform according to the irre- 

ducible representations A^, A^, E, F-^ and of respectively as follows: 


W) ~A„ 


W) 




W)] 



E, mJ)\ 


W) 



W)\ 


If two or more representations of the same type occur in the reduction of 
Dj, we add superscripts to distinguish the functions, e.g. i7<|>(5). 

From the above expressions for the functions in terms of multipoles we 
found that the combinations given in Table III transform according to 
irreducible representations as shown. In the case of the threefold degenerate 
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representations and F^ we list only the functions U^{J), U^iJ) re- 
spectively, since these will he sufficient for any perturbation calculation. 

As is shown in Table III the functions Cj(J), Ug(J) belonging to the 
representations jPi and F^ are given directly without forming any linear 
combinations. The general result is that for J even the functions 

um{j), j7^i)(j), (J), ... 

are equal to V^, V{, V^, V{, ..., 

respectively, and for J odd the functions 

17i«(J), C7f(J), ?7f(J), q^>(J), ... 

are equal respectively to 

W-^, Ui, V{, Ui, .... 

6. Wave ettnctions eoe the Coeiolis sublevels 

The above reduction enables us at once to form the proper combinations 
of the vibrational-rotational wave functions of the three Coriolis levels 
which transform according to irreducible representations of the tetra- 
hedral group. For this purpose we define real wave functions in the same 
way as we did for the spherical harmonics by 

CM = 

W{Jl) = 

with jL = J+ 1, J or 1. 

Tor the levels the proper linear combinations of these functions 

are just the same as for the corresponding spherical harmonics; for the 
levels Jj, however, which transform according to Dj when J is even and 
according to D^j when J is odd, those linear combinations which transform 
according to for the spherical harmonics give us the correct linear com- 
binations of the vibrational-rotational wave functions for F^ and vice versa. 
Similarly the representations and -dg are reversed and also the e- and 
/-functions of the representation E, In this way we found the linear com- 
binations shown in Table IV. These functions are the correct linear com- 
binations to use in any calculation of a tetrahedrally symmetrical pertur- 
bation (except when two or more representations of the same type occur). 



Table II. Real spherical harmonics expressed in terms oe multipoles 
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{(oeo) + (oes) oi - (oif ) s} ^ {(wi) 9 + (oss) ot - (009)} 
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Table III. Explicit beduction oe D^j {J even) and Dj {J odd) 
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Table III {continued) 


488 


H. A. Jahn 




A new Coriolis perturbation in the methane spectrum 489 



Vol. CLXVIII. A. 


32 





Wave functions for the Coriolis sublevels 


- •XOM 


— xrrjavuanir 




c- 

CO 

rH 1 ^ 

^l<N 

+ 

co’ccfcsD* ^ 

">i^ 1 k) kD ^ 

d -T: S 

^ ■ 

i5i ^ tiT 1^ 

ir.^ ^ rH 1^0 ■>1^ 

+ ^ ^ *> 1 ^ + 

^ JL, + ^ 

k:^ i> ^ 

fO t-* "'— *' 

r>» 1 ca to to to tv |5P *’*^ i> i> r» 

1 -^h ^ ^ 1 ^ ^ to 

SssJ) t4 Sko « «. BknSkflS** 8 m 

cscocs t- i>c>c^ror> 

CO CO CD CO fCi pg <*p 1*^ 

to to tototeto t«i tot>i>i>D> 

t- l> C^I>I>I> !>• I>l>l>l>l> 

f H H gn 8 h Scq 8c^ 

^ Klfe^!S;^fe^fe^ 

<o< 0(0 r« c-t'.t-c-c- 

COCOCO CO (s;^COCOCOCO 

rH M H Bn 8n « ^ wM Sh Sn Sn 

to es totototo t» trt^t“i>i>* 

tr* l>t>t^t^ tr> l>I>i>l>l> 

a 

•w- fs io »o 

153. 

,.150 I;!” t) b 

'>1^ + '>1'^ ■S. h*' 

i i JL +. 

-s ^ 3 

^ h^ka’ie?' j»io’>o’io’ ^ ^ io“ It? «? 

to to 

£ CO 

151 i> 151 

(N <M 

+ ^1^. 1 

§ - e 

,.rif* i> l-Si i5i 

CO CO CO CO ■^> ^ i-H 

<M rH 1 (Ml 

iiT ^ b lb 1 ' 

CS <U M kn «9 wVJ) M S ^ « w M kA W M 

r|i ’<jtTiiiit<tau3U3ta to to a «d«ocs 

lO JjOlOXOlOlOiOliQ lO lO lO lOLOiO 

^■a C_M Sm ^ 

kO us to U3 to to to 

CO CO CO CO CO CO CO 

»"• eci H CiiM « Sh h n Cicfl H wcs 

ESjfe;j&;|BSlfc^!S:;jfe( I5^fcjfe| 

■^"<j('tf»o«9iom to to to to to to 

»0 lOlOlOlOlOlOlO lO lO lO iOlOiO 

liw H Sn ®* H 

1^ fc, fe, fe, -tj ^ Ki 

kO u» U 9 U» to to to 

CO CO CO CO CO CO CO 
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Table IV {continued) 
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6. Conclusion 

The vibrational-rotational wave functions given in Table IV will be used 
in the second part of this paper to evaluate the energies of tlie corresponding 
levels when the Coriolis coupling term is taken into account. We shall 
derive general formulae for the matrix elements of between the real 
vibrational-rotational functions 

corresponding real vibrational-rotational wave functions of Tl^^se will 
then be used to calculate the matrix elements between the proper linear 
combinations. When two or more representations of the s^me type occur, 
the perturbed levels are found by diagonalization of the corresponding 
perturbation matrix. It should be pointed out that the functions given in 
Table IV can be used also in evaluating other perturbations, for example 
second order Coriolis effects involving anharmonicity, or in calculations of 
the rotation and vibration of methane in the solid state. 

The author is indebted to Sir William Bragg, O.M., P.R.S., and the 
Managers of the Royal Institution, for the facilities afforded at the Bavy- 
Paraday Laboratory where this research was carried out, and to Dr W. H. J. 
Childs, without whose valuable advice and discussion the work could not 
have been undertaken. 


Summary 

The theoretically possible sublevels into which the rotational levels of a 
threefold degenerate mode of vibration of methane can be split by a tetra- 
hedrally symmetrical perturbation are given up to the tenth rotational 
quantum number, together with the correct vibrational-rotational wave 
functions with which to carry out the perturbation calculation. Good 
approximations to the true modes of vibration of the methane molecule are 
given and used to evaluate certain Coriolis terms in the Hamiltonian which 
couple the twofold and threefold degenerate modes of vibration. Table III 
which gives the tetrahedrally irreducible harmonic functions and extends 
calculations of Bethe (1929) from the fourth to the tenth quantum number 
will be useful in a number of connexions. 
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A new Coriolis perturbation in the methane spectrum 

II. Energy levels 

By H. a. Jahn 

Davy-Faraday Laboratory, The Eoyal Institution 

{Communicated by Sir WiUiam Bragg, O.M., P.B.8 , — 

Received 3 June 1938) 

Introdhction 

In the first part of this work (Jahn 1938 ) we found the correct vibrational- 
rotational wave functions with which to evaluate any tetrahedraUy sym- 
metrical perturbation of the rotational levels of a threefold degenerate mode 
of vibration of the methane molecule. In this second part we use these wave 
functions to calculate the perturbation due to the Coriolis term which couples 
the rotational levels of the one quantum threefold degenerate vibration 1/4 
and the rotational levels of the one quantum twofold degenerate vibration 
v^. This OorioUs term was derived in Part I from the general vibrational- 
rotational Hamiltonian of the molecule. To carry out the perturbation 
calculation we shall need those combinations of the vibrational-rotational 
wave functions of v, which transform according to irreducible representations 
of the tetrahedral group, and these are derived here. We find also general 
formulae for the matrix elements in question and use these to calculate 
explicitly the perturbed rotational energy levels of up to the tenth rota- 
tional quantum number. The rotational levels of are of course corre- 
spondingly perturbed, but the calculation of these is reserved for another 
publication. 
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1. Rotational sublevels of v^, 

The rotational wave functions of the molecule transform, for even and 
odd values respectively of the rotational quantum number J, according to 
the representations of the group of aU rotations and reflexions. 

The one quantum vibrational wave functions of transform according to ■ 
the representation E of the tetrahedral group. Thus the sublevels into which 
the rotational levels of can be split by a tetrahedral perturbation are given 
by the reduction of the product representations 

E X D^j (J even) and E x Dj {J odd). 

From the reduction of and Dj into irreducible representations of the 
tetrahedral group (Table I, Part I) and from the reduction of the products 
of E with other representations of the tetrahedral group, viz. (Tisza 1933) 

E xAi = ExA^ = E, 

E X E ~ A-^_ + A2 "I" E, 

ExF^ = ExF^ = + 

it is easy to calculate the number and type of sublevels into which each 
rotational level of can be spht. These sublevels are listed in Table I. 

Table I 


J 

Rotational sublevels of 

0 

E 

1 


2 

‘ A.-^ + A 2 E-h IPi + 

3 

E+2F1+2F2 

4 

A 2 " 1 " 2^7 -}- 2J?^j + 2jp2 

5 

-f" E 3j2^i 4" 3jP^2 

6 

Ai + A^ + 3 

7 

Ai + A 2 + ^E + 4:Ei + 4 J^2 

8 

2^j^ -f" 2.^2 4" 3.574" 4:E’i 4" ^E 2 

9 

Ai 4" A 2 4 " 357 + 5Ei 4” 55^2 

10 

2Ai 4" 2^4-2 4" 457 4" 5E ^ 4" ^E 2 


To carry out the reduction exphcitly we need first of all the explicit 
reduction of the product representations of E with the other representations 
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of the tetrahedral group. We denote quantities which transform according 
to the irreducible representations of the tetrahedral group as follows 

^E, 4 ~ 

It is then easy to verify that the explicit reduction of the product repre- 
sentations in question are given by the linear combinations shown in 
Table II. In the case of the more than one-dimensional representations the 
linear combinations have been so chosen that they transform in the same way 
as the original quantities, as shown in the last column. 

The rotational wave functions uj^K transform under rotations and reflex- 
ions about axes fixed in the molecule, independently of the magnetic quan- 
tum number M, like the spherical harmonics We define real rotational 
wave functions in the same way as we defined real spherical harmonics 
(Part I) by 

— u^, 

where again we have omitted the quantum number M. Prom the tetra- 
hedrally irreducible harmonic functions given in Table III, Part I and the 
linear combinations given in Table II it is easy to find the proper linear 
combinations of the vibrational -rotational wave functions of which 
transform according to irreducible representations. These are given up to 
J = 10 in Table III, where the two independent vibrational wave functions 
of Pz denoted by and g/. As in Table IV, Part I we list in the cases of 
the representations E, i\ and only one of the degenerate functions, viz. 
the types (e), (C) and (z), since these will be sufficient for any perturbation 
calculation. The wave functions here listed will be useful in calculations of 
the perturbations of the rotational levels of any vibration of type E (i.e. not 
merely of those of the fundamental but also of those of any overtone sub- 
vibrational level of type E). 


a~A,, 
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2. General formulae for the matrix elements 

We found in Pait I the following expression for the Coriohs coupling 
term 


wliere 



It is convenient to replace the normal co-ordinates by dimensionless 
quantities defined by 


ImwA ImwA 

y mw^ » hnwo 

y 'lV l%0 

^ = a/ wf ’ easily that 




Now the normalized wave functions of a harmonic oscillator are given by 

= With = 

iv/viv 

where HAx) is the «th Hermitean polynome. Here again x = J-^9.= where 



600 


H. A. Jahn 


w is the frequency, m the reduced mass and q the normal co-ordinate. For 
these wave functions we have 


xfn = ^n+l + J\ ifn-V 


Let us denote the zero-point wave function of the vibration by and 
that of the vibration by/o- The two independent one quantum vibrational 
wave functions of we denote by and and the three independent 
one quantum vibrational wave functions of by fy and f^. From the 
formulae just given we find then 

_ 1 9 _ 1 

eS'o - 0 g 9 'o - 

„ _ 1 9 _ 1 

J9o - gjS'o - p9p 

• = yfv = ^fz = ^/o. 

~f — —f = —f — -Lf 
da;''® dy-'^ ~ 


From these one calculates easily 




'{9e~‘\l^9/)fo’ 


2ra^-^^^e)+ 2r^"^2/^j|/.?o = -j^( 9 ^e + V3y/)/c 


Thus putting 




s = i-i g — i_L_l_,Sf(24) „ _ ^ ^ 0(241 

we find, omitting the zero-point wave functions, 

^xfx ” 9q. ^1^9p 
^yf V ^ 9e'^ ^^9fi 
^Jz = 
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If we put = 

we have then 

where A = l^s^ + lySy + l^s^. 

The squares of the matrix elements of are then given in terms of the 
squares of the matrix elements of A by 

= In- 

putting in the numerical factors = 2B = 10-5cm.~\ ^14 = 0-4, 
{cc+fiY = 4-0), we find 

We proceed now to deduce general formulae for the matrix elements of 
the operator A. Putting 

l_l = l^—ily, S_l = Sjj.— iSy, 

we have A = i(ZiS_i + LiSi) + ^o®o- 

Putting as before (Part I) 

we find easily 

= —^jQgp s_iV_i = 

SoVo==-^e> 

the other products not given being zero. Further we have (cf. Jahn 1935) 
kui = i^{{J + K){J-K+l)}ui_^, 

^o'^K ~ 

Prom the general formulae given in Part I for the vibrational-rotational 
wave functions W^iJj) and Ws:{Jj+i) of the three Coriolis levels 
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of we find the following general formulae for the matrix elements of the 
operator A. In the case of the functions Wjs:{Jj) a common phase factor i 
has been omitted. 


General formulae for the matrix ele^nents 
B branch {Jj^^ levels. 


Q branch {Jj levels). 

AW{Jj) = VW+ l)}9eW-^S4iJ- 1) {J+^9,U{, 


avm) = 


J(J + 1)-3Z2 


'\J{J{J + 1 )} 

4s 1 


geV^ 


2 ^{J{J + 1 )} 

V3 1 

- 2 4J{J+l)} 


SJ + K){J-K+l)iJ + K-l){J-K+2)}g,Vj:_^ 


V{(J-Z) (J+K+ 1) {J-K- 1) (J+Z+2)}^/Fi+a, 
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P branch (Jj+i levels). 

-Y :^J+li(2J+^ 1 ) {J + K + 2) {J-K)}g,Vi^„ 

+ ^ {J + K- 1 ) iJ-K + 2) {J + K)}g, Ui_, 

where Vi = 0, Ui = ^2 W'^. 


3. Matrix elements for the sublevels 

From the general formulae given above it is possible to calculate the matrix 
elements of the operator A between the wave functions for the Coriolis 
sublevels of listed in Table IV, Part I and the wave functions for the 
corresponding rotational sublevels of given in Table III below. These 
matrix elements have been evaluated up to J = 10 and are listed in Table IV 
below. Those matrix elements wliich are not listed vanish. 

As an example as to how the matrix elements listed in Table IV were 
derived and to explain the notation, we take the level We find from 
Table IV, Part I 

Hence from the general formulae given above we find 
A{^,)e = -^AV,{1,)+^AVe{l,) 

_ llVll 13^13 ^ 

“ 2V21^" "■ 
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TMs expression must be a linear combination of the functions 
which according to Table III are defined by 

( 7 )?— 

Putting A(7,), = Oi(7)a) + a,('7)f, 

we find the following equations for % and a^: 

^13^ ^11 „ iWll 

2^6"^ 473 “*- 2^21’ 

2^6 ^"^4^3 ® 2^21 ’ 

^ 2^2 
V2 “ ■ 

These equations are consistent and give the values 

„ -- V(13-22) 

i-e. A(7,), = - 

This equation is expressed in the Table by putting 

«2 = {(77)eMI(7)f} = -^. 

In every case the consistency of the equations was verified as a cheek on the 
calculations. A further check will be mentioned below. When two or more 
sublevels of the same symmetry type occur in a rotational level of we use 
additional sufiixes. Thus in the case of the levels 65 2 F 2 we put 

«12 = iW 1 ^ 1 (6)®}, «2X = {(6s)® i A I (6)<»}, 

«22 = {(6s)i"^ 1 A I (6)?)}, a, 3 = {(63)«) | A \ (6)®}, 


the matrix elements a^g being zero. 
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4 . Energies of the sublevels of 

To calculate the energies of the individual sublevels of we apply second 
order perturbation theory. If there is no accidental degeneracy, i.e. if no 
two sublevels of the same symmetry type occur, the result is well known: 
denoting by the unperturbed energy of the rotational level of v^, where 
takes into account the splitting caused by Teller’s Coriolis term 
and by E^ the unperturbed energy of the rotational level of with which the 
level of is coupled, then the perturbed energies of the two levels are given 
by the roots of the determinant 


— c 


— c 


= 0, 


where c is the coupling matrix element. Putting X — E^ = x, A == E^'-E^y 
we find 

x{x — A) — c^ = 0, 


which gives, neglecting x^ compared with Axy 


A E^ — E^ 


If there is a twofold accidental degeneracy in both the perturbing levels, 
then the two perturbed levels of are given by the two lowest roots of the 
determinantal equation 


a-j ?4 

0 

-Cii 

■~^12 

0 

X-E^ 

— C21 

‘~^22 

-Cu 

~<^21 

X-E^ 

0 

— Ci2 

— C22 

0 

X-E, 


Putting again 
we find 
where 


X^E^^Xy E^-^E^^Ay 
x^{x-’Af-Itx{x-A)^D'^ = 0 , 
Z= cf JL “b cf 2 + cfi + c| 2 , 


D = CiiC. 


11 ^22 ”^12 ^21 


Neglecting Rx^ compared with A^x^, we find the quadratic equation 

xM^ + RAx^D^=:0y 
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Table IV {continued) 


R branch (Jj^i) levels 


Level 

Matrix element 

87 

2Pi 

ail 

15V11 

2V17 



%8 

.6V15 



V(2.17) 

3V13 

2V17 

agi 



^82 

3V35 

V17 



«24 

9V14 

V17 


2J?’a 

«13 

3V(5.21) 

V17 



a^i 

12 V 6 

Vl7 

3V55 

2V17 

3V(13.21) 

®23 

<^24 



2^17 

9ft 



4V(5.13) 


XL 2 , 


V19 


2E 


12^110 


%3 

V(19.3l) 

4V(39.55) 




V(19.31) 



<^21 

7V(13.42) 

V(19.31) 



^22 

V(2.17.31) 



V19 



®23 

2V7 



V(19-31) 


2Pi 

an 

V 210 

Vl9 



%2 

V(13.70) 

V19 



%4 

4V(6.13) 



Vl9 



«22 

'%J2 

V19 



®25 

00 ^ 


Q branch {Jj) levels 


Level 

Matrix element 

Ss 



12V33 

V31 



<^2 

2V{13.36) 

V31 


2^ 

an 

6V66 

V31 




24 



ai2 

3l 



%3 

2V(13. 15.77) 



31 



®21 

V(13.70) 

V31 




2V(13. 15.77) 



a22 

31 




100 



®23 

“31 


2Pi 

an 

V(ll-15) 

2 



%3 

6V2 



»2X 

V(7.13) 



2 



<^22 

-V5 



®24 

-3V2 


22fs 

<^11 

2V2 




V(11.15) 



%8 

2 



^14 

V(7.13) 



2 



^22 

-10V2 



^24 

-V5 

9o 


a 

\ 

4V(7.17) 

■^1 

V20 


■^2 

a 

2739 

VS 




273? 



Vio 



! 

2V(7.17) 



Vio 




20V2 




Vio 


P branch levels 


Level 

Matrix element 

7 

i 2Pi 

«ii 

V(11.16) 

'8 

2 



«12 

V39 

2V5 



%4 

12V2 

VS 



«^'22 

V2l 




-3V2 



%3 

l3V7 



«14 

V33 

”2 



^'22 

3V42 

V5 



^24 

3V(7.13) 



2V6 

^0 

2J?'i 

“u 

V210 
“ Vi7' 



%3 

2V77 
~ V17 



<?'21 

V(13.70) 

'Vi’t"'" ' 



^22 

2V2 

Vn 



«24 

18V5 

V17 


3J?’2 

%3 

2V210 

V17 



«21 

4V(6.13) 

V17 




V(13.66) 



1 *^23 

V17 



«24 

0 |l> 

i 



^32 

~8 


1 

%4 

2V10 


A new Coriolis perturbation in the methane spectrum 513 
Table IV {continued) 





514 


H. A. Jahn 


which gives us the perturbations of the two levels of Now it is easy to 
verify that these approximate roots are also the two roots of the following 
determinant 


-Ax- (cfi 4- cf 2) - (C11C21 + C12C22) 

(^11^21 "f" ^12^22) (^21 “^^12) 


= 0 , 


i.e. the eigenvalues of the Hermitean square of the matrix of the coupling 
coefficients 




11 ^ 12 \ ^11 ^21 


'21 


'12 ^22. 


'11 "^^12 


1 ^21^11 + ^22^12 


Cii% + Ci2C22 

^ll + ^l2- 


This is a general result holding for any degree of degeneracy (cf. E. Wigner 
1 93 1 5 p. 50 ): the approximations to the perturbed levels are found by dia- 
gonalization of the Hermitean square CC of the matrix C of the coupling 



CO' = I : 


general 

case 

C12 


• • • 

^mnj 

cf 2 4 - . . . 

+cL> 


•j <^ll^ml+ +^l7i^w 


\^ml% + ^m2^12+ ••• +^m7i^l?i5 ^ml + ^m2+ +^mw/ 

and if ef, e|, . e|j are the eigenvalues of this square of the coupling matrix, 
then the approximations to the perturbations are 


^1 = -^. ^2 = 


/r — ^ 

A' 


where A — — We have used these approximate values since they are 

sufficient for our purpose, but they could of course be improved upon by 
direct diagonahzation of the original energy matrix. Since in the levels up 
to J= 10 never more than three representations of the same type occur in 
the rotational sublevels of we have not had occasion to solve equations 
of higher order than the third. 

In calculating the perturbation we must take into account the fact that 
owing to Teller’s Coriolis coupling term the energy difference A between 
the pairs of levels is constant only for the Q branch {Jj) levels and varies 
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with J for the R and P branch levels. Thus the unperturbed 

levels of j^2 are given by 

{J) = 1^2 + + 1)3 


and the unperturbed levels of by 


{R branch) {Jj^x) = 2 

{Q branch) {Jj) = v^ + B'^J{J 1), 

(P branch) («^+i) ~ v^’^B'^J{J H-l) + 2(e7 + 1)^4P4, 


We neglect any vibrational change in the moment of inertia, i.e. we put 
£' == jB' = B, Then if A denotes the frequency difference we must 

multiply the calculated perturbations — by the factor ^ 

for the Jt_t levels and by the factor ^ for the J levels. 

We see that this correcting factor reduces the perturbation in the R branch 
and increases it in the P branch. Since we' are using only approximations 
to the true modes of vibration and further since the frequency is not known 
exactly, we have taken a rounded ojff value of — for the factor with which 
to multiply the squares of the matrix elements of A to obtain the uncorrected 
perturbation 


g(24)|2 ^ ll.Q 

— V4 230 




In calculating the corrections to the P and R branch levels we have taken 
B = 5-27, = 0-45. 

The results of the perturbation calculation carried out in this manner 
are shown in Table V, both the corrected and uncorrected perturbations 
being given, in cm.“^ We see that the correction is important. The sublevels 
of the individual rotational levels of V4 as here calculated are plotted on a 
common wave number scale in fig, 1. We notice from this diagram that the 
pattern of perturbed levels is similar (although different in magnitude) for 
the P and R branch levels, whilst for the Q branch levels the pattern is just 
reversed. This fact gives us a useful independent check on the calculations. 
We also see that the perturbation is greatest for the Q branch (Jj) levels, 
where for J = 9 some of the sublevels are perturbed by as much as 13 cm."^ 
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Table V. Pbettjbbatioit oe the botational levels of v. 


P branch levels 

Q branch (Jj) levels 

R branch {Jj^i) levels 

Level 

Perturbation (cm.-^) 

Level 

Pertur- 

bation 

(cm."i) 

Level 

Perturbation (cm.’"’^) 

Un- 

corrected 

Corrected 

Un- 

corrected 

Corrected 

OiJ’a 

0 

0 

Ix-Fx 

-0*10 

lo^X 

0 

0 

hE 

0 

-0*30 

0 

-0*31 

23-Fx 

2 iE 

-0*30 

-0*60 

2x-Fa 

-0*18 

-0*17 

B^E 

2 

-0*43 

-0*52 

-0*40 

-0*49 

23 -Ps 

2 ^Ai 

-0*12 

-0*60 

-1-20 

-0*13 

-0*64 

-1*28 

83^2 

^ 3-^2 

0 

-0*75 

-1*35 

4 * -Fa 

43 -Fx 

^ 3-^1 

-0*75 

-0*95 

-1*20 

-0*69 

-0*88 

-1*11 

BiAi 

Si-Px 

Z^JSl 

34-^3 

0 

-0-45 

-0-77 

-1-74 

0 

-0*49 

-0*84 

-1*90 

44 -Fx 

4:iE 

44^2 

-0*37 

-1*72 

-2*17 

-2*80 

§4 -Ax 

54 Fx 
5^E 

54 Fa 

-0*98 

-1*21 

-1*37 

-1*87 

-0*89 

-1*10 

-1*24 

-1*69 

45 -Px 

-0*34 

-0-88 

-2-28 

-2-54 

-0*38 

-0*98 

-2*54 

-2*83 

5,E 

5,E, 

-0*69 

-1*08 

-3*18 

-3*99 

65 F® 

63 F 4 

6 s F 

6 s Ff 

-1*48 

-1*78 

-2*58 

-2*72 

-1*32 

-1*58 

-2*30 

-2*42 

5,E 

63 

Se-Fx 

5, A, 

-0-56 

-0*71 

-1*20 

-2-95 

-3*41 

-3*82 

-0*63 

-0*81 

-1*37 

-3*37 

-3*89 

-4*36 

83^2 

® 8 -F 2 

63 J"? 

65 

%E 

-0*60 

-1*24 

-1*97 

-4*71 

-5*49 

-5*74 

7*^ 

73 Ff 

73^2 

73 Ff 

73 Fx 

73 -Ax 

-1*90 

- 2*00 

-2*31 

-3*41 

-3*70 

-3*96 

- 1-66 

-1-75 

- 2-02 

-2-98 

-3-23 

-3-46 

6 ,Ei^> 

6 ,EP 

61 Ai 

6 ,If> 

6 ,E 

6 ,-Pf> 

-0*74 

- 1*01 

-3*09 

-3*86 

-4*27 

-4*91 

- 0*86 

-1*18 

-3*61 

-4*51 

-4*99 

-5*74 

l^Ff‘ 

7,^7 

7,J'd' 

7,^2 

7,J’® 

7,jPf> 

-M2 

-2*16 

-2*83 

-4*09 

-7*46 

-7-89 

8 ,FiP 

8 ,Ff 

St^x 

8 ,J’f 

8 ,E 

8 ,Ff 

-2*35 

-2*53 

-3*92 

-4*43 

-4*71 

-5*14 

- 2*02 

-2*17 

-3*36 

-3*80 

-4*04 

-4*41 

78^ 

78-Ff> 

Ta^Jd) 

78J«a« 

78-F?> 

78 5?® 
78^?' 

-0*84 

- 1*02 

-1*13 

-4*00 

-5*07 

- 6*01 

-6*29 

- 1*01 

- 1*22 

-1*35 

-4*79 

-6*07 

-7*20 

-7*53 

%P? 

83 

88 £^( 2 ) . 

83^2 

-1*52 
-1*99 
-3*56 
-5*33 
- 10*11 
-10*29 
- 10*60 

9s -Ai 

98 Ff 
QgEm 

98 Ff 

9s Ff 

98 F 

98 Ff 

-2*74 

-2*87 

-2*94 

-4*95 

-5*70 

-6*36 

-6*56 

-2*31 

-2*42 

-2*48 

-4*18 

-4*81 

-5*36 

-5*53 


-Ml 

-1*50 

-1*36 

-1*84 

89^2 

99J^2" 

99J’i« 

99 -^x 

99 -Ff 
99^7 
99Jf> 
99Jf> 

-1*56 
-2*16 
-2*92 
-4*76 
-6*69 
-7*16 
-13*16 
- 13*41 

lOsFf 

lOsFf 

IO 9 F 

lOsFf 

109-4, 

lOjFf 

lOjFf 

109^1 

-3*26 

-3*36 

-5*93 

- 6*10 

-6*96 

-7*80 

-8*08 

-8*33 

-2*70 

-2*79 

-4*92 

-5*06 

-5*77 

-6*47 

-6*70 

-6*91 
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COHCLTJSION 

We see from this calculation that the Coriolis coupling term has a 
very appreciable effect on the energy spectrum and in Part III, where we 
calculate the optical spectrum, we shall see that this splitting and displace- 
ment of the rotational levels is just what is required to explain the 
observed complex rotational structure of the infra-red absorption band of 
the fundamental vibration 


SXJMMAEY 

Using the vibrational-rotational wave functions derived in Part I, the 
perturbations of the rotational levels of the fundamental vibration of the 
methane molecule, caused by the Coriolis term in the Hamiltonian which 
couples the rotational levels of with the rotational levels of V2, are cal- 
culated explicitly up to the tenth rotational quantum number. Table III, 
which gives the wave functions for the tetrahedral rotational sublevels of 
Vg, will be useful in calculating the perturbations of the rotational levels of 
any fundamental or overtone sub vibrational level of symmetry type E in a, 
tetrahedrally symmetrical molecule. 
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On the theory of coincidence experiments on 
cosmic rays 

By N. Arlby 

H, H, Wills Physical Laboratory, University of Bristol 
{Communicated by N. F. Mott, F.R.S,) 

Introdtjction 

It is now generally agreed that the cosmic radiation consists of two groups 
called the soft and the hard component. This classification refers to the 
penetrating power of the particles in question. The soft component consists 
of ordinary electrons and light quanta, whereas it now seems very probable 
that the hard group consists of ‘‘heavy electrons”. The phenomena con- 
nected with the soft component are described by the cascade theory of 
showers put forward by Bhabha and Heitler (1937) and Carlson and 
Oppenheimer (1937). It is the purpose of the present paper to work out the 
consequences of the theory in greater detail in order to make possible 
a more quantitative comparison between theory and experiment than has 
hitherto been possible. 

This is desirable for several reasons: In the first place it is important to 
ascertain whether the phenomena connected with the soft component can 
be accounted for completely by the cascade theory or whether some of the 
facts require an explanation outside the present relativistic quantum 
mechanics. 

In the second place it is of decisive importance to separate the effects due 
to the soft and hard component as far as possible in order to obtain a clear 
picture of the effects which are caused by the penetrating particles, the 
nature of which is now the main problem in cosmic-ray physics. Such 
a separation is of course only possible if the effects of the soft component 
are known to the greatest possible detail. It will be seen in the present 
paper that most of the standard counter experiments find a quantitative 
explanation in terms of the cascade theory. The experimental material 
available at present is not, however, sufficient for a complete discussion 
in the sense discussed above. 

In this paper we calculate the probabilities of the different kinds of 
coincidences caused by the primary electrons. For this purpose it is first 
of all necessary to extend the calculations of Bhabha and Heitler, since, in 

[ 519 ] 
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these calculations, only the number of electrons in a shower with energies 
larger than a certain critical energy is computed. In § 1 we calculate the 
number of electrons with energies smaller than this critical energy. In 
§§ 2-3 we then work out the mean probabilities of finding one, two or more 
particles in a shower, which are the quantities measured in the absorption 
cuTYe and in the Rossi transition curve. We confine ourselves in this paper 
to the consideration of small showers, as the same discussion for bursts has 
been carried out by Euler (1938). 


1. Number of shower electrons below 

THE CRITICAL ENERGY 


In the cascade theory of Bhabha and Heitler ionization and the Compton 
effect were neglected, since all electrons in the shower were assumed to have 
energies larger than a certain critical energy. We shall now calculate the 
number of electrons with energies below this critical energy. The latter 
electrons are created partly by the faster electrons being slowed down by 
ionization, and partly by the Compton effect. The latter plays presumably 
an important role for the explanation of all backward effects (Geiger 1937). 
Since in these experiments the geometrical arrangements are rather difSlcult 
to take into account, we shall not attempt to treat them here. For all other 
experiments we believe the Compton effect to be of secondary importance 
compared with the effect of ionization. The probability of the former process 
is only large for comparatively much smaller energies, and both the energies 
and the number of the Compton electrons will therefore presumably be 
relatively small. We shall therefore in this paper neglect the Compton 
electrons and only take the effect of ionization into account. 

This has already been done in the paper of Carlson and Oppenheimer, 
but their mathematical treatment is not very strict and it is difficult to 
obtain numerical results by their method. 

In order to get some idea about the number of slower shower particles, 
we can proceed in the following way: We assume that above a certain critical 
energy, the electrons can only lose energy by radiation and below E^ 
only by ionization. For the critical energy E^ we take that energy at which 
the mean energy loss due to radiation is equal to that due to ionization. 
Bethe and Heitler (1934) have derived for E^ the approximate expression 




1600 mc^ 
Z ’ 


( 1 ) 
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where mc^ is the rest energy of the electron and Z the nuclear charge. 
As the correct expressions for the energy loss of an electron (Heitler 1936, 
fig. 22, p. 222) do not deviate considerably from such '^step functions'^ 
the error due to this approximation will presumably not be very large. 
On this assumption the number of electrons which emerge after a certain 
thickness of material with energies above has been worked out in the 
Bhabha-Heitler theory, and we now calculate the corresponding number 
below E^, 

In order that an electron should emerge with an energy below E^ it must 
once have had an energy greater than E^ and lost a light quantum with so 
high an energy that it remains with an energy less than E^.. We denote the 
probability that an electron with energy E'{ > Ef) should emit a light quan- 
tum with energy between k and k+Ak while traveUing the distance AV 
by Pj,^^[E\k)AkAl\ The probability of losing an energy between E" and 
E"+AE" due to ionization in travelling the distance V we denote by 
V)AE", We then obtain for the probability that an electron which 
at the distance V had an energy E' will emerge at the distance I with an 
energy between E and E A E 

j^k k) AV Pion(-E' -k-E,l-V)AE. (2) 

Multiplying (2) with the number of electrons and positrons which at the 
distance V have an energy between jE" and E' -{-A E\ p{l\E')AE\ which 
is given in the Bhabha-Heitler theory for E'>Ef., and integrating over 
E' from Eq to E^ {Eq is the energy of the incident electron producing the 
cascade) and over V from 0 to I, we find that the total number of electrons 
and positrons which at the distance I emerge with an energy between 
E{<Ef) and E + AE is 

E)AE = fW {^'dE^ dkP^^{E\k)P,^^{E'^k-^E,l^V)p{l\E')AE. 

Jo . Jo 

(3) 

Assuming now that the mean energy loss due to ionization is constant, i.e. 



which is correct down to energies of the order of 100,000 eV, our wiU be 

a (J-fimQtion 

Pio^(P",r)zlP" = (5) 


VoL CLXVIII. A. 


34 
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where the 5 is a Dirac ^-function, and the symbol A is defined byf 


( 6 ) 


A(E"^E,) 


ilioT E<Ee, 
to „ E>E,. 


If 0{E', k) Ah is the diSerential effective cross-section for the emission of 
a qnantum with energy between k and k+Ah by an electron with energy 
jE'andcris the number of nuclei per cm.®, then ouri^a(.®', k)AkAl' is given by 


P^a.{^\k)AkAV = A{E' > E^) ar0{E' ,k) Ak AV , 
where 0 is given by (Bhabha and Heitler 1937) 


0{W,k)Ak = 0F{^^^^, 

0=^i^Y 

137 \mc®/ ’ 


\E’}~ E’[-log{l-klE')Y 
alog2 = 41og(183Z-i)-hf, 


(7) 


(8) 


the constant a being determined by the condition that the approximate 
J^«fanction shall give the same mean energy loss as the correct J'-function 
(Heitler 1936, eqn. 34, p. 172). For our purpose we can put 

0Ak = a0d{^^^^,, (9) 


since 0 will be essentially different from 0 only in the neighbourhood of 
kjE' = 0. Inserting the expressions (5), (7) and (9) into (3), we can at once 
perform aU the integrations and we then obtain, if we now measure all 

lengths in units of Zn = -i-,t 
a0cr 


p*{l,E)AE = A[l^?^y{L,E,)AE^, 
L-l 

L-l-—. J 


( 10 ) 


For E = E^vire have L = l and therefore p*{Eg) = p{E^. Thus the energy 


t In this paper we shall denote by a symbol A() & function which is 1 when the 
condition stated in the brackets is fulfilled, and 0 elsewhere. 

% This shower unit length has the value 0*358 cm. for Pb, 0*215 cm. for Au, 
0*207 cm. for Pt, 0*824 cm. for Sn, 1*02 cm. for Cu, 1*26 cm. for Fe, 6*71 cm. for A1 
and 15*5 cm. for C in form of graphite, density 2*3 g./cm.^. (The value 7*8 for A1 as 
given by Bhabha and Heitler was incorrect.) 
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distribution is continuous throughout as we should expect it to he, and has 
only a kink at the point E — due to the discontinuity of our -fion* 

This does not matter, however, for our further calculations, as we shall not 
use the energy spectrum itself but only the total average numbers, and 
of ‘‘fast” and “slow” electrons and positrons, denoting henceforth by 
‘ ‘ fast ’ ’ electrons those with energies above E^ and by ‘ ‘ slow ’ ’ electrons those 
with energies below E^. 

The function p[l, E) consists of two terms 


p{l, E) = E) E), (11) 


where Pgee is the energy distribution of the secondary positive or negative 
electrons in the cascade, and i^he probabihty distribution for the 
energy of the primary electron falling on the top of the plate. These two 
functions are given in the Bhabha-Heitier theory 


i^sec 


dE 

dW{l,y) 


~ dE 

1 ^0 

y = log^. 


Eo dy ’ 
ev e- 


( 12 ) 


where /(Z, y) is the average number of electrons or positrons emerging at 
the distance I with energies greater than E, and W(J,,y) is the incomplete 
jT-function, representing the probability of finding the primary electron 
at I with energy greater than E. Inserting (11) and (12) into (10) and using 
the fact that 

£ = log2, (13) 


which follows from the definition of E^ and from (4) and (8), we get taking 
e = EjEg as variable instead of E^ and dropping the asterisk 




mL,yc) 

dy ’ 

e-^'=y^~^ 

(L-1)!’ 


L = 


1 - 

log2 



yc = log 


^0 

e;^ 


( 14 ) 


34-2 
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Finally, we obtain for the average total numbers JVg{sec) and J\rg(prim) 
F,(sec) = = 21og2j'^^^dA ■ 

PI f* ^ 7/"^ — ^ 

^^(prun) =j^Pprini(^,e)de = log2j^-^^-^ di, • (15) 

We note that both expressions in (15) depend only on = log EqIE^. Using 
the figures for / and p given in Appendixes ^and II, we have by graphical 
integration obtained the values for the two N^s g^en in Table I where we 
also give the values for N, (sec) = 2f{l,yc) and for N, (prim) = W{1, y^)- 
In fig. 1 we give some of the spectra p(l,E). As shown in Appendix II 
the p-function has as a function of I nearly the same form as the /-function, 
so that the shape of the spectrum for the slow electrons as a function of 
e = EjEg will be mainly determined by the shape of/(J, y^) as a function of I 
taken between the values Z — 1-44 and Z. 



Fig. 1. Tlie energy spectrum Eqp(1,E) for secondary electrons or positrons in 
a shower with 2/c = log Eq/E^ = 2. 

From the physical meaning, as well as from the analytical expressions, 
it is easy to see that for negative values of i.e. for Eq^Ec,'\ we have 

t These values we shall need later for the calculation of the absorption curve 
(§5) since the primary electron, slowed down by ionization, will give a considerable 
contribution especially in light elements to this curve. 
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Table I . The avbeage numbers, N , of “fast” (/) and “slow” (s), primary 
(prim) and secondary (sec) electrons and positrons as functions of I 



AKD 

y , = log EJE , 

[Nf (prim) 

== W { l , y,)l 

i Nf (sec) 

= 2 xf { l , ya ), SEE 

APP. I ] 



Vc 

2 

4 

6 

8 

10 

15 

1= 

0*2 

Nf (prim) 

0-987 

1 

1 

1 

1 

1 



Nf (sec) 

0-0169 

0-0462 

0-078 

0-110 

0-143 

0-226 



N, (sec) 

0-0006 

0-0007 

0-001 

0-001 

0-001 

0-001 



Ns (prim) 

0-0011 

0-0001 

0 

0 

0 

0 

1= 

0*4 

Nf (prim) 

0-967 

0-997 

1 

1 

1 

1 



Nf (sec) 

0-0602 

0-171 

0-298 

0-426 

0-550 

0-900 



Ns (sec) 

0-0046 

0-006 

0-006 

0-006 

0-006 

0-006 



Ns (prim) 

0-0050 

0-001 

0 

0 

0 

0 

1= 

0-6 

Nf (prim) 

0-940 

0-994 

1 

1 

1 

1 



Nf (sec) 

0-119 

0-358 

0-636 

0-934 

1-26 

2*07 



Ns (sec) 

0-015 

0-019 

0-020 

0-021 

0-02 

0-02 



Ns (prim) 

0-012 

0-001 

0 

0 

0 

0 


0*8 

Nf (prim) 

0-906 

0-989 

1 

1 

1 

1 



Nf (sec) 

0-185 

0-590 

1-09 

1-64 

2-23 

3-94 



Ns (sec) 

0-033 

0-044 

0-05 

0-05 

0-05 

0-06 



Ns (prim) 

0-024 

0-002 

0 

0 

0 

0 

1= 

1 

Nf (prim) 

0-865 

0-982 

0-998 

1 

1 

1 



Nf (sec) 

0-252 

0-860 

1-65 

2-54 

3-56 

6-54 



Ns (sec) 

0-059 

0-084 

0-09 

0-10 

0-11 

0-13 



Ns (prim) 

0-041 

0-005 

0 

0 

0 

0 

1= 

:2 

Nf (prim) 

0-594 

0-908 

0-983 

0-997 

1 

1 



Nf (sec) 

0-494 

2-44 

5-80 

10-7 

17-3 

43-4 



Ns (sec) 

0-332 

0-62 

0-89 

1-1 

1-3 

2-1 



Ns (prim) 

0-174 

0-04 

0 

0 

0 

0 

z = 

3 

Nf (prim) 

0-324 

0-762 

0-938 

0-986 

0-997 

1 



Nf (sec) 

0 - 604 * 

3 - 90 * 

11 - 7 * 

25 - 8 * 

49 - 2 * 

155 * 



Ns (sec) 

0-654 

1-66 

2-9 

4-3 

6-4 

14 



Ns (prim) 

0-230 

0-09 

0 

0 

0 

0 

z= 

:5 

Nf (prim) 

0-053 

0-371 

0-715 

0-900 

0-971 

1 



Nf (sec) 

0 - 448 * 

4 - 80 * 

25 - 5 * 

79 - 6 * 

205 * 

1260 * 



Ns (sec) 

0-780 

4-18 

13-5 

31-8 

53 

210 



Ns (prim) 

0-154 

0-21 

0-1 

0 

0 

0 

z= 

:10 

Nf (prim) 

0 

0-008 

0-084 

0-284 

0-543 

0-930 



Nf (sec) 

0-0226 

1 - 10 * 

20-8 

180 * 

1050 

28,000 



Ns (sec) 

0-0872 

2-98 

32-6 

191 

730 

11,200 



Ns (prim) 

0-0006 

0-02 

0-1 

0 

0 

0 

N. 

f (sec) 

Z =14 

2-74 X lO -^ 

0 - 24 * 

7-38 

120 * 

1070 

86,000 


Z =:18 

3-22 X 10--4 

3-8 X 10 ” 2 * 

2-02 

50 * 

668 

142,000 



Z = 24 

1-25 X 10-5 

2-8 X 10 - 3 * 

0-198 

8 - 2 * 

163 

120,000 



CO 

II 

1 X 10 - 8 * 

1 X 10 - 5 * 

2 X 10 - 3 * 

0 - 1 * 

6 * 

14,500 


* Interpolated. 
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i^^(sec) -i^y(prim) = ^5(sec) = 0. The value of F,(prim) for y ,<0 is 
obtained by an expression analogous to (3): 

(prim) = ^{log (log 2 - 1 ) 0}, (16) 

which only expresses the fact that if the plate is sufficiently thick, the 
primary particle is absorbed (i.e. if^Z> jBq)- 

Tor the moment it is not possible to compare our results with experiments 
as no relevant data seem to be available. We must, however, bear in mind, 
as pointed out by Wilson, f that electrons with energies below will have 
a rather great chance of being scattered in the material so that it is no 
longer legitimate to treat the problem as a one-dimensional problem. As 
a consequence of this scattering, fewer slow electrons will emerge from the 
plate so that we should expect the experimental values of to be smaller 
than the calculated ones. It is, however, probable that this effect would 
not alter the order of magnitude of iV^ by more than, say, a factor 2, nor will 
it influence the general shape of the spectrum considerably. 


2. The flxjcttjatiok formula 


All the figures obtained so far are only average, values and w^e must, there- 
fore, discuss the fluctuations of the about these average values before 
we can proceed further. Bhabha and Heitler (1937) assumed that in the 
showier the probability for a secondary electron to emerge with energy 
between and is independent of the probabihty for another 

secondary electron to emerge with energy between E^ and E^ + AE^^ It may, 
of course, be doubted whether this is really true as both electrons are 
generated in one multiplication process from the same initial parent 
electron, and, therefore, the two probabilities mentioned are in some way 
connected. 

From this independence assumption, it follows at once that the probability 
P(N) of finding N secondary particles when the average number is N is 
given by the Poisson fluctuation formula 


P{N)^ 


N\ • 


(17) 


The use of this fluctuation formula has been criticized from various sides, 
e.g. Furry (1937) and Euler (1938).! To avoid the independence assumption, 

t In a private discussion with the author. 

J Private communication ; as E\iler is, however, mainly interested in large showers 
with 100 or more particles, his considerations are not so relevant here. 
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Furry has proposed the following model for the multiplication process. 
He assumes that an electron has the probability Al of creating a new 
electron by travelling a distance Al and that the electron does not lose energy 
by this process. Thus neglecting entirely the important feature of the 
absorption of the electrons in the cascade, he obtains, therefore, the result 
that the average number of particles N increases indefinitely with the 
thickness as eK Only for very small thicknesses are these assumptions 
justified, but, in this case. Furry’s fluctuation formula deviates but little 
from the Poisson formula. For larger thicknesses it is certainly not legiti- 
mate to neglect both the energy loss and the light quanta. It seems, there- 
fore, doubtful to us whether Furry’s treatment of the problem can be 
regarded as a better approximation, since his idealization leaves only little 
resemblance with the real multiplication process. 

In order to see whether it is legitimate or not to use the Poisson fluctua- 
tion formula for small showers, we have investigated the following model 
which, in this case (i.e. not too large values of the y variable), is a rather 
close idealization of the real multiplication process. We assume firstly that 
an electron by travelling the distance Al has the probability Al of being 
absorbed by emitting two light quanta. (In reality an electron loses its 
energy in the form of a few quanta rather than in emitting one single 
quantum.) Secondly, we assume that a light quantum by travelling the 
distance Al has the probability Al of being absorbed creating two electrons. 
In order to account for the energy degradation taking place in each such 
step, we thirdly assume that when three such transformations have oc- 
curred, the resulting light quanta have lost so much energy that they can 
no longer create electrons and that no further multiplication takes place. 
The maximum number of particles in this cascade is, therefore, 4. Denoting 
by P{n, m, 1) the probability that ^ 4) electrons and m ( ^ 8) light quanta 
are present at the distance I, and taking as initial condition P(l, 0, 0) = 1, 
all other P’s equal to 0 for Z = 0, we can easily write down and solve the 
differential equations determining the ten possible P’s. Following the 
multiplication process step by step, we obtain 

^P{l,0,l) = -P{l,0,l), P(l,0,l) = e-t; 

at 

^P( 0 , 2 ,Z) = P(1,0,Z)-2P(0,2,Z), P{0,2,l) = e-^-e-^\ 

di 

%P(2,l,l) = 2P{0,2,l)-ZP{2,l,l), P{2,l,l) = e-^-2e-^+e-^-, 

at 
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and so on. All the equations can be solved one after the other by elementary 
calculation. Denoting by QiN,l) the probability that N electrons emerge 
at the distance I and by N the average number, we finally have 

Q{0, 1) = P(0, 2, 1) + P(0, 5, 1) + P(0, 8, 1) 

= l + (l + 2l-2P)e-^+{-Z-il-4:P)e-^- 2le-^ - 

<3(1, 1) = P(l, 0, 1) + P(l, 3, 1) + P(l, 6, 1) 

= (_J^-4Z+2Z2)e-'+(4+4?+8Z2)e-2'+{-l + 6Z)e-®*+te-« 

g(2,Z) = P(2,l,Z) + P(2,4,Z) 

= ( — 1 4- 2Z) e~* + (4Z — 4Z®) e~^ + (3 — 6Z) e~®* — 2e~^, 

g(3,Z) = P(3,2,Z) 

= |e-'-4Ze-2«+(-3 + 2Z)e-3^+|e-« 

Q(4,Z) = P(4,0.Z) 

^ = S NQ(N,l) = (1 + 2Z2)6-^. 

N=Q 

According to Bhabha and Heitler (1937) the Poisson formula (17) was 
only derived for the secondary electrons and the 'primary electron had to 
be treated separately, having a probability W (Z, ?/) to be found at a thickness 
L In our model the latter probability is simply P(l,0,l) — e-K Thus the 
probability P*(iV’, 1) of finding N secondary or primary electrons at the 
distance I is, therefore, according to (17), given by the modified Poisson 
formula 

P*{N, 1) = [P(l, 0, Z) + [1 - P(l, 0, Z)] 

= S m{N, 1) - 0, Z)] = 2lH-\ P(l, 0, Z) = e-', 

where is the mean number of secondary particles in our model. This 
has now to be compared with the exact expressions derived from our model. 

In Table II we give Q{N, 1) and P*(A^, 1) for a few values of I and we see that 
they agree very well with each other. 

Table II. The eltjctuation eoemxjla derived erom otjr model 

COMPARED WITH THE MODIFIED POISSON FORMULA 

Q{0J)P*{0,1) Q(l,l) P*{hl) Q{%1) P*{2,1) Q{2,1) P*(3,0 Q{4J) P*(4, Z) P*(>4, Z) 

Z=0-5 0-24 0-29 0-64 0*54 0*10 0-15 0-01 0-02 0*01 0 0 0-30 

Z = 2 0-27 0-29 0-38 0*36 0-24 0*22 0*08 0*09 0-03 0*03 0 1*08 

Z=3 0-39 0-39 0-35 0*37 0-19 0*17 0-05 0-06 0-01 0*01 0 0*90 
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Our model could, of course, easily be extended to give larger values of 
•^sec maximum value is here 1*1 for Z = 2) by allowing for more steps 
before the multiplication stops. The calculation would still be elementary 
but more tedious, and we believe the result obtained would not be changed 
essentially even if was increased by a factor five or ten. Only for large 
showers with 1 00 or more particles the Poisson formula is no longer valid, as is 
shown by the considerations of Euler (1938). We have, therefore, decided to 
take for our purpose the modified Poisson formula P* as given in (19) withf 
P(l, 0,Z) -> W{l,y^) and N ^ 2/(Z.2/c) + -^A2/c). as given in Table I. 

Denoting henceforth by P{N, I, y^) the probability for N particles, electrons 
plus positrons, to emerge at the distance I, if the energy of the incident 
electron (which we shall denote by E instead of Eq) is given by log EjE^ = y^, 
we therefore have for positive values of y^ 

P{N,l,y,) = + Wr(i,ye)]|]. 

P{>N,l,y,) = l-e-"S 7r+W^(^> 2/0)6-"^^. 

^=s0 ^ • xV . 

N = Nf (sec) + (sec) + (prim), 

yc>^- 

If the primary energy is smaller than yc ^ 0 (a case which will also be 
necessary to consider), (20) is no longer valid. As, however, the only 
particle capable of emerging from the plate in this case is the primary 
electron itself slowed down by ionization, we obtain at once from (16) 

P(0, 1 , y^) = A{y^< log (log 2 • 1 )}, 

P(l,l,yc) = Zl{log(log2-1)<2/<,<0}, 

P{>hhyc) = 0 , 

yc^O. 

3. Energy spectrum oe the soet component 

What is measured in all coincidence experiments is the mean effect pro- 
duced by all the incident electrons hitting the material dealt with in the 

t Strictly speaking, it is not correct to use the Poisson formula for the distribution 
of the primary slow electron which is included in but if ^ 1 tlw error involved 

in the Poisson formula P(0) = er^, P( 1) = e-^N, P{>l)=l-er^(l+N), instead 

of the correct P(0)= 1-J^, P(l)=i^, P(> 1) = 0, is very smaU. 
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experiment. In order to compare our theory with experiments we must, 
therefore, first consider the energy spectrum of the primary electrons 
producing the cascades* Next we must calculate the mean value of the 
expressions P(iV',Z, given in (20) and (21), with respect to this energy 


spectrum 


P(N, 1 ) = P(N, I, E) F{E) dE, 


FiE)dE=l, 'EP(N) = 1 , 

0 A ^=0 


where F(E)AE denotes the probability for a primary electron or positron 
to have an energy between E and E-^AE. For high energies this spectrum 
has been calculated from the intensity curve in the atmosphere by Heitler 
(i937«) 

A W 

F{E)AE oc ^ ioTE> Ef\ (23) 


where Ef^ is the critical energy for air (1-5 x 10® eV) and y is a function of E 
which varies only slowly and can be put equal to f . This spectrum cannot 
be checked directly by experiments, since for high energies most of the par- 
ticles observed belong to the hard component. Some indirect evidence 
can, however, be obtained by considering the ratio of the numbers of large 
and small bursts (Blackett 1938) and it is found that the spectrum agrees 
well with (23). The spectrum for energies below Ef^ could be obtained by 
integrating the number of slow electrons in air showers as given in § 1 over 
the spectrum of the primary electrons arriving at the top of the atmosphere. 
As at sea-level we are well beyond the maximum of the corresponding 
f{l,yc) functions, we would find that the spectrum below E^^^ increases 
slightly with decreasing energy from the value for E = Ef^ or is practically 
constant (cf. § 1). The spectrum which is deduced from experiments has 
however quite a different form (Blackett 1938). Above a certain energy, 

- 2 X 10® eV, which happens accidentally to be of the same magnitude as 
Ef^, the spectrum is, as already mentioned, in agreement with (23). Below 
Eq, however, the number of electrons found is much larger (perhaps 5-20 
times at sea-level) than would correspond to the above calculations. This 
fact is explained by Blackett (1938) by assuming that the particles of the 
hard component transform themselves into ordinary electrons or produce 
secondary electrons when their energy passes below 2 x 10® eV. 

The form of the spectrum below Eq is not quite known, but we assume it 
to be roughly constant, since it wiU be seen that a deviation frgm the 
constant form is not very important (eqn. (25)). Consequently for the 
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spectrum F{E)AE of the primary electrons producing the cascades we 
have used the form 


F{E)AE = ~^^ ioxO^E<E, ■ 


“05 


F{E)AE = 


a+l/r-®o 

1 IE,\y^^AE . „ 


j: 


F{E)dE=\, 


(24) 


where a is the ratio between the constant value of F for E< Eq and the 
value of F for E = Eq. If we now transform to the variable, we have 
to multiply (24) with dEjdy^ = E and finally we have, again denoting the 
spectrum by F{y^Ay^> 


^iVc) ^yc = e-{yo’‘-Vc) Ay^, - oo < < y», 

■F(?/e) Ay^ = yO ^ y^, 

jp ^ + 00 

2/? = l0g-^5 ■f'(yc)#c=l- 

■^c J — 00 


(25) 


It is seen that this function has a very sharp maximum at the point = yl, 
so that the mean values of the P(iV', I, y^Y^ as given in (22) are practically 
determined by their behaviour in the neighbourhood of y^ — y^^ The results 
will, therefore, in most cases be seen to depend sensitively neither upon y 
nor on a. Introducing (25) into (22), P(iV, 1) is given by 


F{E, 1) = h Vc) dy, 

+ f ” ^y<^- 


For the numerical values we have taken y = | and Pq ;= 2 x 10® eV leaving 
the value of a for the present undetermined (experiments seem to give values 
of the order 5 to 20 at sea-level) since a is the most unknown factor in the 
spectrum. With this value for we have simply according to (1) 


y? = log J = log| = 


'3-0 for Pb, 
- 1-9 for Fe, 
^1*2 for Al. 


(27) 
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In Table III we give the values of the two integrals in (26), and 

J < jE/q •/ ^ EJq 

for Pb, obtained by graphical integration. In Table IV the corresponding 
values are given for Al, and the values for intermediate elements will then 
lie between the lead and the aluminium values. 


Table III. f" e’-W-yc)P[NJ^y^)dyc- \ and 
J — 00 J <Eo 

I e-^‘^<'Vcrye'‘)P[N,l,y^)dy^=\ roR lead 

J >Eo 


V 

iV\ 

0-2 

0*4 

1 

2 

3 

5 

10 

0 I 

J<Eo 

0*018 

0*0381 

0*108 

0*209 

0*223 

0*276 

0*679 

l>Ea 

~0 

-0 

0*0139 

0*0069 

0*0043 

0*0032 

0*0768 

1 / 

■><Eo 

0*964 

0*895 

0*613 

0*275 

0*201 

0*200 

0*218 

J>E, 

0*631 

0*578 

0*281 

0*0643 

0*0277 

0*0149 

0*127 

2 / 

J<E, 

0*0195 

0*0679 

0*232 

0*250 

0*207 

0*179 

0*0734 

l>E^ 

0*0267 

0*0918 

0*235 

0*133 

0*0619 

0^0373 

0*117 

3 f 

- 0*0005 

- 0*002 

0*0448 

0*156 

0*165 

0*138 

0*0219 

•^>£o 

- 0*0015 

- 0*002 

0*0928 

0*158 

0*0939 

0*0555 

0*0864 

" -Uo 

0 

-0 

0*00875 

0*0618 

0*109 

0*0938 

0*0042 

i>E„ 

0 

-0 

0*0289 

0*129 

0*105 

0*0672 

0*0619 

Le. 

0 

0 

0*00162 

0*0483 

0*0990 

0*113 . 

0*00096 

L 

0 

-0 

0*00918 

0*177 

0*389 

0*480 

0*200 


> Eq 



On the theory of coincidence experiments on cosmic rays 533 



Table IV. f and 

J—oo J <E(^ 

j e-^'^y‘r-yc’^P{N,l,y^dy^ — \ for aldminium 

J 2/c® J >E‘' 


V 

iV\ 

0-2 

0-4 

1 

2 

3 

5 

10 

0 / 

J <JISq 

0-047 

0-115 

0-302 

0-756 

0-800 

0-874 

0-986 


-0 

-0-0015 

0-0811 

0-169 

0-156 

0-254 

0*539 

‘ /<*. 

0-956 

0-891 

0-674 

0-167 

0-139 

0-105 

0-0124 

/ 

. 0-635 

0-604 

0-434 

0-229 

0-204 

0-197 

0-0928 

2 j 

J <jE'o 

-0-002 

-0-008 

0-0267 

0-0717 

0-049 

0-020 

-O-OOl 


-0-01 

-0-02 

0-111 

0-171 

0-144 

0-106 

0-0213 

3 f 

J<Eq 

0 

-0-0002 

-0-001 

0*00309 

0-0107 

-0 

0 

/>Eo 

0 

-0-003 

0-0207 

0-0587 

0*0790 

0-0512 

0-0085 

4 / 

0 

0 

-0-0003 

0-00155 

0-0015 

0 

0 

l>B„ 

0 

0 

-0-002 

0*0258 

0-0395 

0-0256 

0-0043 

>4 ( 

J <E^ 

0 

0 

0 

4^0 

-0 

0 

0 


0 

0 

-0-0002 

0-0171 

0-0459 

0-0480 

0-0139 


4. General discussion oe counter experiments 

From the figures given in Tables III and IV it is now possible according 
to (26) to give a quantitative theory for many of the standard counter 
experiments. In discussing these experiments one has, however, to take 
into account the fact that in reality the phenomena are not one-dimensional, 
an assumption which is made throughout the w^hole cascade theory, but 
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that the different geometrical factors have to be considered. The Rossi curves, 
for instance, giving triple or higher coincidences as functions of the thick- 
ness of the shower producing materials, are determined firstly by the different 
probabilities, P{N, 1 ), that N particles will emerge, and, secondly, by the 
probabilities, which we call the geometrical factors, of these N particles 
producing a coincidence. The geometrical factors depend on the angular 
spread in the showers, the geometrical arrangement of material and 
counters,* * * § the sensitivity of the counters and so on. Since these factors are 
in most cases unknown,! we cannot expect more than a rough agreement 
with experiment, quite apart from the inaccuracies involved in the latter. 
From our tables it is possible to obtain the theoretical curves, S g^^PiN, 1 ), 

N 

corresponding to arbitrary values for the geometrical factors. For reasons of 
simplicity, we have taken the non- vanishing equal to unity throughout, 

and, as wiU be seen from the discussion in §§ 5 and 6, the agreement with 
experiments is as good as can be expected. It seems, therefore, hardly 
necessary to consider other values for the geometrical factors except perhaps 
for very special experimental arrangements (very large angles, etc.). 

Furthermore, we must take into account the fact that the experiments 
as a rule give not only the showers due to the electrons and positrons, but 
also those due to light quanta and the hard component. The effect due to 
the light quanta could be subtracted by placing one or more counters above 
the shower producing plate. This has been done by Clay and van Gemert 
(1936) and by Maass (1936). The former measured triple coincidences from 
a lead plate 5 x 36 cm covered by six counters in parallel. The result was 
that the coincidence curves obtained with and without the six upper 
counters in series with the three lower counters were identical. This result 
seems at first sight surprising as it is known from both theory and Wilson 
chamber photographs that the number of light quanta in air is of the same 
order of magnitude as the number of electrons. As the energy spectrum 
of the light quanta is similar to that of the electrons and the showers created 
by light quanta are of the same t3q)e (except for very small thicknesses), 
we should expect that the two curves with and without the upper counters 
differ by a constant factor. This is contrary to what is found experimentally. 
It has, however, been pointed out by Clay himselff and by Blackett§ 

* The important role of the geometrical arrangement of the counters is clearly- 
shown in the experiments of Zeiller (1935). 

t A very interesting attempt to determine the geometrical factors experimentally 
has been described by Geiger (1937). 

f In a conversation with Heitler. 

§ In a conversation with the author. 
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that it is not at all improbable that the electrons and light quanta from air 
arrive in groups simultaneously and separated by only small distances, 
because all these particles are parts of a shower created in the atmosphere.* 
It is therefore likely that each time the shower producing plate is hit by 
a light quantum, it is also hit by an electron and vice versa. This would 
explain the result mentioned above. 

In the experiments of Maass (1936) double coincidences are measured 
with different thicknesses of iron placed between the two counters {A curve) 
and above them {B curve), the area of the iron sheets being equal to the 
area of the cross-section of the counters. The curve B~A then gives the 
effect due to the non-ionizing radiation alone. Maass finds that the difference 
jB — J. is larger than the experimental errors but that the difference is small 
compared with A ox B. From this experiment we therefore conclude that 
there is a certain but only small probability of a fight quantum hitting the 
material without being accompanied by an electron. The experiments of 
Maass are, therefore, in agreement with those of Clay and with our inter- 
pretation. 

Furthermore, we believe that the relatively large background always 
found in counter experiments also indicates that there is a comparatively 
large probability for two or more electrons arriving simultaneously at 
small distances (Hilgert and Bothe 1936; Schmeiser and Bothe 1938; the 
accidental counts due to the finite resolving power of the counting apparatus 
itself are certainly, as a rule, much smaller than the measured background). 
It seems, therefore, desirable to obtain more experimental evidence about 
this point; for instance, by measuring double coincidences in free air as 
a function of the distance between the counters without any material placed 
above them and so onf . For the reasons mentioned above, we shall in this 
paper assume that the presence of the showers produced by fight quanta 
does not, except for small thicknesses, essentially influence the shape of 
the measured curves, but only their absolute magnitude. f 

The effect due to the hard component is as a rule subtracted, if at all, 
by extrapolating backwards from large thicknesses. Schwegler (1935) has 

* According to the cascade theory we find, for instance, that the mean distance 
at sea-level between two electrons created at a height of 10 km. by an electron with 
energy eV is only of the order 1 m., since the mean angle is of the order 

mc^jE, Furthermore, we must remember that the hard component also creates 
showers in the atmosphere and at much lower heights so that the spread of these 
showers will probably be still smaller. 

t [Note added in proof.'] Such experiments have been performed by Auger and 
Maze (1938) and results are in accordance with the views held here. 

t We intend to treat the showers due to the light quanta in another paper. 
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tried to subtract the effect produced by the hard component experimentally. 
He measured triple coincidences from a lead plate, P, using the arrangement 
shown in fig. 2. The curve I is obtained without the 10 cm. lead block, P, 
the curve II with B placed between the counters. The curve III, giving the 
difference between I and II is then thought of as giving the effects due to 
the soft component alone. This is, however, not quite certain since the hard 
component will produce showers in the lead block which may also emerge 
in the backward direction (Heitler 1938), thus producing coincidences with 
the two upper counters. If, on the other hand, the lead block had been 
placed above the shower producing plate, the showers produced in the 



Thickness of the plate P (cm. Pb) 
Fig. 2 


lead block by the hard component would again cause coincidences. An 
unambiguous subtraction of the effect from the hard component seems 
therefore not to be possible at sea-level. By performing the experiments 
on high mountains or in the stratosphere, we would reduce the effect from 
the hard component since the intensity of the soft component increases 
very much relatively to that of the hard one with increasing height. On 
the other hand, the spectrum of the shower producing electrons would then 
not be the same. The spectrum above Eq is fairly constant except for very 
high altitudes and Eq would probably also be constant, but the value of ol 
would presumably decrease since the hard component decreases relatively 
to the soft one. As will be seen from the foUovdng discussion, the exact 
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value of cc has, however, no critical influence on most of the characteristic 
features of the theoretical curves. For the present we shall be content to 
compare our results with the experimental data now available, subtracting 
the hard component by extrapolation. We shall then find, as discussed in 
the following sections, that the agreement between theory and experiment 
is very satisfactory. 


5. Discussion of the absorption curve 

We now discuss the absorption curve in lead and aluminium, that is the 
variation of the number of single particles, with the thickness of the material 
transversed. This is experimentally measured by placing the absorbing 
sheet between two of three counters placed in a vertical hne. The curve 



Fig. 3. Absorption curves for Pb and Al. (Z= 1 corresponds to 4-06 g./cm.^ Pb and 
18 g./cm.^ AL) ^ (Al) and 0 (Pb) are the experimental points of Auger, Leprince- 
Ringuet and Ehrenfest ( 1936 ). The full curves correspond to a = 10 (^ 00 ), the dotted 
curves to a= 1 . 


obtained represents the mean probabiKty P( ^ 1) = S 1) = l—P{0, 1) 

for finding at least one particle below the plate if one particle falls on the 
top. In fig. 3 we give the theoretical curves for P( ^ 1) for Pb and Al as given 


Vol. CLXVIII. A. 


35 



538 


N. Arley 


by ( 26 ) and Tables III and IV with ol = 10.* A variation of a from 10 to 
00 does not alter the curves appreciably, but as an illustration we have 
also given the corresponding curves for a = 1 (dotted curves), and it is 
seen that the variation with a is so small that the absorption curves are 
practically independent of the spectrum of the soft component. Only for 
light elements might it be thought possible to determine cc by very accurate 
absorption measurements. Owing, however, to the difficulties involved 
in subtracting the effect of the hard component in a proper manner (cf. § 4 ), 
we doubt whether this is practicable. 

The beginning of the curves is determined by the absorption of the 
primary electron. For increasing thicknesses the secondary particles pro- 
duced in the plate also contribute to P(^ 1). For large thicknesses the 
curves are determined mainly by the absorption of the secondary particles. 
The remarkable form of the curves is, therefore, due to the combined effects 
of primary and secondary particles and not due to the special form of the 
spectrum used. If this form of the curve is not found experimentally, it 
only means that we cannot put aU the geometrical factors equal to unity. 
In fact, by taking a larger value for the first geometrical factor than for 
the following ones we should obtain a smoother curve. 

The curves obtained are roughly the same as those calculated by Heitler 
( 1937 &) with quite a different spectrum (given by (24) with a = 0 and 7=1 
or 2 ) and neglecting the slow electrons. (This agreement is rather accidental 
and is due to the circumstance that the neglect of the slow electrons is more 
or less compensated by the increased importance of the greater energies in 
the spectrum.) 

If plotted on a g./cm.^ scale the two curves for Pb and A 1 are, to a first 
approximation, identical, so that the absorption follows roughly an ordinary 
mass absorption law as it was also found in the paper mentioned above. 
It is, however, a characteristic feature, which is also found in experiments, 
that the absorption coefficient is not constant, but much larger for the first 
30 - 40 g./cm .2 than for larger thicknesses. In fact the two values of the 
absorption coefficient, of about 15 x lO'^cm.^/g. and 5 x IQ-^cm.^/g. for 
A 1 and 10-20 x lO^^ cm. ^/g. for the first 30-40 g./cm.^ of Pb, are in very 
satisfactory agreement with the results of Auger, Leprince-Einguet and 
Ehrenfest (1936) who find for the corresponding values ISxlO-^ and 
3*7 x 10""^ cm.2/g. for A1 and 13 x 10“^ cm.^/g. for Pb.f 

00 

* Normalized so that S P(JV, ?)= 100 %. 

A '=:0 

t This figure deviates from the one given by Auger and collaborators, 32 ± 3 for Pb, 
We have obtained our figures from fig. 2 of the authors. 
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In fig. 3 we have further given the two experimental curves found by 
Auger and collaborators which are also in agreement with those given by 
Maass (1936) and Sittkus (1938), the latter curves, however, lying somewhat 
lower. The general shape of the curves is seen also to be in very satisfactory 
agreement with the theoretical curves, taking into account the uncertainties 
of the experimental values due to the fact that the hard component is 
subtracted only by extrapolation. 

The experiments of Gandin (1936) are, however, in contradiction both 
with those of Auger and collaborators and with our calculations. This dis- 
crepancy might be due to the fact that Auger’s experiments are performed 
at Jungfraujoch (3500 m. above sea-level) and Gandin’s at sea-level. We 
do not think, however, that this is so, because, as discussed in § 4 , the 
spectrum does not change considerably between sea-level and 4000 m. 
altitude, and apart from this the discrepancy between Gandin’s results 
and our calculations still remains. Possibly the discrepancy may be 
explained, as pointed out by Janossy,* by the presence of some absorbing 
material (roofs, etc.) above the apparatus in Gandin’s experiments. In 
view of these discrepancies, new experiments on the absorption of the soft 
component seem therefore very desirable. 


6. Discussion op the Rossi cubvb 

Finally we discuss the Rossi (1933) coincidence curves, that is the varia- 
tion with the thickness of the showerproducingplate of the mean probabihty 

00 

P(^N)= 2;P(iV, l) of finding at least N particles below the plate when one 

N 

is ■falling on the top. N is given by the experimental arrangenmnt and is 
usually 2 or 3. In fig. 4 we give the theoretical curves for P{ > 2), P( ^ 3) and 
P{ ^ 4)1 for Pb as given by (26) and Tables III and IV with a = 10. For 
illustration wehavealso plotted F{ ^ 2) corresponding to a = 1 (upper dotted 
curve) and a =00 (lower dotted curve). In fig. 5 we give the corresponding 
curves for Al. 

The first important feature which can be compared with experiments is 
the position of the maxima. For Pb this varies very httle with N and hes 
at values of I between 3-5 and 4 (~ 14-18 g./cm.^ Pb). For Al it lies for 
P{> 2 ) between 2 and 2-5 (-35-50 g./cm.® Al)_and increases to between 
3-5 and 4 ( - 55-75 g./cm.^ Al) for P( > 3) and P{ > 4). For other elements 
* In a conversation with the author. 

00 _ 

f Normalized so that S P(N, Z) = 100 %. 

JV=0 


35-2 
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we would obtain curves between the Pb and A1 curves; e,g. for iron P( ^ 2) 
would have a maximum for I between 2*5 and 4 (-'25-40 g./om.^ Fe). It 
should be noted that these data are essentially the same for all values of a 
between one and infinity so that we can conclude that the position of the 
maxima is practically independent of the spectrum. The corresponding experi- 
mental values are about 20 g./cm.^ for P(^2) in Pb (Schwegler 1935 and 
others), about 35 g./cm.^ for P( ^ 2) in Fe (Priebsch 1935) and a very broad 



Tig. 4. Rossi curves for Pb { 1=1 corresponds to 4*06 g./cm.® Pb). The experimental 
points for P{> 2 ) are those given by Schwegler (1935) (multiplied by a constant 
factor so as to make the maxima coincide). The upper dotted curve gives P( ^ 2 ) 
for a = 1, the lower one for a = 00. The figine in the comer gives the beginning of the 
Rossi cur\”es on a larger scale. 

maximum of P(^3) in A1 at 50-100 g./cm.^ (Morgan and Nielsen 1936). 
(The shift of the maximum from P( ^ 2) to P( ^ 3) in A1 seems not to have 
been observed, but we must remember that the A1 curves are very fiat and 
the shift, therefore, difficult to measure. ) The agreement between the theoretical 
and experimental values of the position of the maxima is very satisfactory. 

The next important feature to be compared with experiments is the 
relative magnitude of the maxima, on the one hand for different values of N 
but for the same element, and, on the other hand, for the same value of N 
but different elements. It seems that only few experiments are carried out 
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on these lines. Geiger and Zeiller {1937) have investigated P(>2) and 

pf > 

P( ^ 3) for Pb. Their values lead to the value 0-6 for -=■ . ^ agreement 

with our value 0-7 for the same ratio. Morgan and Nielsen (1936) have 

_ Pb 

investigated P( > 3) for Pb, Fe and Al. Their value is -~S5~ 10. From 

Pb 

figs. 4 and 5 we see that the theoretical = 14. This is in very good, 



Fig. 6. Rossi curves for Al (i=l correspwds to 18 g./cm.® Al). The upper dotted 
curve gives P( > 2) for a = 1, the lower one P( > 2) for a = oo. The figure in the comer 
gives the beginning of the Rossi curves on a larger scale. 


agreement with the experimental value. (For a = 1 we would find 5‘3 and for 
a = 00, 28. The accuracy of the measurements is, however, not high enough 
to allow one to determine a from this figure.) _ 

In fig. 4 we have also plotted the experimental points for P( > 2) obtained 
by Schwegler (1935), using the arrangement mentioned in §4. The curve has 
been multiplied with a constant factor so that the values at the maximum 
are identical. It is seen that the shape of the theoretical curve is in very good 
agreement with the experimental points. 

If the mean number of soft particles crossing unit area per unit time were 
known at the place where the experiments are performed, it would also 
be possible to calculate the absolute number of coincidences per imit time 
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to be expected from a plate of given area. Of course the values obtained 
in this way would be rather difficult to compare with experiments, since the 
geometrical factors play a decisive role for the absolute number of coin- 
cidences (ZeiUer 1935). If, however, our interpretation of the experiments 
of Clay and van Gemert is correct, we should expect the theoretical values 
for the absolute number of coincidences to be considerably smaller than the 
experimental ones due to the effect of the light quanta (cf. § 4 ). 

The last feature which has been investigated in several experiments is 
the shape of the curves near the origin ( 1 = 1 ) which is given separately in 
figs. 4 and 5. For N = 2 the curve increases practically linearly with the 
thickness, whereas for N = S the curve is more concave. This is in qualitative 
agreement with the experiments (Morgan and Melsen 1935; Watase 1937). 
There is, however, a serious difficulty in the explanation of these experiments. 
It has been found that if the number of coincidences is plotted for different 
elements as a function of the thickness on a scale proportional to (i.e. 
practically in 1 q units) the points all lie on the same curve (Hu Chien Shan 
1937; Hu Chien Shan, Easilbasch and Ketiladge 1937; Morgan and Nielsen 
1937; Watase 1937)* This means that the Rossi curves for small thicknesses 
should be independent of the critical energy of the shower producing 
materials, which is in contradiction to our results since the values for A 1 
of both P(^2) and P(> 3 ) are smaller by roughly a factor 10 than the 
corresponding values for the same J in Pb. This can easily be understood 
in cases where only two particles are necessary to produce a coincidence. 
In a thin sheet each primary light quantum produces a pair and what is 
measured is then simply the pair production which is known to be propor- 
tional to Z^. In the experiments mentioned above coincidences of at least 
three particles were measured. The proportionality with can in this 
case only be explained by a simultaneous arrival of a light quantum and an 
electron. As discussed above, the probability for this happening does not 
seem to be at aU negligible (§ 4 ). 

The moment, therefore, that a thin sheet of material is placed above the 
counters the light quantum will produce a pair which together with the 
electron produces a coincidence. As the probability of this process is pro- 
portional to and to the thickness (as long as this is small), we should 
expect just the curve obtained experimentally. For larger thicknesses the 
ordinary showers become more important and we should then expect 
a deviation both from the Z^ law and ficom the linearity. In fact the curves 
are found to be concave upwards in agreement with our interpretation, 
but the deviation from the Z^ law seems not to have been found for thick- 
nesses up to 1 = 1 . Furthermore, we have to remember that for small 
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thicknesses the effect of the hard component is not known at present. The 
experiments of Schwegler (1935) mentioned in §4 seem to show that the 
number of coincidences due to the hard component increases very steeply 
at the beginning of the curve (cf. fig, 2). It is, therefore, quite possible that 
for small thicknesses the hard component cannot be neglected. It would 
be very important to know whether the hard component produces showers 
at S7nall thicknesses and how they depend upon the thickness and Z. To 
clarify this point, further experiments are necessary. 

In conclusion I wish to express my appreciation to Dr W. Heitler for 
suggesting the problem to me and my thanks for many stimulating and 
helpful discussions in the course of the calculations. I also wish to thank 
Professor P. M. S. Blackett and his collaborators for valuable discussions 
on many of the experimental points. Furthermore, I should like to thank 
Professor N. Bohr for kindly permitting me to be absent on leave from the 
Copenhagen Institute of Theoretical Physics, and Professor N. F. Mott for 
giving me the opportunity to work in the University of Bristol. 


Appendix I 


In order to calculate the functions /(i, y) given by 

f{i,y) = S Uhy), 

n—1 

~~{l' + n-l)\ J 

(28) 

for small values of I it is possible to expand every f^il, y) in powers of 1 . 
(It is easily seen that the series begins with Z^".) As the coefficients are 
cumbersome to work out and involve complicated integrals, we have pro- 
ceeded in the following way: Using the formula for the [ ] in (28) 

n 

[n,y,l'] = S {^){-lYy^-%l' + n)sWil'+n+s,y), 

s=o V (29) 

(«)j = ?i(m-l-l)...(w-(-s-l), j 


fn(i,y) = 


(2-0. 6 -log 2) 


2{n\Y{n 


• log 2)"' p 

>-l)! Jo 


<ZZ'{e-o-8(«'>Z'«(Z-Z')"-^} 


we can easily compute [n, y, Z'] as functions of Z' for small values of n and 
the different values of y by means of Pearson’s Tables of the incomplete 
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J’-function.* In the region 0 < Z' < 2 aU the \_n, y, I'] curves can be approxi- 
mated by one or two straight lines the coefficients of which can be measured 
on the graphs, and the integrations over V can then be performed analy- 
ticaEy. The results are given in Table I. (The values for Z > 2 are obtained 
by interpolation between our values and those calculated by Miss Eriksen 
for Z^ 10 (Table I), the interpolations being most conveniently performed 
on graphs giving log/(Z, y) as functions of log Z for constant values of y or 
logy for constant values of Z.) 


Appendix II 


E E 

and ^ J ^ is given by 
-^0 -^0 


dE 


dy 


energies 

between 

:>i) 


y = ^og-^. 

(30) 


Table V. The energy spectettm Eqp{1, E) eob. the secondary 

ELECTRONS AS A EUNOTION OF I AND J/ = log E^^jE 



0-2 

0-0467 

0-423 

0*4 

0-177 

1-63 

0*6 

0-363 

3-64 

0-8 

0*591 

6-31 

1 

0-844 

9-87 

2 

2-16 

36-6 

3 

3-06 

74-3 

5 

2-32 

131 

10 

0-224 

66-5 


6 

8 

3-25 

23-6 

13-1 

96-0 

29-1 

224 

53-1 

427 

85-8 

718 

420 

4230 

1050 

1*508 X 10« 

4070 

7-15 X 10^ 

6110 

3-06 X 105 


10 

15 

179 

2-82 X 10^ 

715 

1-16x105 

1720 

2-86 X 105 

3420 

6-01 X 105 

5880 

1-08 X 10® 

4-13 X 10^ 

1-08 X 107 

1-75 X 10® 

6-23 X 107 

1-02 X 10® 

8-77 X 10® 

9-74 X 106 

2-41 X lO^o 


Webave calculatedSoj9(Z, E) from the values of f(l,y) obtained in Appendix I, 
by using that (30) can also be written in the form ' 


E,p{l,E) = ^^f{l,y) 
y 


d\ogf{l,y) 
dlogy ’ 


(31) 


where the dififerential coefficients can easily be measured on the graphs 
giving logf{l,y) as functions of logy for constant values of I, since in this 

* I should like to thank Miss Bodil Eriksen of the Copenhagen Institute for 
Theoretical Physics for much help in these numerical calculations. Miss Eriksen has 
also calculated by direct numerical integrations the values of f(L y) for 10 given 
in Table I. 
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picture the curves are roughly parallel straight lines. The values obtained 
for the differential coefficients in (31) vary, therefore, only slowly with both 
I and y so that the form of the curves for JEqp{1, E) is mainly determined 
by the factor e^^f{l,y)jy and will have maxima in respect to I for nearly the 
same l-valnes as f (I, y). In Table V we give the results. 

Summary 

We have made further calculations on the cascade theory of showers put 
forward by Bhabha and Heitler and by Carlson and Oppenheimer. In § 1 
the number of ''slow” electrons in a shower is calculated, i.e. of electrons 
having an energy less than the critical energy of the shower producing 
material. In § 2 we discuss the fluctuations of the number of particles about 
the mean number. By means of a simplified model for the multiplication 
process it is made plausible that the Poisson formula holds for the fluctuation 
in small showers. In § 3 the energy spectrum of the soft component is 
discussed. With this energy spectrum the mean probabilities of finding 
one, two or more particles emerging from a certain layer are calculated, 
giving the absorption curve and the Rossi transition curves. In §§4-6 
we compare our results with experiments. The quantitative agreement between 
theory and experiment for the absorption and the Rossi curves is very satis- 
factory both with regard to the shape of the curves and their dependence 
on the material. There is, however, a difficulty in understanding the 
law found for the Rossi curve at small thicknesses. This is possibly explained 
by the simultaneous effects of a light quantum and an electron. The spread 
of showers from air is discussed in this connexion. 
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The specific heat of /3-brass 

By R. Eisenschitz 

{Oommunicated by Sir William Bragg, O.M,, P.R.S, — Received 26 July 1938) 

1. Introduction 

The specific heat of y5-brass as measured by Sykes ( 1935 ) and by Moser 
( 1936 ) shows an anomalous rise beginning at 160° C, the slope increasing 
markedly with increasing temperature. At 463° C a sharp maximum — a 
A-point — ^is reached and the specific heat drops abruptly to low values, the 
whole drop taking place within 7°. Moser states that this drop is steep but 
continuous. Both authors obtain a slope of 0*03 cal. /degree^ g. approximately 
by interpolating between their experimental values. The thermal expansion 
coefficient goes parallel with the specific heat and has a maximum of similar 
shape (Steinwehr and Schulze 1934 ). 

This phenomenon is explained as the transition of the Cu and Zn atoms 
from an ordered arrangement to disorder. 

The existing theories account for the characteristic A-shape of the 
specific heat curve, but the quantitative agreement between theory and 
experiment is rather poor. The maximum specific heat and the slope of the 
specific heat curve below the maximum, as given by the theories, are too 
small. 
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It is coxiceivable that these discrepancies might disajopear if better 
approximations were used in the existing theories. An attempt is made in 
the present paper to obtain better agreement by introducing into the 
theory the effect due to the thermal expansion which has not been taken 
into account so far. 

A recent investigation (Muller 1938) of the rotation of molecules in solids 
has shown this phenomenon to be sensitive to change of volume. It seems 
therefore not unlikely that the neglected volume change may be responsible 
for the disagreement between experiment and theory in the case of yff-brass. 

The drop in the specific heat beyond the A-point is discontinuous according 
to the existing theories, which is not in agreement with the experiments. 
It is shown in the present paper that this discontinuity can be removed by 
a modification of the fundamental assumptions to be discussed in the 
following. 


2. Eeview oisr the existing theories 

The theory of order-disorder transition for an equimolecular binary alloy 
in a cubic lattice was developed on three different lines by Bragg and 
Williams (1934), by Bethe (1935) and by Kirkwood (1938). In the three 
theories the specific heat is found to be discontinuous at a ‘‘critical tem- 
perature”; volume changes are neglected. In the following the origin of 
the discontinuity is discussed. A complete report on the order-disorder 
transition is given by Nix and Shockley (1938). 

The original theory of Bragg and Williams is based on the assumption 
that the ordering energy is proportional to the long-distance order of the 
lattice. If the atoms are assumed to interact within small ranges only, this 
assumption seems to be somewhat arbitrary. Indeed the authors claim that 
the theory gives only a general idea of the way in which the long-distance 
order varies with temperature. The commencement of order, as they point 
out, depends in a very sensitive way on the relation between order and 
ordering energy. For these reasons it may be concluded that the theory of 
Bragg and Williams is not sufficient to decide whether the specific heat is 
discontinuous or not. 

The theory of Bethe starts from a well-defined molecular model. A lattice 
is assumed to consist of two kinds of atoms (A and jB), The total energy is 
the sum of a potential energy arising from the arrangement of the atoms 
and the vibrational energy which is assumed to be independent. The theory 
does not deal with the vibrational energy. The energy of arrangement is 
assumed as the sum of interaction energies of pairs of nearest neighbours 
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<Paa,4>bb><I>ab^ <t> = {k){<l>AA + <l>BB)-<l>AB>^- TMs makes the energy 
of any configuration with m links between atoms of the same kind 

( 1 ) 

All possible arrangements have the same statistical weight. 

These assumptions determine all thermodynamical properties such as 
the specific heat. To calculate them is only a mathematical problem in- 
volving the enumeration of all configurations with a given number of 
links between atoms of the same kind. 

Bethe gives the rigorous solution for the one-dimensional chain of n 
atoms. The partition function is found to be 

p = (1 +0?)^, X = T = IjkT. 

This partition function corresponds to a chain in which the numbers of A 
and B atoms vary between 0 and n. It will be shown in § 5 that the same 
partition function holds for a chain with 9^/2 A atoms and 9^/2 B atoms. — 
For a central atom in a two- or three-dimensional lattice, which interacts 
with its z nearest neighbours (‘'first shell”) only, the partition function 

P = {l-j-xY 

is obtained, and a similar partition function is found, which takes account 
also of the interaction of the atoms of the first shell with their nearest 
neighbours (“second shell”). The specific heat curves have broad maxima 
and no discontinuity. 

The partition function for the complete two- or three-dimensional lattice 
is extremely difficult to calculate. In section 6 of his paper Bethe works out 
a method of approximation. He divides the lattice points in two groups 
{a and b positions) which form two interpenetrating lattices. He defines as 
“i?” (right) atoms A atoms in an a position or B atoms in a b position, as 
“IF” (vTong) atoms A atoms in a 6 position or B atoms in an a position. 
A central atom and the various shells round it are considered, and it is 
assumed (in first approximation) that the only effect of the outer shells is 
to make B atoms in the first shell more likely than W atoms; this follows 
from the assumption that the outer shells themselves contain more R than 
TF atoms. In order to calculate the partition function according to these 
assumptions, a mean energy for each W atom in the first shell is introduced, 
which accounts for the interaction of this atom with the remaining atoms 
in the infinite lattice. This energy is put — (l/T)log€, and is assumed to 
depend upon the temperature. The energy of interaction for every R atom 
in the first shell is assumed to be 0. It is shown that the relative probabilities 
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and w,^, that n atoms of the first shell are W and the central atom is It or 
W respectively, are 


r 



w 


n 





From this the probabilities are calculated that the central atom is W or 
that any atom of the first shell is W. These probabilities must be equal, for 
the central atom is in no way distinguished from the others. By equating 
them e is computed as a function of the temperature. Two different analytical 
expressions are obtained for e, one holding below, the other beyond the 
critical temperature; this results in a discontinuity of the specific heat. 

Bethe’s method is subject to criticism. If according to the original 
assumptions the energy of every configuration depends only upon the 
number of links between atoms of the same kind and all configurations 
have the same statistical weight, no difference can be made between atoms 
in a or 6 positions. The probability that any lattice point is occupied by an 
i? or a IF atom must be equal at all temperatures. The interaction energy 
of an atom in the first shell with the rest of the infinite lattice is the same for 
an jB or IF atom, since one type is transformed into the other by interchanging 
the a and h positions. There are two types of long-distance order, with the 
majority of A atoms in a or 6 positions respectively. Both types have to 
occur in thermodynamical equilibrium with equal probabihty. In Bethe’s 
treatment “right” and “wrong” atoms are defined relative to the first 
type of order, and his assumption that the outer shells contain more R 
than W atoms implies that transitions to the other type of order should not 
occur. At temperatures sufficiently below the critical such transitions are 
improbable and Bethe’s treatment may be an adequate approximation. 
Near the critical temperature where all long distance order is breaking down, 
the two types of order must be expected to occur frequently . Bethe’s method 
is not justified near the critical temperature and cannot prove the dis- 
continuity of specific heat. 

Kirkwood starts from the same molecular model as Bethe. He classifies 
the arrangements of atoms according to their degree of long-distance order, 
as defined by Bragg and Williams. To every class of configurations an energy 
distribution is attached, which expresses the number of configurations for 
given long-distance order and given energy. According to mathematical 
statistics every distribution function of energy is uniquely determined by 
the totality of the moments of energy. Kirkwood calculates the moments 
of the order 0 to 3 as functions of the degree of order and shows that all 
distribution functions have steep maxima. The distributions may therefore 
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be roughly approximated assuming all configurations of one class to have 
the mean energy of this class. In this way a first approximation to the 
partition function is obtained. The specific heat is calculated by substituting, 
for the sum in the partition function its maximum term, an approximation 
which is legitimate in the limit of an infinite number of atoms. The result is 
identical with the result of Bragg and Williams. Their assumptions, arbitrary 
at first sight, are shown to be the correct first approximation to a kinetic 
theory. A second approximation is obtained by assuming the distribution 
functions to be error functions. The result is somewhat similar to Bethe’s 
but not identical with it. 

The discontinuity of specific heat is derived in Kirkwood’s theory by 
substitution of the maximum term for the sum in the partition function, 
in other words in the — experimentally not realizable — limit of an infinite 
lattice. Disregarding this limitation it may therefore appear as if the dis- 
continuity were derived from a molecular model without any arbitrary 
hypothesis. Kirkwood’s theory, however, is only an approximation. It 
introduces an apparent long-distance interaction which makes the drop of 
specific heat more abrupt than it really is. Applying this method to the 
one-dimensional chain, it can be shown to have a discontinuity of specific 
heat at the critical temperature T = which is in contradiction to Bethe’s 

rigorous calculation. 

Eirkwood’s theory seems nevertheless to be a good approximation if it 
is applied to a finite number of atoms. In this way the discontinuity is 
avoided. The introduction of a finite number of atoms is not more arbitrary 
than that of an infinite number. 

In order to account for the additional thermal expansion it is necessary 
to make the interaction energies functions of the volume. This involves the 
introduction of at least two parameters. 

In the following the specific heat curve is derived by applying Kirkwood’s 
first approximation, essentially the theory of Bragg and Williams, to a 
finite lattice with the interaction energies depending on the volume. 


3. The order-disorder transition at constant pressure 

The theory of Bragg and Williams is first to be modified in such a way as 
to hold for a finite lattice ofj atoms at constant volume. 

The lattice points are classified into a and b points forming two inter- 
penetrating simple lattices. In any configuration let the number of a points 
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occupied by A atoms be p. (The degree of order as defined by Bragg and 
Williams is = — 1 + 4p/j.) The partition function 

p = ^ , {t = l/kT), (2a) 

p=0 \P/ 

is transformed by applying Stirling’s formula, omitting constant factors 
and introducing the variable x = --} + 2plj into 

P= S exp[ 6 j 5 iT(a: 2 _J)_(ij){(l + 2£c)log(l + 2a:) + (l-2a:)log(l-2a:)}], 
“=» (26) 

in which sum x assumes the values 0, 2lj, i/j, 1/2. Substitution of the 
maximum term for the partition function would give the formulae of Bragg 
and Williams. In order to evaluate the sum at the critical temperature, the 
lattice being finite, the exponent is expanded in powers of x and the sum- 
mation is approximated by integration over the variable y = x^ between 
the limits 0 and oo: 

P = exp [j{ - (I) (j>T + ymr - 2) - y^(|)}] dy 

= exp[i{-(i)95T + (^^)( 2 - 6 ^iT)}][l + 6 >{i( 3 i)i( 69 iT- 2 )}] (2c) 

with the error integral 0 {t) = {2jfTi)^ e~^ds. 

At the critical temperature <pT = I-. Putting ■d' = (fir— 


P =:^l + a.d-+pd-^ + yd^+... (2d) 

is obtained, with 

a = 3{Sjl7r)i, ^ = ^j, y = 27(3//47r)i, (3) 

and the mean energy and its derivatives at the critical temperature {-d-^O) 

are _ 

E = 

dEldT = k{2f-cc^)l9, (46) 

d^EjdT^ = -(i/P)[|(2;d-a2)+^(6y-l-6a^-2a3)]. (4c) 

The specific heat per gramme atom, 0^, and its derivative are 
G^=0-590Lk, 

dCJdT = -{Lk/T) {1-18 +fi0-i0) 


accordingly, where L denotes Loschmidt’s number. In the limj->oo the 
slope of the specific heat curve tends to infinity with 
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The above theory is to be modified so as to account for the specific 
heat of thermal expansion. This is done by making the interaction energies 
depend upon the volume and to take an average of the partition function 
over all volumes. The theory is simplified by assuming the vibrational 
energy to be independent of the energy of arrangement. This eliminates the 
effect of fluctuations of density; such configurations are only to be taken into 
account in which all elementary cubes have the same volume. 

Regarding the relation of atomic energies and the volume, it is known 
that the volume at low temperatures must make a minimum and that 

by expanding the lattice tends towards the minimum of (|) 

The simplest mathematical formulation for potential energy curves near 
their minima is made by assuming and (|) {(j>AA + ^bb) depend upon 
the square of the volume change. 

If vf is the volume and u" and the volumes, at which (|) {(^aa + ^bb) 
and have their respective minima, u" > vl" ^ and 

the interaction energies are assumed to depend on the volume in the 
following way: 

= x(«) = 0[(l-a) + a(l— m) 2], (5a) 

4>ab = ( 56 ) 

a and h being constants. For a = 6 = 0 Bethe’s model is obtained. 

In configurations with pA atoms occupying a points the energy is, 
according to the approximation of Bragg and WiUiams, 

Ep = 3j[2(2i5// ){\-2pjj)x^- ^ + ( 1 - 2plj )2} f] 

or = Qjllif + ;y) + “ X)]> 

and the partition function 

P = 2|d« S ^^i3{-{i){X+f)T + ^x^{x-'<k)T 

J a;=0 

— ( J + a:) log ( 1 + 2a;) — (I - a;) log ( 1 - 2a:)}] . 

The limits of the integral are approximated by — oo and oo. 

If X and i/r are introduced as functions of u according to equ. (5a) and (56) 
and the integration is carried out, the partition function is found to be 

P = V ( ■ Yr~S ^3<pra^{i-xr 

a:=o l6#T[(a + 6) - 4a;2(a -b)]} ^ Li(« + 6) - x^{a - 6) 

+ - J) - (ii ) {( 1 + 2a:) log ( 1 + 2a:) + ( 1 - 2a;) log (1 - 2a:)}1 . 



553 


The specific heat of ^-hrass 

The first factor may be omitted as being approximately constant. The 
partition function is evaluated for temperatures below the critical by 
substitution of its maximum term for the sum, in the neighbourhood of the 
critical temperature by expansion and integration in analogy to equ. (2 c). 
It is convenient to put 

a^l{a + b) = r, {a-b)l{a-\-b) = s, l-r{2-s) = A, 

8r(l - 5)2 = B, 48r5(l -s)^=C, f - BjA = G, 

log [(1 + 2a:)/(l - 2a:)] = (1 - 4a:2)/(l - ^sx^) = tj-, 

1 — 2rri + rsrj^ = ^, 2^+ 32ra;2( l—si^)^/(l — 4sx^) = o). 

The result of the maximum method is 


4 " = (6a) 

'"^~[8a:C/(l-4ic2)-ga>]- 


Near the critical temperature, in the lim x = 0 accordingly, these equa- 
tions become 



(70) 

(76) 


The critical temperature is given by a: = 0, ^ = 1/BA, and the specific heat 
isC^(%)^2klO. 

Evaluation of the partition function by expansion and integration gives 
the specific heat and its gradient at the critical temperature 


dO^ 

dT, 


C^iTo) = 2Lk^ 


— 27r B 


2c, Lkr 9 J 32 QB 

T T\2GiA\jTT)^^^ ' 'AG^^ Gi 


( 8 ) 

( 9 ) 


In order to construct the specific heat curve, the specific heat according 
to equ. (6) and a straight line satisfying equ. (8), and (9) are plotted; the 
first is assumed to be valid below, the second above, their intersection. 
The arithmetic mean of the specific heats of Cu and Zn as given by Moser 
is added to account approximately for the specific heat of vibration. 
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The curve (1) in fig. 1 is constructed with the following constants: 
r;, = 740°K, a = 0*225, 6 = 0*203, j = l0\ and the specific heat of vibration 
as given by curve (2). From these data 1*66 cal./degree^ g, atom 

and ^ = 4*38 10“^^ erg are calculated. 

In fig. 1 the experimental values of Sykes and Moser are plotted as crosses 
and circles respectively; the specific heat per gramme given by these authors 
is multiplied by 64 |bs mean atomic weight. For the sake of comparison, 
Eorkwood’s second approximation is plotted in the same figure (curve 3). 
The latter curve shows poor agreement only with experimental data, curve 
(1) agrees fairly well. 



Fig. 1. 1, Theoretical curve. 2, specific heat of vibrations.’ 3, curve accord- 
ing to Kirkwood. + , measurements by Sykes, o , measurements by Moser. 

It is seen that the parameters can be adapted so as to cover the experi- 
mental facts. 

It may be noticed that two significant experimental quantities, the 
maximum specific heat and the slope of the specific heat curve below the 
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maximum, are determined in the theory by fixing the one constant 0 only. 
As a and 6 have the same magnitude, Q is mainly determined by their 
arithmetic mean and is not very sensitive to changes of their differences. 
The same holds for the calculated specific heat curve. The theory can be 
tested, therefore, if a or 6 is derived from experimental data, b as curvature 
of the Cu-Zn energy curve can be related to the compressibility of /?-brass 
at room temperature. 

The relative expansion from room temperature to the critical tempera- 
ture is according to Steinwehr and Schulze (1934) = 0*033; the com- 

pressibility is /c= 10“® atm.“^; the volume of a gram atom is F = 8*1 cm.®. 
For the elastic energy of expansion the equation holds: 

(i) {Av)^VlK=3L(^buK 

At the critical temperature u‘—.^ and with the computed value of $5, & = 0*29 
is found instead of 0*203. This gives a check for the magnitude of b. 

The validity of the present theory is limited by the assumption of in- 
dependent energies of vibration and atomic arrangement. It cannot account 
for the fact that the normal lattice expansion is larger than the expansion 
due to the transition. • 

The present calculation shows that even a small expansion may give an 
appreciable difference between 0^ and C^. 

The parameter j enters in the decreasing branch of the specific heat curve 
only. If its numerical value were applied to the calculation of 0^ with 
Tij = 740°K, dCJdTQ = -0*11 cal./degree® g. atom would result, a slope of 
about 1 /20 of dOpjdTQ, would accordingly not even approximate to a dis- 
continuity. Experimental data on are lacking. An attempt is made in 
the following sections to obtain information about 0^ from the molecular 
model. 


4. A GENERAL THEOREM OF STATISTICAL MECHANICS 

The kinetic theory of discontinuities of thermodynamical quantities is 
so far not satisfactory. The existing theories of phase transformations use 
molecular models in order to calculate the free energies of the virtually 
separated phases, but the discontinuity is introduced by application of 
the thermodynamical condition of equilibrium and not derived from the 
mechanical equations. The existing theories on discontinuities of specific 
heat are making use of assumptions for which there is no a 'priori evidence. 
This was shown in § 2 with regard to the order disorder transition. For the 

36-2 
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ferromagnetic Curie point a discontinuity was derived by the theories of 
Weiss and of Heisenberg. These theories follow similar lines as the theories 
of Bragg and Williams, and Kirkwood respectively, and are subject to 
similar criticism. Recent contributions to the problem of sharpness of the 
Curie point were made by Opechowsky (1937) and Mott and Potter (1937). 
Only Van der Waals’s theory of evaporation and recent theories on the 
same subject (for instance by Lennard-Jones and Devonshire 1937) attempt 
to derive discontinuities from molecular models without any additional 
hypothesis. 

The discontinuities cannot be explained by the special kind of forces 
acting in the system. For substances with different kinds of molecular 
forces have the same discontinuities (melting for instance) and one and 
the same substance may have a continuous or discontinuous transition 
according to external conditions (evaporation above and below the critical 
pressure). The Hamiltoman influences the thermodynamical properties in 
an indirect way only, as shown in the fundamental theorems of statistical 
mechanics. 

We shall discuss the statistical mechanics of a system of molecules in a 
box with the volume F. The possible energy states of the systengi (with 
the weight are depending on the volume. 

The partition function 

n 


(where r = l/iT) is related to the thermodynamic quantities F = free energy 
and E = mean energy by 

F = — logP/r, E = — 01 ogP/ 0 T. (10) 

The coefficients being statistical weights are essentially positive. 

In the classical limit the partition function is 

P{T,V)=je-^^w{E, V)dE, 

■with the weight function w(E, V) ^ 0. In this approximation the partition 
function is factorized, one factor depending on the kinetic and one on the 
potential energy ordy, of which factors the first is a continuous function of 
temperature, independent of the volume and eaimot possibly lead to any 
discontinuity. 

If the molecules are assumed to be enclosed in a cylinder with a piston 
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carrying such a weight that the pressure is p, we can formulate the statistical 
mechanics of systems at constant pressure. The partition function is 

= [dV w^, 

. J n 


or 




respectively. The free energy at constant pressure and the enthalpy is 
obtained by introducing P into formulae (10). The only difference is that 
here the parameter is 2? instead of F. The integration over F is to be carried 
out to a large but finite limit only, in order to avoid infinity of co-ordinates, 
but it follows from all known thermodynamical facts that the partition 
function becomes independent of this limit if the latter tends to infinity. 

From these equations it is seen that the Hamiltonian enters only indirectly 
to the thermodynamical quantities through the weight function. Although 
every Hamiltonian defines its weight function uniquely, an infinite multi- 
plicity of virtual Hamiltonians may give the same weight function.* 

All systems with discontinuities may accordingly have very different 
kinds of forces but will probably have weight functions of characteristic 
properties. In trying to find them a general theorem could be established: 

(I) For any physically possible ergodic system with all parameters fixed 
and in thermal equilibrium, the mean energy and all its derivatives are 
continuous functions of the temperature. 

Proof, According to the assumptions we have 


P(t) = 

n n 




This sum converges for finite temperature. We assume r to be a complex 
variable r = cr-^ ip. The sum converges accordingly for p = 0, (r>a>0. As 
> 0 the convergence is absolute. If p 4= 0 the sum converges as well, 
because every term of the absolutely convergent sum is multiplied with a 
number the absolute value of which is one. As 


I Q—(En—Ei)T j ^ Q—{En—Ei)a^ 


* For any empirical equation of state it ^accordingly possible to construct many 
mechanical models. With an empirical T-E curve at constant volume, it is even 
possible to construct a one -dimensional model. 
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the convergence is uniform relative to r on any closed contour within the 
range 

where y, d are positive numbers. As all terms of the sum are analytic 
functions of t in the interior of the contour, the sum in the partition function 
is an analytic function of r; for series converging uniformly on a closed 
contour, the terms of which are analytic functions within the contour, are 
also analytic functions. The partition function, a product of this sum and 
an exponential, is analytic as well. The function is a fraction of analytic 
functions. As the denominator P(t) > 0 it is analytic; E and its derivatives 
are accordingly continuous on the real axis. 

This theorem excludes discontinuities of the mean energy or derivatives 
in any system in equilibrium, in which thermodynamical quantities can 
be defined. 

The problem of discontinuities is not settled with this statement. In a 
system with molecules the partition function P(^) is analytic, but 
lim [ may be non-analytic. In this case the specific heat per mole- 

cule or some of its derivatives, though finite, may rise over any finite limit, 
if the number of molecules increases sufficiently. An example for this is 
provided by the gradient of specific heat in the theory of Bragg and Williams. 
As the number of molecules is large in macroscopic systems, experiment 
would give a discontinuity. » 

Discontinuities of this kind are not excluded by theorem I; but in special 
systems they may be excluded by a coroUary to this theorem. 

(la) If a thermodynamical system consisting of n particles and having 
the partition function P{n) can be divided into smaller systems oij particles 
.{n — gj) so that at a constant and finite value of j, lim P{n) == [P(j)]^, the 

g-i-co 

mean energy per particle and all its derivatives must tend to a finite limit in 
the lim 72, -^ 00 . 

This follows from the fact that in such a system the mean energy per 
particle and all its derivatives are equal to the mean energy per particle and 
its respective derivatives in a system of j particles, in which system all 
discontinuities are excluded by theorem I. 

5. PeOOF of CONTIKinTY OF 

An argument for the continuity of the curve of yff-brass is found as 
follows: The lattice is divided into cubes and the links are classified in links 
within the cubes and surface links between lattice points belonging to 
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different cubes. If the cubes are large enough, the number of surface links 
and their contribution to the energy may be neglected. In this approxima- 
tion the cubes are statistically independent and the mean energy per atom, 
being independent of the number of cubes, is according to theorem I an 
analytic function of temperature. 

In order to give a rigorous proof of continuity the cubes must be shown to 
become statistically independent in the limit of an infinite lattice, even if 
the energy of surface links is not to be neglected; moreover, the exchange 
of atoms of different cubes must be taken into account. 

At first all possible numbers of A- and ^B-atoms are allowed in the lattice, 
so that every lattice pomt can be occupied by an A or a 5 atom, inde- 
pendently of the atoms by which the other lattice points are occupied. 

It is convenient to introduce %, the energy of the link with the index Z, 
as variable, rji can take two values 0 and $5. In the one-dimensional chain 
any of these variables is allowed to assume its two values independently of 
the others. In the two- or three-dimensional lattice they are no longer 
independent. Of the links, which form a closed contour, an even number 
only is allowed to take the value 0 or (With 4 links which form a square 
for instance, 0 or 2 or 4 links may have the energy 0 but not 1 or 3). If 2 
(or 3) links are considered any of them can assume the energy 0 or $5 whatever 
may be the energy of the other hnk (or other two links). The fiuctuations 
of energy of different hnks are therefore independent: 

= s [fi-m (11) 

I I I 


The lattice of n=gj lattice points is divided into g cubes each containing 
j lattice points. The energy of any configuration may be written as the 


sum 




of 6^, the energy of the virtually separated cubes and the energy of the 
surfaces. The partition function 

m m 


is enclosed between two limits as follows: 




■<e 


—At 


m 

if /i > > A. The limits 

/i = e + (i) (e® - A = i - ( J) (e 2 - 


are sufficiently wide. 
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The following estimate of the mean square of deviation shows that the 
overwhelming majority of configurations has surface energies lying within 
these limits. 

By means of equ. (11) the relation 


e2-e® = = 


n L 


is obtained and, taking an experimental upper limit for the specific heat, 
(CJL) < Sk the limits of the surface energy are estimated: 

The mean square of deviation appears to have the same magnitude as in 
independent systems. 

The free energy of the surface links per atom is enclosed between two 
limits 

JcT kT - kT 

(ejn) + 6i > — [log S - log S w J > (ejn) “ 6* ^ • 

The free energy per atom of the infinite crystal (limg^->oo) is 
{lln)F{n)^(llj)F{j)-^eln, 

the sum of contributions of independent cubes and of the total surface; 
the latter contribution depends on temperature but not on the configurations 
of the cubes, and is accordingly the sum of contributions of independent 
surfaces attached to each cube: 

= gri(j). 

The partition function can be written 

P{n) = = [ P{j)y . 

as the product of two functions to each of which theorem la applies. The 
mean energy per atom and its derivatives are therefore continuous func- 
tions of the temperature. 

So far the number of A and B atoms have been treated as variables. 
Actually these numbers are variable only in the single cubes but are con- 
stant in the lattice. This inconsistency has no effect upon the final result. 
A general theorem of statistical mechanics says that any quantity, being 
independent in the systems of an assembly and subject to a law of con- 
servation, must appear as exponent of a canonical distribution with a 
modul which depends on temperature only (Delbruck and Moliere 1936). 
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If the number of A and B atoms in the lattice is variable the partition 
function may be written 

■P(w) = '"p) J > (12) 

where p is an index attached to every cube {l^p^g) and is the number 
of A atoms in the cube (0 ^ <j);p(ji Vp) is the partial sum in the partition 
function taken over all configurations with the same v^. 

If the number of A atoms is \n^ the partition function must be modified: 

■P(») = 2 Vp) e-’P«’->J‘', (13) 

where /( t) is determined by the condition: 

= . ( 14 ) 

2 p{j,Vp)e-'’pf('''> 

Vp=:0 

As the problem is symmetric in the numbers of A and of B atoms, 

PU,Vp)=p{j,(j-Vp)]. 

Equ. (14:) can therefore only be satisfied if/(T) = 0 for all temperatures. The 
partition functions (12) and (13) are seen to be equal. 

This proof shows, first, that Kirkwood’s approximation is insufficient at 
the critical temperature, secondly, that Bethe’s treatment of the one-dimen- 
sional chain is rigorously correct, but that his treatment of the two- and 
three-dimensional lattices is wrong at the critical temperature. 

In § 3 the slope of the curve was found to be finite; this conclusion is 
now confirmed. 


6. The slope oe the curve 

The partition function of neighbouring cubes can generally not be written 
as a product. It contains ''coupling” terms, which remove the statistical 
independence of the cubes. In an infinite lattice the contribution of the 
"coupling” terms can be summarized as contributions of independent 
surfaces attached to every cube; this holds for any size of the cubes as 
shown in § 5. It follows that even a small number of cubes approaches 
statistical independence if only the number of atoms within the cubes is 
large enough. 
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The relative contribution of the “coupling” terms to this partition 
function gives a rough estimate for the approach to the statistical in- 
dependence of the cubes. The contribution is diminished if their size 
increases* 

In the semi-empirical method of § 3 the lattice is divided into aggrega es 
of j atoms. The assumption is implied that these aggregates are statistically 
independent, and subdivisions of them are “ coupled” by a,n apparent long 
distance, interaction. This approximation involves a relation between the 
contributions of the “coupling” terms and the size of the cubes: at the 
critical temperature this contribution must be considerable for cubes of 
less tiign j atoms and decrease rapidly if the size of the cubes rises over 
It will be shown m the foUowing section that the empirical method can 
be justified on theoretical grounds. The partition function of neighbouring 
cubes is calculated. It will be shown that such a number of atoms in the 
cube jff exists, that for cubes smaller than,/o the contribution of coupling 
terms is appreciable and becomes very smaU for cubes with more atoms. 
The value of will be seen to be of the same magnitude as found in § 3. 

The partition function of neighbouring cubes may be written: 

P = S2:9'i(j2^i)9'2(^2)rfi.^2). 

B, B, 

where and are the partition functions of the virtually separated cubes 
1 and 2 and is a sum taken over aU configurations of the surface links 
compatible with energies and E 2 the cubes. This partition function is 
approximated by taking the sum 9-12 over such configurations only, whi^ 
are compatible with an energy of either cube equal to their mean energy E: 

P = P^P2P^20,t). 

The functions and P^ are assumed to be calculated according to the 
method of § 3. In deriving the partition function lattice points on 

the surface are classified in a and b points. It is convenient to define the 
a points in such a way as to put an a point on the surface of one cube opposite 
to an a point of the other cube. The link between two opposite surface points 
has the energy 0 or ^ for atoms of the same kind or unequal atoms respec- 
tively. m denotes the number of lattice points on the surface of each cube. 
The calculation is simplified by the assumption that the number of A atoms 
on the surface is and that the number of A atoms on a points of the surface 
is q=pmlj, where p has the same significance as in § 3. By introducing the 
variable a: of § 3 according to p = (1 -I- 2a;), 

q = l{l + 2x)in 
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is obtained. As a; is a function of E, 

E =j(j>{^-Qx^), 

q is also a function of E, 

q = q{E)=^{l + m-El&<l>m- 


In deriving the partition function the configurations on the surfaces are 
to be enumerated, which are compatible with given energies of the cubes. 
If r and s are the numbers of a and b points respectively, the links of which 
are occupied by pairs of A atoms, the number of configurations with given 
q, r, s is found to be 


5 r 


the corresponding energy of the finks being 2 ^(r + s) and 

provided that q < (The terms with q>lm would have a sum equal to 
the sum of the terms taken into account and may be neglected in the 
following discussion.) 

The partition function 


‘12 


s s 

r — 0 2 s 


'q\ l^-q 


y 


2(r+s)^T 


= (l + e- 


•(1 + e-a 


S-O \ s / 


can be written P12 = Q'{t) — Q"(t, E), 

Q" being the contribution of the “ coupling” terms. As the partition function 
is equal to 








5=0 \ ^ / J 


the relative magnitude of Q" and Q' is readily estimated. If the maximum 
term of the first sum is included in the second sum, both sums are of equal 
magnitude; if the maximum term is shifted beyond the limits of the second 
sum, the latter becomes small compared with the first. 

The maximum term is given by 





5 = (^m - q) 


where 
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It appears in the second sum if 5 < ( 2 ^"“ relative magnitude of Q 

and Q" changes rapidly for s = \m — 2 q. All these numbers are functions 
oij, m according to 

m = 3^'^. 

The factor 3 is introduced to account for the interaction of a cube with all 
its neighbours, x depends on 3 according to 

and (at the critical temperature) according to equ. (4a) 

It follows that X = — (3/47rj)^ = — 0*70j“^ (15) 

5=(|)jl(1^1.40j-i), (16) 

(im-g) = (!)/(! + l-40j-i), (17) 

(|m — 2g^) = 2*10ji^, (16) 

and as at the critical temperature 6'“^‘^/(l + = 0*339, 

s = 0*254f (1 + l*40j-i). (19) 

The value of 3 for which the maximum term of the first sum is equal to 
the upper limit of the second sum 

— ( 20 ) 

is calculated according to equ. (17), (18) and (19) from the equation 

0*254jt(l + l-40j-i) = 2*10jTV, (20a) 

the solution of which is jo = 2*2 x 10®. 

For 3 < jo the ratio Q"IQ' = 1, the difference Q' - being of the magnitude 
m-^. For j > jo the ratio decreases exponentially. An upper limit of the ratio 
for j = 10^ is 0*6 X e""®, the actual value is likely to be much smaller. Such a 
relation between Q"/Q' and j at the critical temperature is consistent with 
the concept implied in the method of § 3. The numerical value of jo is of the 
same magnitude as 10^ the number of atoms within one aggregate, which 
number was found in § 3 in order to yield the experimental gradient of 
specific heat at the critical temperature. 

The value of jo increases if the temperature is diminished. Near T = 0, 
q= 0 ^ s = 0 , lm — 2 q = |m for any value of j so that equ. (20a) has no finite 
solution. This is not in contradiction with the result of § 5, for in the limit 
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of an infinite lattice the partition function has the form of a power of the 
partition function of one pair of atoms. 

The interpretation of experimental facts as given in § 3 appears to be 
compatible with the molecular model. 

In conclusion^ the author wishes to express his thanks to Sir William 
Bragg and the managers of the Royal Institution for the excellent oppor- 
tunities given to him for carrying out this work at the Davy Faraday Labora- 
tory. He is also much indebted to Dr A. Muller for many interesting and 
helpful discussions. 


Stjmmajry 

A theoretical investigation is made of the specific heat of y^-brass. The 
following assumptions are made in the course of the calculation: — 

The interaction energies of the atoms vary with the square of change of 
volume. 

The energy minimum of the average of Cu-Cu and Zn-Zn energies are 
lying at higher volume than the minimum of Cu-Zn. 

The partition function at constant volume is calculated according to 
the theory of Bragg and Williams ; the corresponding partition function at 
constant pressure is obtained by taking an average over the variable 
volume. 

It is shown that the specific heat curve can be adjusted so as to give 
good agreement with experiment for temperatures below the maximum of 
specific heat. 

The theory of Bragg and Williams is applied to a lattice containing a 
finite number of atoms. By introducing this number agreement is obtained 
with the experimental slope of the curve beyond the maximum. A 
theoretical estimate is made which justifies the introduction of this finite 
number. 

A general theorem of statistical mechanics is derived, according to 
which all thermodynamical quantities in physically realizable systems are 
analytic functions of the temperature. 
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A further study of the problem of nuclear isomerism: 
the application of the method of coincidence counting 
to the investigation of the 7-rays emitted by uranium 
Z and the radioactive silver Ag’^®® 

By N. Feather, Ph.D., Fellow of Trinity College^ Cambridge, and 
J. V. Ditnworth, B.A., Denman Baynes Research Student, Glare College 

{Communicated by E. V. Appleton, F.B.8. — Received 3 August 1938) 

1. Introdxjction 

The application of the method of coincidence counting by electrical means 
to the study of essentially nuclear phenomena was made first by Bothe and 
V. Baeyer in 1935 .* Since that time, and chiefly as the result of further 
experiments carried out in Heidelberg, much important information has 
been obtained by the use of this method. It is the object of the present paper 
to describe the application of the method to the elucidation of certain 
features of the problem of isomerism in radioactive nuclei. As pointed out 
in a discussion of this problem by Feather and Bretscher (i 938 ),t if such 
isomerism is to be explained in terms of close nuclear states differing con- 
siderably in nuclear spin, it is frequently to be expected that the disintegra- 
tion of one or other isomeric nucleus will be followed by the emission of two 
or more quanta of y-radiation in succession. The aim of the coincidence 

* The use of coincidence counting by visual means is much older than this. In 1910 
Geiger and Marsden postulated the successive emission within a small fraction of a 
second of two a-particles ^om the same atom, after counting “coincident” scintilla- 
tions, and 22 years later Cockcroft and Walton (1933) employed precisely the same 
method in preliminary tests concerning the simultaneous projection of two a-particles 
in the single act of disintegration of a lithium nucleus by a proton, 
t Referred to as Paper I in what follows. 
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experiments, therefore, was to explore this possibility in a number of cases 
— and particularly to look for evidence of paired y-rays following the 
/?-disintegration of uranium Z, as suggested in Paper I. Clear evidence of 
the latter effect has been found, and the case of isomerism in radioactive 
silver has also been studied with positive results. Since the infor- 

mation provided by the coincidence method cannot profitably be discussed 
without data concerning the particle radiations emitted by the isomeric 
nuclei as well, full details of absorption measurements on the y?- and 
y-radiations from the radioactive silver are also given in this paper. During 
the investigation one of us (N. E) has been responsible chiefly for the absorp- 
tion measurements, using a single counter, the other (J. V. D.) for the 
coincidence experiments with two cotmters. The artificially radioactive 
sources were prepared for us in the High Voltage Laboratory and we are 
greatly indebted to the workers in that Laboratory, and particularly to 
Dr W. E. Burcham, for their efficient and kind co-operation in this under- 
taking. 


2. The method of coihcidehob counting 

Let us suppose that a radioactive source which emits y-radiation to the 
extent of % quanta of energy n.^ quanta of energy quanta of 

energy £>, per second, is brought to a position near a thick-walled tube 
counter subtending a solid angle 47ra at the source. Let the efficiency of 
the counter for each of the several quantum radiations be e^, eg, and 
V impulses per second be the natural background count of the instrument. 
Then, if none of the particle radiations from the source enters the counter, 

k=r 

V = a S nj,ej, + v 
k=‘l 

impulses per second is the average counting rate in the presence of the 
source. If a second exactly similar counter be now placed so as also to 
subtend a solid angle 47ra at the source, a coincidence rate of 

A=:2NH + c ( 1 ) 

coincidences per second will be observed, on account of the finite resolving 
time (r sec.) of the coincidence circuit and because of penetrating radiation 
effects (c coincidences per second) alone. Further coincidences may be 
recorded if certain of the y-radiations are time-correlated (in that two or 
more quanta are emitted in rapid succession from the same nucleus: the 
effect which we are chiefly investigating), or because of the production of 
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annihilation radiation in the material immediately surrounding the source*^ 
— either because the main particle radiation consists of positive electrons 
(when this coincidence effect will be considerable), or, as a relatively in- 
frequent result, during the absorption of primary yff-particles or of y-rays 
emitted by the source. Since, in any case, the annihilation radiation coin- 
cidence rate must be proportional to the strength of the source, we may 
write fi{N—v) impulses per second to represent this effect (/? being known 
only when full information concerning the radiations from the source is 
available, and the geometrical disposition of the absorbing material is taken 
into account) — and thus obtain as the total number of coincidences per 
second 

B^^{N^v)^2N^r^c ( 2 ) 

— ^in the absence of time-correlation in the y-radiation from the source. 

To calculate this last remaining effect, particular assumptions must be 
made. Let us first suppose that as the result of particle disintegration the 
nucleus is always left in a given state of excitation and that the process of 
de-excitation follows an invariable sequence in which r separate quanta are 
emitted. Then, in the above notation, 71 ^=%^ = = and a coincidence 

rate of 

(3) 

k I 

per second is to be expected, f It is instructive to compare this ‘‘true’^ 
coincidence rate with {N ~ v) the number of impulses per second in a single 
counter due to the y-radiation. If B represents the ratio of these two rates 
of countiug, we have 

B = ocZ2 €j^€ill! ejf. (4) 

in the particular case considered. For sake of brevity this result may 
be written 

B = {r-l)oce, (5) 

where e is a representative efidciency of the counter for y-radiation of the 
general hardness in question. Since, with complex radiation, a rough value 
of e may often be evaluated from considerations of the general absorb- 
ability of the radiation as a whole, (5) is sometimes useful as indicating a 
value for r, the number of quanta emitted in cascade^ following a given 
instance of particle disintegration. 

* It is here assumed, as in fact was the case in the experiments to be described, 
that the source is placed symmetrically between the counters. 

t First order terms, only, are included. 

t This result is essentially that used by Fleischmann (1936) and also by Aoki (1937) 
for investigations of the capture radiation emitted in processes of slow neutron capture 
by nuclei. 
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Clearly, R may have a value different from that given by (4) or (5) 
whenever the previous particle disintegration results in nuclei in different 
states of excitation on different occasions, or when different modes of de- 
excitation of a single nuclear state are in competition one with another. 
In the simplest case, in which de-excitation gives rise to quanta of energies 
j&\, -©2 and jBg with relative probabilities n-^\n \n (such that quanta of the 
last two energies alone are time-correlated, and these completely so), simple 
calculation leads to the following result (Maier-Leibnitz 1936): 


R== 


2noce^e^ 


(6) 


It is the general aim of the coincidence experiments, therefore, to separate 
out the contributions to the total coincidence rate according to the scheme 
suggested by (1), (2) and (3) above, and to interpret the ''true” coincidence 
rate, indicating time-correlation in quantum emission, in terms of (4), (5) 
and (6), and similar appropriate results. As already indicated, the final 
validity of any such interpretation obviously depends to a large extent on 
the nature of our knowledge concerning the energies and relative intensities 
of the particle and quantum radiations from the elements examined : with- 
out this knowledge it is clearly impossible to substitute the requisite 
numerical values in the expressions concerned.* With this remark, there- 
fore, we pass to a description of the apparatus and the presentation of the 
experimental results. 


3. The app abates and its calibbation 

Experimental arrangement. The geometrical arrangement of tube counters 
which was adopted as standard throughout the experiments is shown 
diagrammatically in fig. 1. The cylindrical brass walls of the counters were 
5 cm. long, 2 cm. in diameter and 0*58 mm. thick. The counters were placed 

* The final accuracy of the numerical result — as distinct from its interpretation — 
may he investigated simply as follows. Let the total time of observation with a source 
in position be T sec. and suppose that a similar time has been spent in a subsidiary 
experiment with another source in determining the number of chance and “cosmic’’ 
coincidences. Then the probable error in the number of true coincidences per second is 
of the order of (5 H- (7 + With T constant, the latter quantity decreases as the 

strength of source increases, until, when becomes the dominant term in 3 

(and A), it tends to the constant value 2{tIT)^R-K For sufficiently strong sources, 
therefore, the full benefit of a small resolving time may be utilized. In our case, with 
R 10”^ and t -- 10"® sec., 1 % accuracy will be seen to necessitate roughly 100 hr. 
counting, both on the chance and true coincidence rates, using sources of adequate 
strength. One hour’s counting on each might be expected to give an accuracy of 10 %. 


37 


Vol. CLXVTII. A. 



670 


N. Feather and J. V. Dunworth 


with their axes parallel, at 3 cm. separation, in the same horizontal plane. 
In this way only 1 cm. was left between the nearest points of the counters 
and it was found necessary to insert an earthed screen between them in 
order to prevent the discharge of one counter influencing the electrical 
circuit connected to the other. For sake of symmetry two such thin metal 
screens were inserted as shown. Moreover, these screens served to support 
a V-shaped source holder of the same thin metal ( -- 0*44 g./cm.^). It was 
found in practice that the use of this holder enabled the source to be re- 
moved and replaced in the symmetrical position with an accuracy repre- 
sented by ± 2 % in the counting rate of either counter. The arrangement is 
very similar to that of Maier-Leibrdtz (1936) except that no tungsten (or 
lead) was used. Maier-Leibnitz worked with tungsten between the counters 
to reduce the effect of annihilation radiation (represented by the first term 
in (2)) : in respect of the conditions of our main experiments calculation 
based upon available data (cf. Feather and Dunworth 1938 a) showed that 
this effect was negligibly small.* The ‘‘natural’’ coincidence rate due to 
penetrating radiation effects was found to be about 12*5 per hr. with the 
standard arrangement; with the counter axes in the same vertical (rather 
than horizontal) plane, however, this rate was about 8 times greater. 



0 1 2 cm. 

Fig. 1 


The electrical connexions were as follows. Each counter was connected 
in a modifiedf Neher-Harper circuit (Neher and Harper 1936) which was 
followed by pulse-sharpening stages. Finally, the two circuits were com- 
bined by the usual Rossi method (Rossi 1930). This arrangement was nor- 
mally used vdth a resolving time of 6 x 10"® sec. ( 10-'^ min.). It is important 
to note that the satisfactory use of this small resolving time requires that 
every electrical pulse reaches the end of the appropriate valve line within a 

* It can be shown that the occurrence of annihilation radiation in the general 
radiation from a source will result in an experimental value of R (p. 568), which is 
greater or less than the true value referring to the 7 -radiation alone, depending upon 
whether the actual value of i? is less or greater than about 1*2 x 10 ~® (cf, p. 573 ). 
t Modifications were incorporated due to Dr W. B. Lewis, of this Laboratory. 
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time rather less than 10-’ min. from the time of emission of the y-ray 
quantum responsible for actuating the counter. Thus not only must the 
delay in the intermediate electrical stages be reduced below this value, but 
also the response of the counter must be ''instantaneous’’ within these 
limits (cf. Werner 1934). In respect of the latter condition all that can be 
said is that it appears to have been satisfied with the counters which we 
used : no increase in the coincidence counting rate — over and above that 
due to chance coincidences — (i.e. no increase in the "true” coincidence rate) 
was recorded when the resolving time was raised to 5 x 10“^ sec. The 
counters were filled with argon (<-6-5 cm. pressure) and ethyl alcohol 
vapour (T5 cm. pressure). 

Observations on the voltage-dependence of the single counting rates of 
the two counters showed that the characteristic curves were horizontal* 
from a few volts to well above 100 V above the starting potential. The 
counters were generally operated at 80-100 V overvoltage. Further, there 
was no appreciable loss of single counts in either counter at the highest rates 
used. This is important, since any such loss would result in a low value for 
the experimentally determined ratio i?. In some experiments sources were 
used with which single counting rates of 6000 min.""^ were reached. As 
already pointed out (p. 569), it is necessary to employ such sources in order 
to derive full benefit from the small resolving time of the coincidence 
circuit. 

Calibration^ In the present connexion calibration of the counters is 
intended to refer to the determination of the variation of counter effi- 
ciency with the quantum energy of the incident radiation. Clearly, full 
information on this subject is necessary before equations (4), (5) and (6) 
and similar results — can be applied in the interpretation of observational 
data. In respect of the equations, however, one point should be noted 
before we proceed. Throughout the theoretical discussion of §2 the solid 
angle (47ra) and the efficiency of the coimter (e) have been assumed to be 
separable factors determining jointly the probability of response of the 
counter. This, in fact, is an over-simplification of the position. With thick- 
walled counters the probability of response obviously depends upon the 
point of origin of the recoil- or photo-electron in the wall of the counter. 


and an over-all response factor of Je doc should properly replace the product 


* Klemp©r©r (1934) has iis©d coincidenc© counters in the form of half cylindors as 
shown : G D- Whilst this may ensure a slightly greater solid angle, any such advantage 
is certainly offset by the absence of an appreciable horizontal portion on the charac- 
teristic curve of the coimters. 
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ae in all our equations. Calibration, therefore, refers to the determination 
of this response factor, (oce), in relation to quantum energy. The experi- 
ments which were made for the purpose of such calibration are listed below . 

( 1 ) Experiments requiring a knowledge of the energies and intensities of 
the important quantum radiations from thorium active deposit (Oppen- 
heimer 1936; Ellis 1938) : (ct) Determination of the counting rate in a single 
counter when a source of known strength, consisting of Th (B •+- C) in 
equilibrium, was placed in the standard position between the counters. 
(b) Determination of the single counting rate as a function of the time for a 
short exposure ( -- 1 sec.) deposit of thorium active deposit, (c) Determina- 
tion of the relative coincidence rate, R (p. 568), with a source of Th (B -f C) 
in equilibrium, (d) Investigation of the ^-y coincidences with a similar 
source, i.e. the coincidences between the impulses in a counter with a thin 
window, due to the primary y?-particles from the source, and the impulses 
in a thick-walled counter due to the y-rays. The radiations chiefly involved 
in these experiments have quantum energies 0-24 x 10® eV (Th B), 0*51, 
0-58 and 2-62 x 10® eV (Th C"). 

To a first approximation (adjusted eventually in view of the results of all 
four experiments) experiment 1 {a) gives the response factor (ae) for the 
hardest of these radiations. Then the ratio of the initial to the final counting 
rate in 1 ( 6 ) gives (ae) for the softest radiation.* Experiment 1 (c), if the 
level scheme of Oppenheimer ( 1936 ) is correct, gives (c^) for the mixed 
radiation of 0*51 and 0*58 x 10 ® eV energy, on the basis of (4). Finally, with 
a similar proviso concerning the level scheme, 1 (d) gives the sum of the 
response factors for the hard radiation and the mixed radiation just men- 
tioned. In respect of 1 (c) and 1 {d) it should be emphasized that these 
coiQcidence experiments provide the first objective test of the correctness 
of this level scheme — and so of the original suggestion of Ellis and Mott 
( 1933 ) that excitation of the final nucleus in the transition Th C". Th Pb 
occurs in almost every disintegration in a level of 3*2 x 10 ® eV energy. It 
may be said at once that in each case coincidences were found — and roughly 
with the frequency which was expected: the value of (M) for the softer 
radiations of Th C" deduced from 1 (c) and 1 {d) is clearly of the correct 
order of magnitude. This conclusion depends upon 240 min. counting of 

* Actually, the counting rate in 1 (6) decreased initially before following the normal 
rise to be expected for a source collected by short exposure to thorium emanation. 
Eventually, however, the imtial decrease was satisfactorily explained as due to 
Th C" collected by recoil from the walls of the exposme vessel, and could therefore be 
corrected for. This explanation naturally suggested itself when a complete analysis 
of the time variation of the counting rate indicated a half- value period of 3-2 min. for 
the initial effect. 
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coincidences with two sources in experiment 1 (c), during which time 
1428 coincidences were recorded, and 571 min. counting in experiment 1 {d) 
yielding 2072 coincidences. 

(2) An experiment with annihilation radiation (quantum energy 0*51 
X 10® eV). 

Rougly 200 coincidences due to the annihilation radiation from the 
positrons emitted by two short activation sources of Ag^®® (half-value 
period 24*5 min.) were recorded and the relative coincidence rate, R, deter- 
mined by frequent counts with a single counter during the decay of the 
activity. As pointed out by Klemperer (1934), in discussing a similar 
experiment in which the positron-active was employed, * if the quanta in 
this case are emitted strictly in opposite directions, then, for a point source 
symmetrically situated between identical counters, i? = e. For our present 
purpose, therefore, it is necessary to make a separate determination of a 
before we can obtain the appropriate point on the (ae)-energy curve, as 
required. Since, however, a and e are not, as here supposed, separable 
factors (p. 571), the matter is again further complicated: the determination 
of R in the coincidence experiment with annihilation radiation gives 


je^doc I jeda, whereas, if we are to combine a measurement of efficiency with 


a separate determination of the geometrical solid angle, 47ra, the efficiency 


which we require is jedoc j jda — always a smaller quantity. On the other 


hand, since any actual arrangement must deviate appreciably from the 
ideal of a point source symmetrically placed between identical counters, 
another error is necessarily introduced in the opposite sense. Clearly, the 
annihilation radiation experiment can at best lend support to a value of (ae) 
determined from other considerations. Actually, in the present experiment 
with the positrons of Ag^®®, we found R = (1-18 ± 0*08) x 10-®, pointing to a 
value of (oce) of the order of 0-3 x 10-® for radiation of quantum energy 
0*51 X 10® eV. This is in reasonable agreement with our previous results. 

In fig. 2 these results are given in graphical form and the attempt is made 
to construct a curve which for the present will best represent the values 
variously obtained. It is to be hoped that in the near future further experi- 
ments with other sources emitting radiations of different quantum energy 
will enable any necessary corrections to be made (for some information 
concerning the energy range 1 to 2x 10® eV, see Feather and Dunworth 


* Prior to the present experiment, coincidences due to positron annihilation had 
also been detected by Alichanian, Alichanow and Arzimovitch (1936)— using the 
radioactive phosphorus, P®®. 
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19386). Many curves similar to that of fig. 2 have already been published. 
Some of these have been deduced mainly from experimental results, some 
chiefly on theoretical grounds (v. Droste 193^? ^ 937 ? Yukawa and Sakata 
1937; Sizoo. and Willemsen 1938). Before making detailed comparison 
with any of them, however, it must be remembered that they refer to 
thick-w^alled counters which in general subtend a small solid angle at the 
source ; our curve, on the other hand, refers explicitly to the case in which 
the solid angle is large. 



Fig. 2 

Resolving time. In view of the doubts which have sometimes been ex- 
pressed regarding the validity of equation (1), with t constant, as a basis for 
calculating the correction for chance coincidences in an experiment like the 
present one, a considerable time was spent investigating this matter. Two 
chief considerations are involved. In the first place it is clearly a matter for 
investigation whether, when the impulses in the two counters are unques- 
tionably without correlation, the behaviour of the coincidence circuit may 
simply be described by means of a constant resolving time, after the manner 
adopted in (1). In order to use this equation we must first show that this is 
actually the case.* The second question is whether, with a y-ray source 
between two coimters in close proximity, both may possibly be discharged 
as the result of interactions ascribable to a single y-ray quantum. This 
question must receive a negative answer before equation (1) can be regarded 
as satisfactory. 

* It would not be so, for example, if the form of the voltage pulse depended 
noticeably upon the counting rate, or was unduly sensitive to the voltage at which the 
counter was operated. 
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The first question has generally been investigated by counting coinci- 
dences with the two counters widely separated, each being irradiated by the 
y-rays from a weak soxirce. The observed coincidence rate is plotted against 
product of the rates of counting in the two counters separately, 
and a straight line is obtained passing through the origin (c, the contribution 
to the coincidence rate due to penetrating radiation effects, is negligibly 
small in this arrangeTnent). A similar experiment was carried out with our 
counters and the expected straight-line relation was obtained. It was also 
obtained (though the straight line no longer passed, through the origin) 



when the experiment was repeated with the counters at the standard 
separation and a strong source of UX was so placed that the effect in each 
counter was chiefly due to the primary /?-particles of UXg which had pene- 
trated the 0-58 mm. wall of the counter. The results of these experiments 
are given in fig* 3. The slope of the straight line is the same as was obtained 
with the counters separated ; in this case the intercept on the ^/-axis gives c, 
the coincidence rate due to penetrating radiation effects in the standard 
arrangement. 

As regards the second question raised above, the coincidence rate was 
investigated when the counters were irradiated with the y-rays from a 
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relatively strong source placed at a considerable distance from the counters 
— ^wMch again occupied the-standard positions. With such an arrangement 
possible coincidences due to paired y-rays from the source (a small sealed 
radium preparation was used) could be neglected on account of the small 
solid angle subtended by the counters at the source. Nevertheless, a 
coincidence rate over and above that given by the straight line of fig. 3 was 
obtained for some positions of the source’. A survey of all the data appeared 
to show that this excess was noticeable only when there was a reasonable 
chance that a quantum scattered in producing a recoil electron in one 
counter should pass into and suffer scattering with recoil in the other. This 
effect, which might be expected to contribute a coincidence rate linear in 
and N 2 , was in fact found to be relatively most important at slow rates of 
counting. At any rate of counting, however, with the source situated in the 
symmetrical position midway between the counters, such a process as we 
have been considering w^ould clearly be least effective ; the maximum energy 
of the quantum scattered through 180° in the Compton effect is about 
0*25 X 10® eV — and for such radiation the efficiency of registration is already 
very small. In fact it was finally concluded that no correction for this effect 
was necessary in the main experiments — and as a similar conclusion re- 
garding the effect of pair production has already been reached (p. 570), it 
appears that the use of equation (1), with the constant value of r deduced 
from fig. 3, is entirely justified. 


4. Experimental results 

Uranium Z, As already mentioned, the suggestion made in Paper I was 
that in the majority of cases the emission of the primary /?-particle from 
the nucleus UZ is followed immediately by the emission of two quanta of 
7-radiation. Absorption measurements indicated that these quanta were 
unlikely to differ much in energy and a mean energy of 0*7 x 10® eV was 
deduced for the radiation as a whole. From fig. 2 for such radiation we may 
write (^) = 0*65 x 10“® — and that this is also the appropriate value for B 
follows from the fact that we assume r = 2 in (5). The value found experi- 
mentally for B was (0*85 ± 0*06) x 10“® — ^indicating reasonable agreement 
with expectation. If any significance be attached to the fact that the experi- 
mental is greater than the '^expected” value ofB, it may be concluded that 
the y-radiation from uranium Z very probably has a mean quantum energy 
somewhat in excess of 0*7 x 10® eV. It will be observed that this conclusion 
fits better with the level scheme of fig. 7, Paper I, than do the results of the 



A further study of the probkm of nuclear isomerism 577 

7 -ray measurements alone.* The experimental value for B was based 
chiefly on observations with three strong sources of uranium Z, represented 
in fig. 4. Here the residue of the observed coincidence rate, remaining after 
correction for chance coincidences and penetrating radiation effects, is 
plotted logarithmically against the time — and straight Imesf are drawn 



Time 
Fig. 4 


amongst the points with the slope appropriate to the known rate of decay 
of uranium Z (t = 6*7 hr.). It is clear that the residual coincidence rate so 
calculated is proportional to the strength of the source. If this treatment of 

* Although it is not completely excluded that the successive emission of three 
quanta of softer radiation, rather than two quanta of harder radiation, is the most 
usual happening. 

f Only two such lines are drawn, since the observations with the two weaker sources 
have been combined. 
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the data had led to any other result, naturally our whole interpretation of 
the observed coincidences would fail. 

The occurrence of nuclear isomerism in the case of was sug- 
gested first by the observation of Pool, Cork and Thornton (1937) that a 
negative electron activity of half-value period about 8 days was obtained 
together with the already known positron activity of 24-5 min. period in 
each of four distinct methods of activation. The positron period had defi- 
nitely been assigned to by earlier workers (Bothe and Gentner 1937 5 
Heyn 1937). In subsequent papers Pool {1938) and Pool and Campbell 
(^938) forward additional support for this suggestion of isomerism. 
Moreover, because they found the long-period negative electron activity to 
be accompanied by an abnormally large amount of y-radiation, they further 
suggested that transformation by iT-electron capture (followed by y-ray 
emission) might also occur with the long-lived species. Then the transfor- 
mation Ag^®®->Pd^®® would be taking place with each isomer — and the 
possibility of checking the balance of energy (on the assumption that the 
final state of the product nucleus is the same in each case) would naturally 
present itself (see fig. 8). The experiments now to be described were designed 
to explore these and other assumptions in greater detail than had been 
done by the earlier workers. 

The radiations from the short-lived isomer were investigated by bom- 
barding a silver foil of 0-085 g./cm.^ thickness for about an hour with the 
neutrons from lithium bombarded with deuterons (SO/^A at 950 kV), 
starting measurements always half an hour after the end of the bombard- 
ment. About 3 cm.^ of foil were used (usually at about 2 cm. distance from 
the mica window of the tube counter) — and the absorption experiment was 
earned out exactly as described in Paper I. Fig. 6 (i shows the results for 
absorber thicknesses including the particle end-point and fig. 56 the 
logarithmic absorption curve for the positrons alone. In constructing these 
curves correction has in all cases been made for the natural effect of the 
counter and also for the long -period activity which was not entirely negli- 
gible in amount, in spite of the shortness of the bombardment. For fig. 56 
the annihilation radiation effect has been subtracted — after extrapolation 
of the ' V-ray background” of the other curve (5a). From the general shape 
of the logarithmic curve it is at once clear that the spectrum of positrons is 
simple to a high degree : by a detailed comparison of this curve with the 
curves for the ^-particles of radium E and uranium Xg given in Paper I 
a positron end-point at 0-95 g./cm.2 is deduced. On the basis of a 
shghtly modified range-energy relation, we may therefore say that the 
positron spectrum (which is not complex) has an upper energy limit 
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at (2-04 ± 0-05) x 10® eV.* The value quoted by Pool and Campbell (1938) 
is l-9x 10®eV. The lack of complexity in the positron spectrum, taken 
together with the numerical result of the coincidence experiment already 
described (p. 573), suggests that the y-ray background in fig. 5a is due 


Thickness of absorber ( 6 ) 



almost entirely to annihilation radiation. A 7//? ratio of 1 :77±2 was 
deduced for this radiation, after the usual correction for absorption of the 
positrons in the material of the source (cf. Paper I, p. 540). Clearly, this 
ratio should be standard, for our experimental arrangement, for all positron- 

* A further discussion of the possibilities of the absoiption method (distinction 
between simple and complex spectra, together with other considerations) will be 
given by one of us (N". P.) at an early date. One subsidiary result of this discussion is 
that the origmal empirical range-energy relation, R = 0-51 1jE 7— 0*091 (Feather 1930 ), 
should be replaced hyR = 0*543.£^ — 0*160 — in agreement with a recent suggestion of 
Widdowson and Champion ( 1938 ). No great changes ( > 0*09 x 10® eV for O'l <E< 3*0) 
in accepted energy values follow from this alteration. 
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active substances wliich do not emit any appreciable amount of nuclear 
y-radiation. 

When the attempt was made to investigate the particle radiation from 
the long-lived isomer it became obvious at an early stage that a radio- 
element of half- value period intermediate between 24*5 min. and 8 days was 
produced by neutron bombardment. In general the bombardment lasted 
for about 8 hr., and thin sheets of silver (0*085 g./cni.^) were activated, as 
before. The decay of activity of such a target showed periods of 12*3 hr. 
and about 8 days, roughly equally developed. Since no detectable amount 
of copper was present in the silver (the period of Cu^^ is 12*8 hr.), it was con- 
cluded that radioactive palladium had been produced in a (9^^, H^) trans- 
formation. It was known that a negative electron activity of 13 hr. period 
could be produced by bombarding palladium with deuterons (Krauss and 
Cork 1937) — and that this activity had tentatively been ascribed to Pd^^^. 
Our identification appeared very reasonable in view of these facts, but apart 
from this the 12*3 hr. period was not further investigated. The radiations of 
the 8-day period were studied by the standard absorption method after 
allowing the supposed palladium activity to decay. Pig. 6 gives the results 
obtained with a thin silver foil in the usual position, showing at once the 
abnormally high yj^ ratio, as first reported by Pool (1938). On account of 
the rather low accuracy of individual points in fig. 6 — and because of the 
very large ‘‘y-ray background” — ^it is not easy to make definite pronounce- 
ments regarding the particle spectrum. However, by extrapolation and 
subtraction of the background and plotting the yff-particle intensity logarith- 
mically as before, an end-point at about 0-48 g./cm.^ may be obtained. Thus 
an upper limit of energy at about 1*2 x 10® eV is indicated — ^though, until 
the precise form of the particle spectrum is more accurately known, the 
exact significance of this result is difficult to assess. At least it is not very 
different from 1*3 x 10® eV, the value given by Pool (1938) from expansion 
chamber experiments. At a later stage we shall have to discuss whether the 
negative electrons constituting this energy spectrum represent a distinct 
mode of disintegration of the long-lived Ag^®® (Ag^®®-5-Cd^®®), as supposed 
by Pool, or w^hether they are secondary electrons emitted as a result of the 
process of transformation by A^-electron capture which is supposed to occur. 
After a rough correction for absorption of the yd-particles in the material of 
the source, a y/yff ratio of 1 : 1*05 ±0*1 was deduced from fig. 6. 

Attempts to detect the emission of palladium Z-radiation from a thin 
piece of activated silver w^ere made without success. Arranging for the 
effective absorption of the /?-particles in 0*4 g./cm.^ of graphite, no further 
absorption could with certainty be established — even with a xenon filled 
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counter— for suitably chosen thin foils either of molybdenum or of silver. 
The molybdenum foil ( ~ 13 mg./cm.^)* should have reduced the intensity 
of any Pd JT-radiation to about 1/3, the silver foil (of about the same super- 
ficial density) only to 5/6 of its original value. Failure to establish any 
difference in either case need not, however, be regarded seriously at this 
stage. The small intensity of the sources (total y-ray effect roughly 30 counts 
per min.) and the low efficiency of the counters for the X-radiation is 
probably sufficient explanation. In spite of the negative result, then, we 
shall for the present accept the original suggestion without further experi- 
ment, assuming that the observed y-radiation does in fact follow captme of 
a X-electron by the nucleus Ag“®. On this hypothesis, taking the results 
of our previous measurements of positron energy, the amount of energy 



Fig. 6 
/ 

available for radiation as quanta (or as kinetic energy of a neutrino) in this 
transformation is (2*04+ 1*02 + x 10® eV, 8x 10® eV being the assumed 
small difference in energy between the short- and long-lived isomeric forms 
of the nucleus Ag^®®. This result, moreover, is quite independent of the mass 
of the neutrino, if this is regarded as finite. 

Absorption measurements on the y-radiation from the long-lived isomer 
were made after activation of much thicker pieces of silver (up to 1-1 g./cm.). 
Tungsten (to the extent of 13*9 g./cm.^) and lead (up to 10 g./cm.^) were 
used as absorbing materials. Over this range of thickness an effective 
quantum energy of (0*60 + 0-03) x 10® eV was deduced from the measure- 
ments, in general agreement with the cloud chamber (recoil electron) 
results of Pool. On the basis of these results Pool (1938) has suggested 

* We wish to thank Mr L. J. Davies, of British Thomson Houston Company, for 
sending ns a small piece of this foil. 
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quanta of 0*3 x 10« to 1*0 x 10® eV energy. From the y//? ratio obtained in 
our experimental arrangement we should estimate that roughly 100 quanta 
of effective quantum energy 0*6 x 10® eV are emitted for every negative 
electron of the supposed continuous spectrum. 

When coincidence measurements on this y-radiation were begun it was 
obvious at once that a very high relative coincidence rate was operative. 
As the experiment was continued, using different sources and different 
resolving times for the coincidence recording circuit, extreme values of 
(1*80 ±0*09) X 10-® and (2*23 ± 0*09) x 10“® were obtained for the relative 
rate, R. A mean value of (2*03 ± 0*03) x 10“® depends upon a total of 982 min. 
counting with a source in position, in which time 1950 coincidences were 
recorded. On the basis of fig. 2, for a quantum of 0*6 x 10® eV energy, 
(oce) = 0*57 X 10'-® — ^then equation (5) suggests the emission of 4 or 5 such 
quanta in cascade in order to explain the experimentally determined value 
of R. Even if, in actual fact, quanta of energies between 0*3 x 10® and 
l*0xl0®eV are involved, the conclusion cannot be very different: 4 or 
5 such quanta must be emitted in succession from each nucleus which is 
transformed by A^-electron capture.* If this is so, by far the greater part of 
the available energy, (3*06 + ^) x 10® eV, must be emitted as radiation; the 
most probable mode of electron capture in this case resulting in the pro- 
duction of the residual nucleus, Pd^®®, in a high state of excitation (the 
assumed neutrino having quite small energy). Fig. 7 has been drawn con- 
servatively, on the assumption of four equal quanta, with the entirely 
arbitrary choicef of the long-lived isomer as representing the ground state 
of the initial nucleus. For each isomer the energy state effective for iT-elec- 
tron capture is shown, in addition to the state involved in positron emission. 
It is ver^^ clearly consistent with the general picture provided by fig. 7 to 
suppose that a large difference in angular momentum characterizes the 
isomeric forms of the radioactive nucleus Ag^®®, just as we have already 
concluded in the case UX 2 -UZ. In the present case, however, further know- 
ledge concerning the energies and intensities of the y-radiations will cer- 
tainly be necessary before quantum numbers can, even provisionally, be 
assigned. Apart from the main fact of metastability or isomerism, the 
feature chiefly in need of explanation here is the non-occurrence — at least 

* If only two quanta were emitted in succession in every transformation we should 
also expect JS --'2x lO-^ if each had l- 5 xl 05 eV energy — ^but all the evidence is 
opposed to so high a value for the mean quantum energy of the radiation. 

t A decision here may eventually be reached by studying the threshold energies 
for the reactions Pd^^® (H^, n^) Ag^®® leading to the two isomeric forms of Ag^®®, 
cf. Du Bridge, Barnes, Buck and Strain (1938). 
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to a first approximation* — of the sixteen energetically possible disintegra- 
tion modes which are not shown as taking place on fig. 7. For the sake of 
comparison, the level scheme suggested by Pool and Campbell (1938) is 
given in fig. 8. 





levels for 
K electron 



Using a thin piece of activated silver, as in the /?-particle absorption 
experiments, further coincidence studies were made with two tube counters 
carrying mica windows, arranged on the same axis, with the windows facing 
one another. The soufee was placed between the counters. Retaining this 
arrangement, the coincidence counting rate was determined with no addi- 
tional absorbing material, with an absorber thick enough to cut out the 
effect of the /?-particles on one side of the source only, and, finally, with such 
an absorber on each side of the source. A total of 1565 min. counting was 
carried out in this way and 565 coincidences were recorded. As the result 
of this work, time-correlation between /3 and y counts, and a non-spurious 
effect amongst the /? counts themselves, were clearly established. Evidently 
most of the negative electrons of the 8-day period are secondary to the 
iT-electron capture process and do not represent an independent mode of 
disintegration of Ag^®®. Regarding them as ‘'internal conversion’’ electrons 
associated with the transitions schematized in fig. 7, our previous calcula- 

* Pool and Campbell (1938) have reported the infrequent emission of positrons of 
small energy from the 8-day isomer. We have at present no information on this point 
— ^moreover our main conclusions are quite independent of it. 
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tion (p. 582 ) suggests a mean internal conversion coefficient of about 
for the transitions in question. It may be remarked that Alvarez (1938) 
has already obtained evidence for internal conversion electrons from certain 
artificially produced radioelements of medium atomic number. In our case 
the energy spectrum of the electrons, whilst it does not appear clearly as a 
line spectrum J^orn the absorption measurements, certainly covers the 
energy range to be expected. 

Grants to one of us (J. V. D.) from the Board of Education and the 
Manchester Education Committee are gratefully acknowledged. As already 
indicated, the artificially radioactive sources which we used were prepared 
for us in the Cavendish High Voltage Laboratory. We wish to thank all 
whose work in development during the past year has brought this Laboratory 
into operation. 


5. Summary 

The application of the method of coincidence counting by electrical means 
to the study of the time-correlation of nuclear processes — particularly that 
of successive quantum emission — is discussed in detail. It is shown that a 
knowledge of the energy dependence of the sensitivity of the counters is 
essential for any interpretation of the results of such experiments. For the 
y-ray counters employed in the present investigation some information on 
this point has been obtained by the use of sources of thorium active deposit 
of short and long exposure. In the course of this work the general validity 
of the ideas of Ellis and Mott (1933) and of the nuclear level schemes of 
Oppenheimer (1936) has been established. Also the paired quanta of the 
annihilation radiation of positrons have been utilized in the calibration. 

A study of the y-radiations from UZ and the long-lived modification of 
AgU>6 by the coincidence method has shown, in the former case, the emission 
of two quanta in succession in a very large fraction of the disintegrations, 
and, in the latter, the emission of 4 or 5 quanta in succession in the most 
probable mode. This result is in general accord with the view that nuclear 
isomers are to be distinguished one from the other by a small difference in 
energy content and a large difference in angular momentum. The particle 
emission from the short- and long-lived modifications of Ag^®® has also been 
studied. It appears probable that the negative electrons of the long-period 
activity are internal conversion electrons associated with nuclear transi- 
tions following electron capture, rather than that they represent a distinct 
mode of disintegration of the long-lived radioelement, Ag^®®. 
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